
Caspian Journal of Applied Mathematics, Ecology and Economics
V. 5, No 1, 2017, July
ISSN 1560-4055

The Existence of Global Solutions of a Semi Linear Parabolic
Equation with a Singular Potential

Sh.G. Bagyrov∗, M.J. Aliyev

Abstract. In the domain Q
′

R = {x; |x| > R} × (0; +∞) we consider the following problem:
∂u
∂t = −∆2u+ C0

|x|4u+ |x|σ |u|q

u|t=0 = u0 (x) ≥ 0
∞∫
0

∫
∂BR

udxdt ≥ 0,
∞∫
0

∫
∂BR

∆udxdt ≤ 0.

Nonexistence of global solutions is analyzed.

Key Words and Phrases: Semilinear parabolic equation, biharmonic operator, global solution,
singular potential, critical exponent, method of test functions.

2010 Mathematics Subject Classifications: 35B33; 35K58; 35K91

1. Introduction

Let us introduce the following denotations:x = (x1, ..., xn) ∈ Rn, n > 4, r = |x| =√
x21 + ...+ x2n, BR = {x; |x| < R}, B′R = {x; |x| > R}, BR1,R2 = {x;R1 < |x| < R2},

QR = BR × (0; +∞), Q
′
R = B

′
R × (0; +∞), ∂BR = {x; |x| = R}, ∇u =

(
∂u
∂x1

, ..., ∂u∂xn

)
,

C4,1
x,t

(
Q
′
R

)
is the set of functions four times continuously differentiable with respect to x

and continuously differentiable with respect to t.
In the domain Q

′
R consider the following problem:

∂u

∂t
= −∆2u+

C0

|x|4
u+ |x|σ |u|q (1.1)

u|t=0 = u0 (x) ≥ 0 (1.2)

∞∫
0

∫
∂BR

udxdt ≥ 0,

∞∫
0

∫
∂BR

∆udxdt ≤ 0, (1.3)
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where q > 1, 0 ≤ C0 ≤
(
n(n−4)

4

)2
, σ > −4, u0 (x) ∈ C

(
B
′
R

)
, ∆2u = ∆ (∆u), ∆u =

n∑
i=1

∂2u
∂x2t

.

We will study the existence of non-negative global solutions of problem (1.1)-(1.3). We
will understand the solution of the problem in the classic sense. The function u(x, t) ∈
C4,1
x,t (Q

′
R) ∩ C(B

′
R × [0,+∞)) will be said the solution of problem (1.1)-(1.3) if u(x, t)

satisfies equation (1.1) at each point of Q
′
R, condition (1.2) for t = 0 and condition (1.3)

for |x| = R.
The problems of non-existence of global solutions for different classes of differential

equations and inequalities play a key role in theory and applications. Therefor, they are
at constant attention of mathematicians and a great number of works were devoted to
them. Survey of such results are in the monograph [1]. In the classical paper [2] Fujita
considered the following initial value problem

∂u
∂t = ∆u+ up, (x, t) ∈ Rn × (0,+∞),

u|t=0 = u0(x), x ∈ Rn.
(1.4)

And it is proved that positive global solutions of problem (1.4) do not exist for
1 < p < p∗ = 1 + 2

n , and for p > p∗ for small u0(x) there are positive global solu-
tions.The case p = p∗ was investigated in [3], [4] and it is proved that in this case there
also do not exist positive global solutions.The results of Fujita’s work [2] aroused great
interest in the problem of the absence of global solutions, and they were expanded in sev-
eral directions.For example, instead of Rn, various bounded and unbounded domains are
considered, or more general operators were considered than the Laplace operator and non-
linearities of a different type.A survey of such papers is available in [5], in the monograph
[1] and in the book [6]. Weakly nonlinear equations with a biharmonic operator were
considered by many authors. In the paper [7] for c = 0 problem (1.1)-(1.3) is considered
in the domain QR and it is proved that if σ ≤ −4, q > 1, then the solution is absent. In

this paper we consider problem (1.1)-(1.3) for 0 ≤ c ≤ (n−2)2
4 , σ > −4 and also in the

papers [7], using the technique of test function, worked out Mitidieri and Pohozaev in the
papers [1],[8], find an exact exponent of absence of a global solutions.

2. Auxiliary facts

Let us consider in Rn\ {0} the linear equation

∆2u− C0

|x|4
u = 0. (2.1)

If u (x) = u (r) is a radial solution of equation (2.1), then

∆2u− C0

|x|4
u =

(
∂2

∂r2
+
n− 1

r

∂

∂r

)(
∂2u

∂r2
+
n− 1

r

∂u

∂r

)
− C0

|x|4
u =
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=
∂4u

∂r4
+

2 (n− 1)

r

∂3u

∂r3
+

(n− 1) (n− 3)

r2
∂2u

∂r2
− (n− 1) (n− 3)

r3
∂u

∂r
− C0

r4
u = 0. (2.2)

This is the Euler equation. Its characteristically equation has the following form:

λ (λ− 1) (λ− 2) (λ− 3) + 2 (n− 1)λ (λ− 1) (λ− 2) +

+ (n− 1) (n− 3)
(
λ2 − 2λ

)
− C0 = 0. (2.3)

Make the substitution λ− 1 = t. Then we get

t (t− 2)
(
t2 − 1

)
+ 2 (n− 1)

(
t2 − 1

)
t+ (n− 1) (n− 3)

(
t2 − 1

)
− C0 = 0. (2.4)

Hence

t4 + 2 (n− 2) t3 +
(

(n− 2)2 − 2
)
t2 − 2 (n− 2) t− (n− 2)2 + 1− C0 = 0,

(
t2 + (n− 2) t− 1

)2 − ((n− 2)2 + C0

)
= 0,(

t2 + (n− 2) t− 1−
√

(n− 2)2 + C0

)(
t2 + (n− 2) t− 1 +

√
(n− 2)2 + C0

)
= 0.

So,

t = −n− 2

2
±

√(
n− 2

2

)2

+ 1 +

√
(n− 2)2 + C0,

t = −n− 2

2
±

√(
n− 2

2

)2

+ 1−
√

(n− 2)2 + C0.

are the all roots of equation (2.4).
Hence,

λ = −n− 4

2
±

√(
n− 2

2

)2

+ 1 +

√
(n− 2)2 + C0,

λ =
n− 4

2
±

√(
n− 2

2

)2

+ 1−
√

(n− 2)2 + C0.

all the roots of equation (2.3).
For brevity of notation we denote:

(n− 2)2 + C0 = D,

√(
n− 2

2

)2

+ 1±
√

(n− 2)2 + C0 = α±.

We consider the function

ξ (|x|) =
1

2

(
1 +

√
D − α+

α−

)
|x|−

n−4
2

+α− +
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+
1

2

(
1−
√
D − α+

α−

)
|x|−

n−4
2
−α− − |x|−

n−4
2
−α+ .

Obviously, ξ (|x|) is a radial solution of equation (2.1) in Rn\ {0}.
Show that ξ (x) satisfies the following conditions:

ξ||x|=1 = 0,
∂ξ

∂r

∣∣∣∣
|x|=1

≥ 0, ∆ξ||x|=1 = 0,
∂ (∆ξ)

∂r

∣∣∣∣
|x|=1

≤ 0. (2.5)

ξ (x)||x|=1 =
1

2

(
1 +

√
D − α+

α−

)
+

1

2

(
1−
√
D − α+

α−

)
− 1 = 0,

∂ξ

∂r

∣∣∣∣
|x|=1

=
1

2

(
1 +

√
D − α+

α−

)(
−n− 4

2
+ α−

)
+

+
1

2

(
1−
√
D − α+

α−

)(
−n− 4

2
− α−

)
−
(
−n− 4

2
− α+

)
=

=
1

2

(
α− +

√
D − α+

)
− 1

2

(
α− −

√
D + α+

)
+ α+ =

√
D ≥ 0.

∆ξ||x|=1 =

(
∂2ξ

∂r2
+
n− 1

r

∂ξ

∂r

)∣∣∣∣
|x|=1

=

=
1

2

(
1 +

√
D − α+

α−

)(
−n− 4

2
+ α−

)(n
2

+ α−

)
+

+
1

2

(
1−
√
D − α+

α−

)(
−n− 4

2
− α−

)(n
2
− α−

)
−
(
−n− 4

2
− α+

)(n
2
− α+

)
=

=
1

2

(
1 +

√
D − α+

α−

)(
−n (n− 4)

4
+ α2

− + 2α−

)
+

+
1

2

(
1−
√
D − α+

α−

)(
−n (n− 4)

4
+ α2

− − 2α−

)
−
(
−n (n− 4)

4
+ α2

+ − 2α+

)
=

= −n (n− 4)

4

(
1

2

(
1 +

√
D − α+

α−

)
+

1

2

(
1−
√
D − α+

α−

)
− 1

)
+

+α2
− − α2

+ + α− +
√
D − α+ − α− +

√
D − α+ + 2α+ =

= −
√
D −

√
D +

√
D +

√
D = 0.
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∂

∂r
(∆ξ)

∣∣∣∣
|x|=1

=

(
∂3ξ

∂r3
+
n− 1

r

∂2ξ

∂r2
− n− 1

r2
∂ξ

∂r

)∣∣∣∣
|x|=1

=

=
1

2

(
1 +

√
D − α+

α−

)[(
−n− 4

2
+ α−

)(
−n− 4

2
+ α− − 1

)(
−n

2
+ α−

)
+

+ (n− 1)

(
−n− 4

2
+ α+

)(
−n

2
+ α−

)]
+

+
1

2

(
1−
√
D − α+

α−

)[(
−n− 4

2
− α−

)(
−n− 4

2
− α− − 1

)(
−n

2
− α−

)
+

+ (n− 1)

(
−n− 4

2
− α−

)(
−n

2
− α−

)]
−

−
[(
−n− 4

2
− α+

)(
−n− 4

2
− α+ − 1

)(
−n

2
− α+

)
+

+ (n− 1)

(
−n− 4

2
− α+

)(
−n

2
− α+

)]
=

=
1

2

(
1 +

√
D − α+

α−

)(
−n− 4

2
+ α−

)(
−n

2
+ α−

)(n
2

+ α−

)
+

+
1

2

(
1−
√
D − α+

α−

)(
−n− 4

2
− α−

)(
−n

2
− α−

)(n
2
− α+

)
−

−
(
−n− 4

2
− α+

)(
−n

2
− α+

)(n
2
− α+

)
=

=
1

2

(
1 +

√
D − α+

α−

)(
−n− 4

2
+ α−

)(
α2
− −

n2

4

)
+

+
1

2

(
1−
√
D − α+

α−

)(
−n− 4

2
− α−

)(
α2
− −

n2

4

)
−
(
−n− 4

2
− α+

)(
α2
+ −

n2

4

)
=

=
(

2− n−
√
D
)(
−n− 4

2
+

1

2

(
α− +

√
D − α+ − α− +

√
D − α+

))
+

+
(

2− n+
√
D
)(n− 4

2
+ α+

)
=
(

2− n−
√
D
)(
−n− 4

2
+
√
D − α+

)
+

+
(

2− n+
√
D
)(n− 4

2
+ α+

)
= −

(
2− n−

√
D
)(n− 4

2
+ α+

)
+ (2− n)

√
D −D+
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+
(

2− n+
√
D
)(n− 4

2
+ α+

)
=
√
D
n− 4

2
− α+ (2− n) +

√
Dα+ + (2− n)

√
D −D+

+
√
D
n− 4

2
+ (2− n)α+ +

√
Dα+ = 2

√
Dα+ − 2

√
D −D =

=
√
D
(

2α+ −
√
D − 2

)
≤ 0.

Indeed, as C0 ≥ 0, then

(n− 2)2 ≤ (n− 2)2 + C0 = D.

Then

4 + 4
√
D + (n− 2)2 ≤ 4 + 4

√
D +D.

Hence

4

((
n− 2

2

)2

+ 1 +
√
D

)
≤
(

2 +
√
D
)2

4α2
+ ≤

(
2 +
√
D
)2
,

2α+ ≤ 2 +
√
D.

So,

2α+ −
√
D − 2 ≤ 0.

3. Formulation of the basic result and proof.

The following theorem is the basic result of this paper.

Theorem. Let n > 4, σ > −4, 0 ≤ C0 ≤ (n(n−4)4 )2 and 1 < q ≤ 1 + σ+4
n+4
2

+α−
. If u(x, t)

is the solution of problem (1.1)-(1.3), then u(x, t) ≡ 0.

Proof.

For simplicity of notation we take R = 1. Assume that u(x) ≥ 0 is the solution of
problem (1.1)-(1.3) in Q

′
R .

Let us consider the following functions:

ϕ (x) =


1, for 1 ≤ |x| ≤ ρ(

2− |x|ρ
)β
, for ρ ≤ |x| ≤ 2ρ

0, for |x| ≥ 2ρ

Tρ (t) =


1, for 0 ≤ t ≤ ρχ

(2− ρ−χt)µ , for ρχ ≤ t ≤ 2ρχ

0, for t ≥ 2ρχ
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where β,µ are larger positive numbers, moreover β is such that for |x| = 2ρ

ψ =
∂ψ

∂r
=
∂2ψ

∂r2
=
∂3ψ

∂r3
= 0, (3.1)

and χ will be defined later.
Multiply, equation (1.1) by the function

ψ (x, t) = Tρ (t) ξ (x)ϕ (x)

and integrate in domain Q
′
1.

After integrating by parts, we get∫
Q
′
1

uq |x|σ Tρξϕdxdt = −
∫
Q
′
1

uξϕ
dTρ

dt
dxdt+

+

∫
Q
′
1

uTρ∆
2 (ξϕ) dxdt−

∫
Q
′
1

C0

|x|4
uTρξϕdxdt−

−
∫
B
′
1

u0 (x) ξ (x)ϕ (x) dx+

∞∫
0

Tρ (t) dt×

×

 ∫
∂B1,2ρ

∂ (∆u)

∂ν
ξϕds−

∫
∂B1,2ρ

∆u
∂ (ξϕ)

∂ν
ds+

+

∫
∂B1,2ρ

∂u

∂ν
∆ (ξϕ) ds−

∫
∂B1,2ρ

u
∂

∂ν
(∆ (ξϕ)) ds

 (3.2)

Estimate the integrals in the square bracket, taking into account (2.5), (3.1) and con-
dition (1.3), we get: ∫

∂B1,2ρ

∂ (∆u)

∂ν
ξϕds = 0,

−
∫

∂B1,2ρ

∆u
∂ (ξϕ)

∂ν
ds = −

∫
|x|=1

∆u
∂ (ξϕ)

∂ν
ds−

∫
|x|=2ρ

∆u
∂ (ξϕ)

∂ν
ds =

=

∫
|x|=1

∆u

(
∂ξ

∂r
ϕ+ ξ

∂ϕ

∂r

)
ds−

∫
|x|=2ρ

∆u

(
∂ξ

∂r
ϕ+ ξ

∂ϕ

∂r

)
ds =

=

∫
|x|=1

∆u
∂ξ

∂r
ds =

√
D

∫
|x|=1

∆uds ≤ 0,
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∫
∂B1,2ρ

∂u

∂ν
∆ (ξϕ) ds =

∫
∂B1,2ρ

∂u

∂ν
(∆ξϕ+ 2 (∇ξ,∇ϕ) + ξ∆ϕ) ds =

= −
∫
|x|=1

∂u

∂r
∆ξds = 0,

−
∫

∂B1,2ρ

u
∂

∂ν
(∆ (ξϕ)) ds = −

∫
|x|=1

u
∂

∂ν
(∆ξϕ+ 2 (∇ξ,∇ϕ) + ξ∆ϕ) ds =

=

∫
|x|=1

u
∂ (∆ξ)

∂r
ds =

√
D
(

2α+ −
√
D − 2

) ∫
|x|=1

uds ≤ 0.

As
∫
B
′
1

u0 (x) ζ (x)ϕ (x) dx ≥ 0,
∞∫
0

Tρ (t) dt > 0, then from (3.2)

∫
Q
′
1

uq |x|σ Tρξϕdxdt ≤ −
∫
Q
′
1

uξϕ
dTρ
dt

dxdt+

+

∫
Q
′
1

uTρ∆
2 (ξϕ) dxdt−

∫
Q
′
1

C0

|x|4
uTρξϕdxdt =

= −
∫
Q
′
1

uξϕ
dTρ
dt

dxdt+

∫
Q
′
1

uTρϕ

(
∆2ξ − C0

|x|4
ξ

)
dxdt+

+

∫
Q
′
1

uTρ [4 (∇ (∆ξ) ,∇ϕ) + 4 (∇ξ,∇ (∆ϕ)) + 2∆ξ∆ϕ+

+4

n∑
i,j=1

∂2ξ

∂xi∂xj

∂2ϕ

∂xi∂xj

 dxdt ≤
≤ −

2ρχ∫
ρχ

∫
B
′
1

uξϕ
dTρ
dt

dxdt+

2ρχ∫
0

∫
Bρ,2ρ

uTρJ (ξ, ϕ) dxdt, (3.3)

where J(ξ, ϕ) denotes the expression in the square bracket, i.e.

J (ξ, ϕ) ≡ 4 (∇ (∆ξ) ,∇ϕ) + 4 (∇ξ,∇ (∆ϕ)) +

+2∆ξ∆ϕ+ 4

n∑
i,j=1

∂2ξ

∂xi∂xj

∂2ϕ

∂xi∂xj
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Using the Holder inequality, from (3.3) we get

∫
Q
′
1

uq |x|σ Tρξϕdxdt ≤

2ρχ∫
ρχ

∫
B
′
1

uq |x|σ Tρξϕdxdt


1
q

×

×

2ρχ∫
ρχ

∫
B
′
1

∣∣∣dTρdt ∣∣∣q′ ξϕ
T q
′−1

ρ |x|σ(q′−1)
dxdt


1
q′

+

+

2ρχ∫
0

∫
Bρ,2ρ

uq |x|σ Tρξϕdxdt


1
q
2ρχ∫

0

∫
Bρ,2ρ

|J (ξ, ϕ)|q
′
Tρ

ξq′−1ϕq′−1 |x|σ(q′−1)
dxdt


1
q′

, (3.4)

where 1
q + 1

q′ = 1. Hence we get

∫
Q
′
1

uq |x|σ Tρξϕdxdt ≤ C1

2ρχ∫
ρχ

∫
B
′
1

∣∣∣dTρdt ∣∣∣q′ ξϕ
T q
′−1

ρ |x|σ(q′−1)
dxdt+

+C2

2ρχ∫
0

∫
Bρ,2ρ

|J (ξ, ϕ)|q
′

ξq′−1ϕq′−1 |x|σ(q′−1)
dxdt. (3.5)

Making the substitution t = ρχτ , r = ρθ, T̃ (τ) = Tρ (ρχτ), ξ̃ (θ) = ξ (ρθ), ϕ̃ (θ) = ϕ (ρθ),
we estimate the integrals in the right hand side of (3.5).

I1 ≡
2ρχ∫
ρχ

∫
B
′
1

∣∣∣dTρdt ∣∣∣q′ ξϕ
T q
′−1

ρ |x|σ(q′−1)
dxdt ≤

≤
2ρχ∫
ρχ

∣∣∣dTρdt ∣∣∣q′
T q
′−1

ρ

dt

∫
B1,2ρ

|x|−σ(q
′−1) ξϕdx ≤

≤ C3ρ
−χq′+χ

2∫
1

∣∣∣dT̃dτ ∣∣∣q′
T̃ (q′−1)

dτ

2ρ∫
1

r−
n−4
2

+α−r−σ(q
′−1)rn−1dr ≤

≤ C3ρ
χ(1−q′)−n−4

2
+α−−σ(q′−1)+nA1

(
T̃
)

=

= C3ρ
χ(1−q′)+n+4

2
+α−−σ(q′−1)A1

(
T̃
)
, (3.6)
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where

A1

(
T̃
)

=

2∫
1

∣∣∣dT̃dτ ∣∣∣q′
T̃ (q′−1)

dτ.

I2 ≡
2ρχ∫
0

∫
Bρ,2ρ

|J (ξ, ϕ)|q
′
Tρ

ξq′−1ϕq′−1 |x|σ(q′−1)
dxdt =

=

2ρχ∫
0

Tρ (t) dt

∫
Bρ,2ρ

|J (ξ, ϕ)|q
′

ξq′−1ϕq′−1 |x|σ(q′−1)
dx (3.7)

Estimate each addend of J(ξ, ϕ) separately

|(∇ (∆ξ) ,∇ϕ)| =

∣∣∣∣∣
n∑
i=1

∂

∂xi

(
∂2ξ

∂r2
+
n− 1

r

∂ξ

∂r

)
∂ϕ

∂xi

∣∣∣∣∣ =

=

∣∣∣∣(∂3ξ∂r3
+
n− 1

r

∂2ξ

∂r2
− n− 1

r2
∂ξ

∂r

)
∂ϕ

∂r

∣∣∣∣ ≤
≤ C4r

−n−4
2

+α−−3
∣∣∣∣∂ϕ∂r

∣∣∣∣
|∆ξ∆ϕ| =

∣∣∣∣(∂2ξ∂r2
+
n− 1

r

∂ξ

∂r

)(
∂2ϕ

∂r2
+
n− 1

r

∂ϕ

∂r

)∣∣∣∣ ≤
≤ C5r

−n−4
2

+α−−2
∣∣∣∣∂2ϕ∂r2 +

n− 1

r

∂ϕ

∂r

∣∣∣∣ ,
|(∇ξ,∇ (∆ϕ))| ≤

≤ C6r
−n−4

2
+α −1

(∣∣∣∣∂3ϕ∂r3
∣∣∣∣+

n− 1

r

∣∣∣∣∂2ϕ∂r2
∣∣∣∣+

n− 1

r2

∣∣∣∣∂ϕ∂r
∣∣∣∣) ,∣∣∣∣∣∣

n∑
i,j=1

∂2ξ

∂xi∂xj

∂2ϕ

∂xi∂xj

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
n∑

i,j=1

∂

∂xj

(
∂ξ

∂r

xi
r

)
∂

∂xj

(
∂ϕ

∂r

xi
r

)∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
n∑

i,j=1

(
∂2ξ

∂r2
xixj
r2

+
∂ξ

∂r

(
δij
r
− xixj

r3

))
×

×
(
∂2ϕ

∂r2
xixj
r2

+
∂ϕ

∂r

(
δij
r
− xixj

r3

))∣∣∣∣ ≤
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≤ C7

(∣∣∣∣∂2ξ∂r2

∣∣∣∣+
1

r

∣∣∣∣∂ξ∂r
∣∣∣∣)(∣∣∣∣∂2ϕ∂r2

∣∣∣∣+
1

r

∣∣∣∣∂ϕ∂r
∣∣∣∣) ≤

≤ C8r
−n−4

2
+α−−2

(∣∣∣∣∂2ϕ∂r2
∣∣∣∣+

1

r

∣∣∣∣∂ϕ∂r
∣∣∣∣) .

Using all of these ones, from (3.7) we get

I2 ≤ C9ρ
χ

2ρ∫
ρ

r(−
n−4
2

+α−−4)q′
(
r
∣∣∣∂ϕ∂r ∣∣∣+ r2

∣∣∣∂2ϕ∂r2

∣∣∣+ r3
∣∣∣∂3ϕ∂r3

∣∣∣)q′ rn−1
r(−

n−4
2

+α−)(q′−1)+σ(q′−1)ϕq′−1
dr.

Hence

I2 ≤ C10ρ
χ−n−4

2
+α−−4q′−σ(q′−1)+n

2∫
1

(
θ| ∂ϕ̃∂θ |+θ2

∣∣∣∣ ∂2ϕ̃∂θ2

∣∣∣∣+θ3∣∣∣∣ ∂3ϕ̃∂θ3

∣∣∣∣)q′

θ
n−4
2
−α−+4q′+σ(q′−1)−n+1ϕ̃(q′−1)

dθ ≤

≤ C10ρ
χ+n+4

2
+α−−4q′−σ(q′−1)A2 (ϕ̃) , (3.8)

where A2 (ϕ̃) denotes the last integral.

Obviously, for large µ and β, A1

(
T̃
)
<∞, A2 (ϕ̃) <∞.

We take χ so that

χ− 4q′ − σ
(
q′ − 1

)
= χ−

(
1− q′

)
− σ

(
q′ − 1

)
.

Hence χ = 4.

Using (3.6), (3.8) and (3.5) we get∫
Q
′
1

|u|q |x|σ Tρξϕdxdt ≤
(
C11A1

(
T̃
)

+ C12A2 (ϕ̃)
)
ρ
n+4
2

+α−−(σ+4)(q′−1). (3.9)

Let now (σ + 4) (q′ − 1)− n+4
2 − α > 0.

Then

(σ + 4)
1

q − 1
>
n+ 4

2
+ α−

and

q < 1 +
σ + 4

n+4
2 + α−

.

In this case, tending ρ to +∞ from (3.9) we get, that∫
Q
′
1

|u|q |x|σ ξdxdt ≤ 0.
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This means that u ≡ 0.
Let now (σ + 4) (q′ − 1)− n+4

2 − α− = 0.
Then from (3.6), (3.8) we get I1 < C, I2 < C and therefore∫

Q
′
1

uq |x|σ ξdxdt < C.

From the property of the integral we get

∞∫
0

∫
Bρ,2ρ

uq |x|σ ξdxdt→ 0, (3.10)

and
2ρ4∫
ρ4

∫
B
′
1

uq |x|σ ξdxdt→ 0. (3.11)

Then from (3.4)

∫
Q
′
1

uq |x|σ Tρξϕdxdt ≤

2ρ4∫
ρ4

∫
B
′
1

uq |x|σ ξTρϕdxdt


1
q

I
1
q′
1 +

+

2ρ4∫
0

∫
Bρ,2ρ

uq |x|σ Tρξϕdxdt


1
q

I
1
q′
2 ≤

≤

2ρ4∫
ρ4

∫
B
′
1

uq |x|σ ξdxdt


1
q

I
1
q′
1 +

∞∫
0

∫
Bρ,2ρ

uq |x|σ Tρξϕdxdt


1
q

I
1
q′
2 → 0

as ρ→ +∞ by (3.9), (3.10).
Hence it follows that u ≡ 0 .
This completely proves the theorem.
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