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The Existence of Global Solutions of a Semi Linear Parabolic
Equation with a Singular Potential

Sh.G. Bagyrov*, M.J. Aliyev

Abstract. In the domain Qp = {z;|z| > R} x (0;+00) we consider the following problem:

% =A%y + ‘%{Qu + |2|7 Jul?
ul,_g =uo () >0
[ | udzdt >0, [ | Audzdt <0.
00BRr 00BRr

Nonexistence of global solutions is analyzed.
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1. Introduction

Let us introduce the following denotations:xz = (z1,...,x,) € R", n > 4, r = |z| =

Vai+ .. +22, B = {x;]z| < R}, By = {x;]z| > R}, Br, g, = {7;R1 < |z| < Ra},
Qn = Br x (0;+00), Qp = Biy x (0:+00), 0B = {wsle| = B}, Vu = (&2,.., 2 )

Ox1’ """ Oxp )7

C;":tl (Q;z) is the set of functions four times continuously differentiable with respect to x

and continuously differentiable with respect to ¢.
In the domain Q/R consider the following problem:

gu _ — A%y + i(llu + |x|7 |ul? (1.1)
ot ||
ly_y = o (2) > 0 (12)
//udxdt >0, //Auda:dt <0, (1.3)
0 9Br 0 9Bg
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where ¢ > 1, 0 < Cp < (n(nT—4)>27 o> —4, uy(x) € C(B;z)7 A%y = A(Au), Au =
LIS

We will study the existence of non-negative global solutions of problem (1.1)-(1.3). We
will understand the solution of the problem in the classic sense. The function u(z,t) €
C';l:tl(Q;q) N C(By x [0,+00)) will be said the solution of problem (1.1)-(1.3) if u(x, )
satisfies equation (1.1) at each point of Q7, condition (1.2) for ¢ = 0 and condition (1.3)
for |z| = R.

The problems of non-existence of global solutions for different classes of differential
equations and inequalities play a key role in theory and applications. Therefor, they are
at constant attention of mathematicians and a great number of works were devoted to

them. Survey of such results are in the monograph [1]. In the classical paper [2] Fujita
considered the following initial value problem

U = Au+uP, (z,t) € R" x (0, +00),
(1.4)
ul,_y = uo(z),x € R".

And it is proved that positive global solutions of problem (1.4) do not exist for
l<p<p =1+ %, and for p > px for small ug(z) there are positive global solu-
tions.The case p = px was investigated in [3], [4] and it is proved that in this case there
also do not exist positive global solutions.The results of Fujita’s work [2] aroused great
interest in the problem of the absence of global solutions, and they were expanded in sev-
eral directions.For example, instead of R"™, various bounded and unbounded domains are
considered, or more general operators were considered than the Laplace operator and non-
linearities of a different type.A survey of such papers is available in [5], in the monograph
[1] and in the book [6]. Weakly nonlinear equations with a biharmonic operator were
considered by many authors. In the paper [7] for ¢ = 0 problem (1.1)-(1.3) is considered
in the domain Qg and it is proved that if 0 < —4, ¢ > 1, then the solution is absent. In
this paper we consider problem (1.1)-(1.3) for 0 < ¢ < %, o > —4 and also in the
papers [7], using the technique of test function, worked out Mitidieri and Pohozaev in the

papers [1],[8], find an exact exponent of absence of a global solutions.

2. Auxiliary facts
Let us consider in R™\ {0} the linear equation

Ay — —

If u () = u(r) is a radial solution of equation (2.1), then

2 _ 2 —

u PR PR
|gg|4 Or? r Or Or? r Or |g;|4
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d'u  2(n—1)du (n—l)(n—3)@_(n—l)(n—3)@_@ —0. (22)
- ord r or3 r2 Or? r3 or AT '

This is the Euler equation. Its characteristically equation has the following form:

AMA=1)(A=2)(A=3)+2(n—1)AA—1)(A—2)+

+(n—1)(n—3)(A\*—2)\) — Cy = 0. (2.3)
Make the substitution A — 1 =¢. Then we get
tt-2) -1 +2(n-1)(#F -1 t+n—-1)(n-3)(t*—1) = Cy=0. (2.4)
Hence

t4+2(n—2)t3+((n—2)2—2>t2—2(n—2)t—(n—2)2+1—00:0,
(2+m-2)t—1)°— ((n72)2+C’0> =0,

<t2+(n—2)t—1— (n—2)2+00> <t2+(n—2)t—1—|— (n—2)2+C’0> =0.

So,
(n;2>2+1+\/(n2)2+00,
(”;2>2+1—\/(n—2)2+00.

are the all roots of equation (2.4).
Hence,

all the roots of equation (2.3).
For brevity of notation we denote:

(n—2)2+Cy = D, \/(n;2)2+1i\/(n—2)2+00:ozi.

We consider the function

¢ (Jal) = <1+ @O; a+> A

N =
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]_ D — n—4 n—4

+3 <1 _VD-ay O‘+> 2| T T o
o

Obviously, & (|z|) is a radial solution of equation (2.1) in R™\ {0}.
Show that & (z) satisfies the following conditions:

o¢ d (A€
z|=1 z|=1
— 1 \/B_a+ 1 \/B—Oé+ o
8§ 1 1_1_\/5—044,_ n 4+a>+
or =1 2
n—4
2

(-3

() () ()

=2 (0 +VD-a) 5 (o ~VD+ay) +ar =D 20
A1 = <g§ n;13§> o=t

14 VD ) o) (Bea)s

e () ) ),

+oz2_—ai+a,—|—\/5—a+—oz,+\FD—a+—l—2a+:

— VD-VD+VD+VD=o.
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0 (0% n—-10*¢ n-—-10¢
ar@f)" _ —<a7~3+ o or
a_

)

|z|=1

—4 5 n?
- of —— | =
2 + t Y

% (1_ \/EO;%) (_n;4_a_) (aQ_—nj) - (_n
n 1
2

<— ;4+ <a+\/5—oz+—oz+\/5—a+)>+




8 Sh.G. Bagyrov, M.J. Aliyev

+(2—n+\/5) (”;4+a+> :@”;4—a+(2—n)+x/5a++(2—n)\/5—p+

—14
VD2 +(2-n)ay +VDay =2VDay —2VD - D =

2
:\/5<Q<1+—\/5—2) <0.
Indeed, as Cy > 0, then

(n—2)%<(n-27%+Cy=D.

Then
444VD+(n—-2?2<4+4VD+D.
Hence
n—2 2 2
4(( . ) +1+@>§(2+\@)
2
10 < (2+ VD),
2a+§2+\/5.
So,

204, —VD —2<0.

3. Formulation of the basic result and proof.

The following theorem is the basic result of this paper.

Theorem. Let n >4, 0 > —4,0 < Cy < (%)2 and 1 < g <1+ Lﬂ[:_t CIf u(z,t)
is the solution of problem (1.1)-(1.3), then u(x,t) = 0. ’

Proof.

For simplicity of notation we take R = 1. Assume that u(z) > 0 is the solution of
problem (1.1)-(1.3) in Q' .

Let us consider the following functions:

1, for 1 <|z| <p

B
p) =1 (2-1)7, forp <ol <2

0, for |z| > 2p

1, for 0 <t < pX
T,(t) = (2—pXt)", for pX <t < 2pX
0, for t > 2pX
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where (3,1 are larger positive numbers, moreover (3 is such that for |z| = 2p

o Pu Py
Ll il il e R (3:1)

and x will be defined later.
Multiply, equation (1.1) by the function

¥ (2, t) =T, ) (2) ¢ (2)

and integrate in domain Qll.
After integrating by parts, we get

/uq |z|” TpEpdadt = /u&p pn pd:cdH—
Q! @

+/quA2 (&) dxdt — /|C’04qu§<pdxdt—
x

Q) Q)
—/uo(az)f(m) (x)dx—i—/ (t) dtx
B 0
9 (Au) 43
/ 61/ fg@ds — / AUWdS‘F
0B1,2p 0B1,2p
A (Ep)ds — ©))ds (3.2)
BB[zp 33[2!’

Estimate the integrals in the square bracket, taking into account (2.5), (3.1) and con-
dition (1.3), we get:

/ 8(Au)§ ds = 0,
0B1,2p
— / Aua((;;mds: — / Auagf)ds—
0B1,2p |z|=1 |x|=2p
:/Au<g5 +E&— >d8— /Au<gg +E— >d5:
|z|=1 |lz|=2p

/ Au—ds =D / Auds <0,

|z|=1 |z[=1
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0 0
| senenrds= [ G (Age+2(VE Vo) + EAp) ds =

0B1,2p 0B1,2p
ou
= — EAﬁds =0,

|z|=1
= [ ug @ ends=— [ ug (Ao +2(VE Vo) + a0 ds -
Uay p))as = Uay %2 y VY p)as =

0B1,2p lz|=1

= /ua(aAg)dsz\/B@our—\/ﬁ—Q) / uds < 0.
T

|z|=1 lz|=1

As [ug (z)¢(x) ¢ (x)dz >0, ofOTp (t)dt > 0, then from (3.2)
B, 0

dT,
/uq |z|” Ty pdxdt < —/ufcpdtpdmdt%—
@ Q)

+/quA2 (&p) dxdt — /’C|O4qu§g0d:Edt =
x
Q) @
drT,
= —/u{cpdtpdxdt + /qugo <A2 - |C|O4 ) dxdt+
x

/
1

Q)
+/qu [4(V (A€), V) +4(VE, V (Ap)) + 2AAp+
Q)

9% 9%
4 Z 8£Ei8.73j fmﬁmj
i,j=1

dxdt <

2pX

2pX
dT
< //ufgpdtpdxdtJr/ /quJ(ﬁ,go)dxdt,
pX Bi

0 By,
where J(, p) denotes the expression in the square bracket, i.e.
J (& 9) =4(V (AL, Vo) +4(VE,V (Ap)) +

9% 9%
+2A8A¢p + 4Z~]21 Srdr; Brd,
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Using the Holder inequality, from (3.3) we get

Q=

2pX
/uq |z|” Tp€pdxdt < //uq |z|” Tp€pdxdt | %
Q) PX B,
, 1
2pX dar. |4 q
oo
X //Tq’l‘a(q’ l)a:t +
X B
2pX
- (& v
u?|z|” T,Epdadt ——dxdt
P q—1,,q—-1 U(q -1)
|5 LT !fv\
P2p

where % + % = 1. Hence we get
2pX )dT ‘

32
q
/u |z|” Tppdadt < Cl//Tq =) " ‘ 1)dxdt—|—

Q
q
+Ch / / (& ¢l s dadt.
€7 1@ =1 |z]°(@ 1)

0 Bp2p

Making the substitution ¢ = pX7, r = pf, T (1) = T, (pXT), £(8) = £(ph), 3 (6)

we estimate the integrals in the right hand side of (3.5).

!

a | &»
I = // =) —dxdt <
7 D
PX B
2pX dTp ql
s/ A [ el 0D oo <
pX p Bi,2p
2 |47 q 2p
’ d n— /
< Csp—xq +X/f(;—/_1) dT/T_24+O‘1"_U(q _l)Tn_ldT‘ <
1 1

< C3px(17q’)f"T*‘*+a_fa(q’71)+nA1 (f) _

— C3px(1fq’)+"7“+a—fa(q’fl)Al (f) 7

11

(3.4)

(3.6)



12 Sh.G. Bagyrov, M.J. Aliyev

where

20X

12:7/ e T,

ga'—1pa'~1 |x|a(qbl)

0 Bp2p
2pX ¢
_ /Tp (t) dt / (& )" ~d (3.7)
gq’flwq’fl ‘$|U(‘I -1)
0 By.2p

Estimate each addend of J(&, ¢) separately
S0 (96 n-10c) s
— Ox; \ Or? r Or) Ox;

B¢ n—10% n—10¢\ Oy
=l =— + — | =—
or3

[(V (AL, V)| =

<

r or2  r2 or) or

9y
or

0% n—10¢ 0?0 n—10¢

=53 =) (=L <
i '<8r2+ r 87") <8r2+ r 87") -
o u-10g
or2 r Or
[(VE,V (Ap))| <
8390 8290
or3 or?

—4
< 0471—”7-&-&7—3

n—4
S CST,*TJFQ_*Q

)

n—1 n—1]0p

r2 | Or

< 067,7"7*4%4;1 <

)

r
9% P
=1 8:6,‘8.%’]‘ 8xia$j

2,

z”:i 0z 0 (Opm
Ox; \Or r ) Ox; \Or r

4,j=1

- - 825 TiTj 8§ 5”‘ TiTj
-1 (e (2-) -

ij=1

82(,0 :L'il'j 6(p 51'3' :L'Z':L‘j
— 0 = - =4 <
% (67“2 r2 * or < r r3 -
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2 2
<o (58] ) (21215
< Cgr "7 o2 ( gif ! gf ) .

Using all of these ones, from (3.7) we get

20, (-5t +a-—4)¢ (r o ng ) /rn—l

I, < C’gpxl T(—”T—‘*+a,)(q’—1)+a(q - )¢q’—1 dr.
Hence
2 ( |22 ]+92 21463 % )ql

n—4 /! /
I < C X*T+a—*4q 7‘7((1 1)+n/
2 < Ciop 6"7*4fa_+4q/+a(q’—1)*n+1¢’(¢—1)
< Cropi 3 Ho- ol D) g, () (38)

where As (¢) denotes the last integral.
Obviously, for large p and 3, A; < ) < 00, A (¢) < 0.
We take x so that

X—4q’—a(q'—1)zx—(l—q')—a(q’—l).

Hence y = 4.
Using (3.6), (3.8) and (3.5) we get
/Mq 2|7 Tpépdadt < (C’11A1 ( ) + C1242 (¢ )) B tam—(o+4)(d' -1 (3.9)
Q)

Let now (0 +4) (¢ — 1) — =2 —a_>0.

Then ) 4
n
4) —— _
(0 +4) _1> 5 T
and 4
o

In this case, tending p to +00 from (3.9) we get, that

/ |u|?|z|” Edxdt < 0.
@
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This means that u = 0.
Let now (o +4) (¢ —1) — 2 —a_ =0.
Then from (3.6), (3.8) we get I} < C, Iz < C and therefore
/uq |z|” Edzdt < C.
Q)

From the property of the integral we get

/ / u |z|” Edzdt — 0, (3.10)
0 Bpap
and
2p%
//uq |z|” Edxdt — 0. (3.11)
r* B
Then from (3.4)
2p% % )
/uq |z|” Tp€pdxdt < //uq |z|” T, pdadt I+
] i

1
2p4 q
i/
+ //uqa:\UTp&pdxdt I <
0 B2y

1 1

2p% C o0 Y
< //uq|x“gdxdt 17+ //uq|xUTp§god:Udt I =0
] 0 Bp.2p
as p — +o0 by (3.9), (3.10).

Hence it follows that ©v =0 .
This completely proves the theorem.
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