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Fredholm Property of the Boundary Problem for the
Cauchy-Riemann Equation in the Curvelinear Strip
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Abstract. The paper deals with non-local boundary value problem for the homogeneous Cauchy-
Riemann equation in the curvilinear strip. Considered problem reduces to the system of Fredholm
integral equations of the second type with the regular kernels.
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1. Introduction

As it is known from the theory of ordinary differential equations in the boundary value
problem the number of boundary conditions coincides with the order of the equation under
consideration [1].

The boundary value problem for partial equations on the whole is considered for an
elliptic type equations and the Laplace equation is a physical model of such equations
[2]. Unlike boundary value problems for a linear ordinary differential equations, in the
boundary value problem for partial equations the number of boundary conditions coincides
with the half of the highest order derivative of the equation under consideration. We
consider the Cauchy-Riemann equation which is equation of elliptic type of the first order
and so local boundary conditions (Direchlet, Neymann, Puankare and etc.) aren’t correct
for this equation.

A lot of different non-local boundary problems for the Cauchy-Riemann equation in
different boundary plane domains were investigated in [3] and Fredholm property of con-
sidered problems were proved in almost all of them.

Statement of the problem:
Let D = {x\ (x1, x2) , x1 ∈ R, x2 = (0; γ2 (x1)) is convex with respect to x2 curvelinear

strip. Consider following non-local boundary value problem for the homogeneous Cauchy-
Riemann equation

lu ≡ ∂u (x)

∂x2
+ i

∂u (x)

∂x1
= 0, x ∈ D ⊂ R2, (1)
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u (x1, γ2 (x1)) = α (x1)u (x1, 0) + ϕ (x1) , x1 ∈ R, (2)

where α (x1) is the complex-valued function, γ2 (x1) > 0 is the Lapunov type curveline,
Γ = Γ1 ∪ Γ2 is the boundary of domain D:

Γ1 = {x = (x1, x2) : x1 ∈ R, x2 = 0} ,

Γ2 = {x = (x1, x2) : x2 = γ2 (x1) > 0, x1 ∈ R} .

As it is known [2], function

U (x− ξ) =
1

2π
· 1

x2 − ξ2 + i (x1 − ξ1)
, (3)

is the fundamental solution of equation (1). Proceeding from (3) and (1) we obtain fol-
lowing main relation:∫

D

luU (x− ξ) dx =

∫
D

∂u (x)

∂x2
U (x− ξ) dx+ i

∫
∂u (x)

∂x1
U (x− ξ) dx = 0. (4)

Applying the 2-nd Ostroqradsky-Gauss formula we get:∫
D

∂u (x)

∂x2
U (x− ξ) dx+ i

∫
∂u (x)

∂x1
U (x− ξ) dx =

=

∫
Γ

u (x)U (x− ξ) cos (ν, x2) dx−
∫
D

u (x)
∂U (x− ξ)

∂x2
dx+

+i

∫
Γ

u (x)U (x− ξ) cos (ν, x1) dx− i
∫
D

u (x)
∂u (x)

∂x1
dx = 0,

where ν is an external normal to the boundary Γ.
So we get on Γ1: ∫

Γ1

u (x)U (x− ξ) [cos (ν, x2) + i cos (ν, x1)] dx =

=
1

2π

∫
R

u (x1, 0)

−ξ2 + i (x1 − ξ1)
[cos (ν, x2) + i cos (ν, x1)] dx1 =

= − 1

2π

∫
R

u (x1, 0)

−ξ2 + i (x1 − ξ1)
dx1. (5)

By analogy, we get on Γ2

1

2π

∫
Γ2

u (x1, γ2 (x1))

x2 − ξ2 + i (x1 − ξ1)
[cos (ν, x2) + i cos (ν, x1)] dx =
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=
1

2π

∫
Γ2

u (x1, γ2 (x1))

γ2 (x1)− ξ2 + i (x1 − ξ1)
[cos (x1, τ)− i sin (x1, τ)] dx =

=
1

2π

∫
R

u (x1, γ2 (x2))
[
1− iγ′2 (x1)

]
γ2 (x1)− ξ2 + i (x1 − ξ1)

dx1, (6)

here τ ⊥ ν.
Finally, we get

1

2π

∫
R

−u (x1, 0)

−ξ2 + i (x1 − ξ1)
dx1 +

1

2π

∫
R

u (x1, γ2 (x1))

γ2 (x1)− ξ2 + i (x1 − ξ1)

[
1− iγ′2 (x1)

]
dx1 =

=

{
u (ξ1, ξ2) if ξ ∈ D,

1
2u (ξ1, ξ2) , if ξ ∈ Γ.

(7)

In the main relation (7) the first correlation is the solution, and the second is the
necessary condition. This we established

Theorem 1. Let D ∈ R2 is convex with respect to x2 curvelinear strip with the Lyapunov
type boundary Γ2 in the upper half-plane. Then each solution of equation (1) determined
in D satisfies mean relation (7).

From (7) we get following expression for the necessary conditions:

u (ξ1, 0) =
i

π

∫
R

u (x1, 0)

x1 − ξ1
dx1+

+
1

π

∫
R

u (x1, γ2 (x1))

γ2 (x1) + i (x1 − ξ1)

[
1− iγ′2 (x1)

]
dx1 (8)

u (ξ1, γ2 (ξ1)) = − i
π

∫
R

u (x1, γ2 (x1))

x1 − ξ1
dx1+

+
i

π

∫
R

u (x1, γ2 (x1))

γ′2 (σ2) + i
· γ
′
2 (σ2)− γ′2 (x1)

x1 − ξ1
dx1−

− 1

π

∫
R

u (x1, 0)

−γ2 (ξ1) + i (x1 − ξ1)
dx1. (9)

Proceeding from boundary condition (2) by means of necessary conditions (8), (9) we
construct following linear combination:

u (ξ1, γ2 (ξ1)) + α (ξ1)u (ξ1, 0) = − i
π

∫
R

u (x1, γ2 (x1))

x1 − ξ1
dx1+
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+
i

π

∫
R

u (x1, γ2 (x1))

γ′2 (σ2) + i

(
γ′2 (σ2)− γ′2 (x1)

x1 − ξ1

)
dx1+

+
1

π

∫
R

u (x1, 0) dx1

γ2 (ξ1)− i (x1 − ξ1)
+ α (ξ1)

 i
π

∫
R

u (x1, 0)

x1 − ξ1
dx1

+

+
α (ξ1)

π

∫
R

u (x1, γ2 (x1))

γ2 (x1) + i (x1 − ξ1)
·
[
1− iγ′2 (x1)

]
dx1,

u (ξ1, γ2 (ξ1))− α (ξ1)u (ξ1, 0) = ϕ (ξ1) . (10)

From this system we get

u(ξ1, γ2(ξ1)) =
1

2π

∫
R

u (x1, 0) dx1

γ2 (ξ1)− i(x1 − ξ1)
+

+
i

2π

∫
R

u (x1, γ2 (x1)) dx1

γ′2 (σ2) + i

(
γ′2 (σ2)− γ′2 (z1)

x1 − ξ1

)
dx1+

+
α (ξ1)

2π

∫
R

u(x1, γ2 (x1))

γ2 (x1) + i (x1 − ξ1)

[
1− iγ′2 (x1)

]
dx1−

− i

2π

∫
R

(u (x1, γ (x1)− α (ξ1)u (x1, 0)))
dx1

x1 − ξ1
+
ϕ (ξ1)

2
. (11)

Consider the last integral in (11):

− i

2π

∫
R

[u (x1, γ2 (x1))− {α (ξ1)− α (x1) + α (x1)}u (x1, 0)]
dx1

x1 − ξ1
=

=
i

2π

∫
R

α (ξ1)− α (x1)

x1 − ξ1
u (x1, 0) dx1−

− i

2π

∫
R

[u (x1, γ2 (x1))− α (x1)u (x1, 0)] · dx1

x1 − ξ1
=

=
i

2π

∫
R

α (ξ1)− α (x1)

x1 − ξ1
u (x1, 0) dx1 −

i

2π

∫
R

ϕ (x1)

x1 − ξ1
dx1. (12)

After term-by-term integrating we get for the last integral in (12):

− i

2π

∫
R

ϕ (x1) d ln |x1 − ξ1| = −
i

2π

[
ϕ (x1) ln |x1 − ξ1|

+∞
|
−∞
−
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−
+∞∫
−∞

ϕ′ (x1) ln |x1 − ξ1| dx1

 . (13)

So we obtain

u (ξ1, γ2 (ξ1)) =
1

2π

∫
R

u (x1, 0) dx1

γ2 (ξ1)− i (x1 − ξ1)
+

+
i

2π

∫
R

u (x1, γ2 (x1))

γ′2 (σ2) + i

γ′2 (σ2)− γ′2 (x1)

x1 − ξ1
dx1+

+
α (ξ1)

2π

∫
R

u (x1, γ2 (x1))

γ2 (x1) + i (x1 − ξ1)

[
1− iγ′2 (x1)

]
dx1+

+
i

2π

∫
R

α (ξ1)− α (x1)

x1 − ξ1
u (x1, 0) dx1 − ϕ (x1) ln |x1 − ξ1|

+∞
|
−∞

+

+

∫
R

ϕ′ (x1) ln |x1 − ξ1| dx1

+
ϕ (ξ1)

2
. (14)

From system (10) we get

u (ξ1, 0) =
1

2α (ξ1)

 1

π

∫
R

u (x1, 0)

γ2 (ξ1)− i (x1 − ξ1)
dx1 +

+
i

π

∫
R

u (x1, γ2 (x1))

γ′2 (σ2) + i
· γ
′
2 (σ2)− γ′2 (x1)

x1 − ξ1
dx1+

+
α (ξ1)

π

∫
R

u (x1, γ2 (x1))

γ2 (x1) + i (x1 − ξ1)

(
1− iγ′2 (x1)

)
dx1

−
− ϕ (ξ)

2α (ξ1)
+

i

2α (ξ1)π


∫
R

α (ξ1)− α (x1)

x1 − ξ1
· u (x1, 0) dx1 −

−ϕ (x1) ln |x1 − ξ1|
+∞
|
−∞

+

∫
R

ϕ′ (x1) ln |x1 − ξ1| dx1

 . (15)

Assuming(*):

-α (x1) 6= 0, belongs to the Holder days with the index µ ≤ 1

-function ϕ (x1) is continuously differentiable and ϕ (+∞) = ϕ (−∞) = 0.
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Then we obtain in (14) (15)

u (ξ1, γ2 (ξ1)) =
1

2π

∫
R

u (x1, 0) dx1

γ2 (ξ1)− i (x1 − ξ1)
+

+
i

2π

∫
R

u (x1, γ2 (x1)) dx1

γ′2 (σ2) + i
· γ
′
2 (σ2)− γ′2 (x1)

x1 − ξ1
dx1+

+
α (ξ1)

2π

∫
R

u (x1, γ2 (x1))

γ2 (x1) + i (x1 − ξ1)
·
[
1− iγ′2 (x1)

]
dx1+

+
i

2π

∫
R

α (ξ1)− α (x1)

x1 − ξ1
u (x1, 0) dx1+

+

∫
R

ϕ′ (x1) ln |x1 − ξ1| dx1

+
ϕ (ξ1)

2
, (16)

u (ξ1, 0) =
1

2α (ξ1)

 1

π

∫
R

u (x1, 0) dx1

γ2 (ξ1)− i (x1 − ξ1)
+

+
i

π

∫
R

u (x1, γ2 (x1))

γ′2 (σ2) + i
· γ
′
2 (σ2)− γ′2 (x1)

x1 − ξ1
dx1

+

+
1

2π

∫
R

u (x1, γ2 (x1))

γ2 (x1) + i (x1 − ξ1)
·
(
1− iγ′2 (x1)

)
dx1−

− ϕ (ξ1)

2α (ξ1)
+

i

2α (ξ1)π

∫
R

α (ξ1)− α (x1)

x1 − ξ1
u (x1, 0) dx1+

+
i

2α (ξ1)π

∫
R

ϕ′ (x1) ln |x1 − ξ1| dx1.

So following theorem holds

Theorem 2. Under conditions of Theorem 1 and (*) the problem (1),(2) reduces to the
system (16) of Fredholm integral equations of the second type with the regular kernels.
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