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Some Properties of Two-dimensional Szasz Operator
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Abstract. In the paper, we study some properties of two-dimensional Szasz operator and weighted

modulus of continuity on
[
0,∞

)
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1. Introduction

The polynomial constructed by Bernstein in 1912 for a continuous function has the
form

Bn

(
f ;x

)
=

n∑
k=0

f
(k
n

)
Cknx

k
(

1− x
)n−k

, 0 ≤ x ≤ 1, k = 0, 1, ...n.

In 1950, Otto Szasz has given a generalization of Bernstein polynomials on the semiaxis[
0,∞

)
in the following form

Sn

(
f ;x

)
= e−nx

∞∑
k=0

f
(k
n

)(nx)k
k!

, 0 ≤ x <∞.

Note that well known generalization of Bernstein polynomials is given in [6]. But in
[7] was given the generalization of Szasz operator as

Sn,r

(
f ;x

)
= e−nx

∞∑
k=0

r∑
i=0

f (i)
(
k
n

)
i!

(
x− k

n

)i(nx)k
k!

, 0 ≤ x <∞.

Following [8], the generalized operator Szasz order (n,m, r) defined as a

Sn,m,r(f ;x, y) = e−nx−my
∞∑
k=0

∞∑
l=0

r∑
i=0

1

i!

[(
x− k

n

) ∂
∂x

+
(
y− l

m

) ∂
∂y

]i
f
(k
n
,
l

m

)(nx)k
k!

(
my
)l

l!
.

(1)
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In particular, if r = 0, then (1) coincides with the two dimensional classical operator Szasz

Sn,m(f ;x, y) = e−nxe−my
∞∑

k,l=0

f
(k
n
,
l

m

)(nx)k
k!

(
my
)l

l!
. (2)

2. Preliminaries and auxiliary results

Lemma 1. Let f that a continuous function on R2
+ and Sn,m

(
f ;x, y

)
is Szasz operator

(2) of function f . Then the following properties

Sn,m(1;x, y) = 1,

Sn,m(t;x, y) = x,

Sn,m(τ ;x, y) = y,

Sn,m(t2;x, y) = x2 +
1

n
x,

Sn,m(τ2;x, y) = y2 +
1

n
y

hold.

Proof. We have

Sn,m(1;x, y) = e−nxe−my
∞∑

k,l=0

(
nx
)k

k!

(
my
)l

l!
= 1, enx =

∞∑
k=0

(
nx
)k

k!
,

Sn,m(t;x, y) = e−nxe−my
∞∑

k,l=0

k

n

(
nx
)k

k!

(
my
)l

l!
=
e−nx

n

∞∑
k=1

(
nx
)k(

k − 1
)

!
= x, t =

k

n
,

Sn,m(τ ;x, y) = e−nxe−my
∞∑

k,l=0

l

m

(
nx
)k

k!

(
my
)l

l!
=
e−nx

m

∞∑
k=1

(
my
)l(

l − 1
)

!
= y, τ =

l

m
,

Sn,m(t2;x, y) = e−nxe−my
∞∑

k,l=0

k2

n2

(
nx
)k

k!

(
my
)l

l!
=
e−nx

n2

∞∑
k=1

k

(
nx
)k(

k − 1
)

!
= x2 +

1

n
x,

Sn,m(τ2;x, y) = e−nxe−my
∞∑

k,l=0

l2

m2

(
nx
)k

k!

(
my
)l

l!
=
e−nx

m2

∞∑
k=1

l

(
my
)l(

l − 1
)

!
= y2 +

1

m
y.

This complete the proof Lemma 1.
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Remark 1. Note that for Bernstein-Chlodowsky polynomials analog of Lemma 1 was
proved in [3]. Also, certain construction of Bernstein-Chlodowsky polynomials of two
variable function, corresponding to the certain triangular domain with mobile boundary
was given in [3].

Lemma 2. For the operator (1) the following properties

Sn,m,r(1;x, y) = 1,

Sn,m,r(t;x, y) = x,

Sn,m,r(τ ;x, y) = y

hold.

Proof. We have

Sn,m,r(f ;x, y) = Sn,m,r(1;x, y) =

= e−nx−my
∑∞

k=0

∑∞
l=0

∑r
i=0

1
i!

[(
x− k

n

)
∂
∂x +

(
y − l

m

)
∂
∂y

]i
f
(
k
n ,

l
m

)(nx)k

k!

(
my

)l

l! = 1,

f (0,0) = f ≡ 1,

f (i,j)
(k
n
,
l

m

)
= 0, i ≥ 1, j ≥ 0.

It is obvious that

Sn,m,r(f ;x, y) = Sn,m,r(t;x, y) =
k

n
+ x− k

n
= x,

f (0,0) = f
(k
n
,
l

m

)
≡ k

n
,

f (1,0)
(k
n
,
l

m

)
= 1,

f (i,j)
(k
n
,
l

m

)
= 0, i ≥ 2, j ≥ 0.

Further, we have

Sn,m,r(f ;x, y) = Sn,m,r(τ ;x, y) =
l

m
+ y − l

m
= y,

f (0,0) = f
(k
n
,
l

m

)
≡ l

m
,

f (1,0)
(k
n
,
l

m

)
= 1,

f (i,j)
(k
n
,
l

m

)
= 0, i ≥ 2, j ≥ 0.

This complete the proof Lemma 2.

Remark 2. In one-dimensional case a Korovkin’s type theorems in the space Cρ

(
R
)

was

proved in [5], where shown that in general the convergence in norm of the space Cρ

(
R
)

not holds.
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3. Main result

It is known that usual first modulus of continuity ω
(
f ; δ
)

does not tends to zero as

δ → 0 on the infinite interval. Now we give weighted modulus of continuity Ω
(
f ; δ
)

which

tens to zero as δ → 0 on the infinite interval.
Let R2

+ =:
{

(x, y) ∈ R2;x ≥ 0, y ≥ 0
}

andρ
(
x, y
)

= 1 + xm + ymis weight function.

Assume Bρ

(
R2

+

)
:=
{
f :
∣∣∣f(x, y)

∣∣∣ ≤ Mfρ(x, y)
}

, Mf > 0and by C(r)(R2
+) we denote the

class of r-times continuously differentiable functions on R2
+. We denote

Cρ

(
R2

+

)
:=
{
f : f ∈ Bρ

⋂
C(R2

+)
}

CKρ

(
R2

+

)
:=
{
f : f ∈ Cρ

(
R2

+

)
lim

x+y→+∞

f(x, y)

ρ(x, y)
= Kf <∞

}
,

C0
ρ

(
R2

+

)
:=
{
f : f ∈ CKρ

(
R2

+

)
lim

x+y→+∞

f(x, y)

ρ(x, y)
= 0
}
.

It is well known that the norm in the spacesBρ is defined as

∥∥∥f∥∥∥
ρ

= sup
(x,y)∈R2

+

∣∣∣f(x, y)
∣∣∣

ρ(x, y)
.

Obviously, CKρ

(
R2

+

)
⊂ Cρ

(
R2

+

)
⊂ Bρ

(
R2

+

)
.

Remark 3. Note that for functions of one variable the property of weighted modulus of
continuity were studied in the work A.D. Gadjiev [2, 4], A. Aral [1] and etc.

Now we consider a modulus of continuity of two variables functions on R2
+ defined as:

Ω
(
f ; δ1; δ2

)
= Ω

(
δ1; δ2

)
= sup

(x,y)∈R2
+∣∣∣h1∣∣∣≤δ1,∣∣∣h2∣∣∣≤δ2

∣∣∣f(x+ h1, y + h2

)
− f

(
x, y
)∣∣∣

ρ
(
x, y
)
ρ
(∣∣∣h1∣∣∣, ∣∣∣h2∣∣∣) . (3)

Theorem 1. Let f ∈ CKρ
(
R2

+

)
. Then for (3) the equality

lim
δ1→0
δ2→0

Ω(δ1, δ2) = 0, (4)

holds. Also the following properties is valid:

1) Ω
(

0; 0
)

= 0;

2) Ω(δ1; δ2) is non-increasing with respect to δ1 and δ2;

3) Ω
(
δ11 + δ12, δ21 + δ22

)
≤ Ω

(
δ11, δ21

)
+ Ω

(
δ12, δ22

)
is semiadditive;

4) Ω(δ1, δ2) is continuous.



Some Properties of Two-dimensional Szasz Operator 69

Proof. We have

Ω(δ1, δ2) ≤ sup
0 < x ≤ x0, 0 < y ≤ y0∣∣∣h1∣∣∣ ≤ δ1, ∣∣∣h2∣∣∣ ≤ δ2

∣∣∣f(x+ h1, y + h2

)
− f

(
x, y
)∣∣∣

ρ
(
x, y
)
ρ
(∣∣∣h1∣∣∣, ∣∣∣h2∣∣∣)

+ sup
0 < x ≤ x0, y > y0∣∣∣h1∣∣∣ ≤ δ1, ∣∣∣h2∣∣∣ ≤ δ2

∣∣∣f(x+ h1, y + h2

)
− f

(
x, y
)∣∣∣

ρ
(
x, y
)
ρ
(∣∣∣h1∣∣∣, ∣∣∣h2∣∣∣) +

+ sup
x > x0, 0 < y ≤ y0∣∣∣h1∣∣∣ ≤ δ1, ∣∣∣h2∣∣∣ ≤ δ2

∣∣∣f(x+ h1, y + h2

)
− f

(
x, y
)∣∣∣

ρ
(
x, y
)
ρ
(∣∣∣h1∣∣∣, ∣∣∣h2∣∣∣)

+ sup
x > x0, y > y0∣∣∣h1∣∣∣ ≤ δ1, ∣∣∣h2∣∣∣ ≤ δ2

∣∣∣f(x+ h1, y + h2

)
− f

(
x, y
)∣∣∣

ρ
(
x, y
)
ρ
(∣∣∣h1∣∣∣, ∣∣∣h2∣∣∣) = I1 + I2 + I3 + I4.

It is obvious that

I1 ≤ sup
0 < x ≤ x0, 0 < y ≤ y0∣∣∣h1∣∣∣ ≤ δ1, ∣∣∣h2∣∣∣ ≤ δ2

∣∣∣f(x+ h1, y + h2

)
− f

(
x, y
)∣∣∣ ≤ ω(δ1, δ2),

where

ω
(
δ1, δ2

)
= sup(

x, y
)
∈ R2

+∣∣∣h1∣∣∣ ≤ δ1, ∣∣∣h2∣∣∣ ≤ δ2
∣∣∣f(x+ h1, y + h2

)
− f

(
x, y
)∣∣∣,

is usual modulus of continuity of function f . We get∣∣∣f(x+ h1, y + h2)− f(x, y)
∣∣∣(

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m)(1 + xm + ym
) =

∣∣∣ f(x+ h1, y + h2)(
1 +

∣∣∣h1∣∣∣m +
∣∣∣h2∣∣∣m)(1 + xm + ym

)
− f(x, y)(

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m)(1 + xm + ym
)∣∣∣ =

∣∣∣ f(x+ h1, y + h2)(
1 +

∣∣∣h1∣∣∣m +
∣∣∣h2∣∣∣m)(1 + xm + ym

)
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−
Kf

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m +
Kf

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m
f(x, y)(

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m)(1 + xm + ym
)∣∣∣

≤
∣∣∣ f(x+ h1, y + h2)(

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m)(1 + xm + ym
) − Kf

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m
∣∣∣

+
∣∣∣ f(x, y)(

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m)(1 + xm + ym
) − Kf

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m
∣∣∣

=
1

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m
(∣∣∣f(x+ h1, y + h2)

1 + xm + ym
−Kf

∣∣∣+
∣∣∣ f(x, y)

1 + xm + ym
−Kf

∣∣∣)

=
1

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m
(∣∣∣f(x+ h1, y + h2)

1 + xm + ym
− f(x+ h1, y + h2)

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m
+

f(x+ h1, y + h2)

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m −Kf

∣∣∣+
∣∣∣ f(x, y)

1 + xm + ym
−Kf

∣∣∣
≤ 1

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m
(∣∣∣f(x+ h1, y + h2)

1 + xm + ym
− f(x+ h1, y + h2)

1 + (x+
∣∣∣h1∣∣∣m)

(
y +

∣∣∣h2∣∣∣)m
∣∣∣

+
∣∣∣ f(x+ h1, y + h2)

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m −Kf

∣∣∣)+
∣∣∣ f(x, y)

1 + xm + ym
−Kf

∣∣∣)

=
1

1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m
( ∣∣∣(x+ h1)

m + (y + h2)
m − xm − ym

∣∣∣(
1 + xm + ym

)(
1 + (x+

∣∣∣h1∣∣∣m) +
(
y +

∣∣∣h2∣∣∣)m)
∣∣∣f(x+ h)

∣∣∣
+
∣∣∣ f(x+ h1, y + h2)

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m −Kf

∣∣∣+
∣∣∣ f(x, y)

1 + xm + ym
−Kf

∣∣∣)

≤

∣∣∣(x+ h1)
m + (y + h2)

m − xm − ym
∣∣∣

1 + xm + ym

∣∣∣f(x+ h1, y + h2)
∣∣∣

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m
+
∣∣∣ f(x, y)

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m −Kf

∣∣∣+
∣∣∣ f(x, y)

1 + xm + ym
−Kf

∣∣∣. (5)

By the mean theorem, we get∣∣∣f(x+ h1, y + h2)
∣∣∣

1 + (x+
∣∣∣h1∣∣∣)m + (y +

∣∣∣h2∣∣∣)m
1

1 + xm + ym

∣∣∣(x+ h1)
m + (y + h2)

m − xm − ym
∣∣∣ ≤
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≤

∣∣∣f(x+ h1, y + h2)
∣∣∣

1 + (x+
∣∣∣h1∣∣∣)m + (y +

∣∣∣h2∣∣∣)m
1

1 + xm + ym

∣∣∣ξm−1mh1 + ηm−1mh2

∣∣∣ ≤

≤
m
(
xm−1 + (x+ h1)

m−1 + ym−1 +
(
y + h2

)m−1)
1 + xm + ym(∣∣∣ f(x+ h1, y + h2)

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m −Kf

∣∣∣+
∣∣∣Kf

∣∣∣).
(5) implies that ∣∣∣f(x+ h1, y + h2)− f(x, y)

∣∣∣(
1 + (x+

∣∣∣h1∣∣∣m) +
(
y +

∣∣∣h2∣∣∣)m)(1 + xm + ym
)

≤
(

1 +
m
(
xm−1 + (x+ h)m−1 + ym−1 +

(
y + h2

)m−1)
1 + xm + ym

)
×
(∣∣∣ f(x+ h1, y + h2)

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m −Kf

∣∣∣)+
∣∣∣ f(x, y)

1 + xm + ym
−Kf

∣∣∣

+
m
(
xm−1 + (x+ h)m−1 + ym−1 +

(
y + h2

)m−1)
1 + xm + ym

∣∣∣Kf

∣∣∣
≤
(

1 +
m
(
xm−1 + ym−1 + 2m−2

(
xm−1 + ym−1 +

∣∣∣h1∣∣∣m−1 +
∣∣∣h2∣∣∣m−1))

1 + xm + ym

)
×
∣∣∣ f(x+ h1, y + h2)

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m −Kf

∣∣∣

+
∣∣∣ f(x, y)

1 + xm + ym
−Kf

∣∣∣+
m(xm−1 + ym−1 + (x+ h1)

m−1 +
(
y + h2

)m−1
xm + ym

∣∣∣Kf

∣∣∣.∣∣∣f(x+ h1, y + h2)− f(x, y)
∣∣∣(

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m)(1 + xm + ym
) ≤

≤ m2m
∣∣∣ f(x+ h1, y + h2)

1 + (x+
∣∣∣h1∣∣∣m) +

(
y +

∣∣∣h2∣∣∣)m −Kf

∣∣∣
+
∣∣∣f(x+ h1, y + h2)

1 + xm + ym
−Kf

∣∣∣+ (1 + 2m)
(1

x
+

1

y

)∣∣∣Kf

∣∣∣.
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We estimate I2. We have∣∣∣f(x+ h1, y + h2)− f(x, y)
∣∣∣

(1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m)(1 + xm + ym)
≤

∣∣∣f(x+ h1, y + h2)− f(x, y)
∣∣∣

(1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m)(1 + ym)
.

Analogously to (5) for 0 < x ≤ x0 and large y ∈ R+, we have∣∣∣f(x+ h1, y + h2)− f(x, y)
∣∣∣

(1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m)(1 + ym)
≤ m2m

∣∣∣f(x+ h1, y + h2)

1 + (y + h2)m
−

−Kf

∣∣∣+
∣∣∣f(x, y)

1 + ym
−Kf

∣∣∣+
m2m

y

∣∣∣Kf

∣∣∣
Analogously to (5) for 0 < y ≤ y0 and large x ∈ R+, we have∣∣∣f(x+ h1, y + h2)− f(x, y)

∣∣∣
(1 +

∣∣∣h1∣∣∣m +
∣∣∣h2∣∣∣m)(1 + xm + ym)

≤

∣∣∣f(x+ h1, y + h2)− f(x, y)
∣∣∣

(1 +
∣∣∣h1∣∣∣m +

∣∣∣h2∣∣∣m)(1 + xm)

≤ m2m
∣∣∣f(x+ h1, y + h2)

1 + (x+ h1)m
−Kf

∣∣∣+
∣∣∣ f(x, y)

1 + xm
−Kf

∣∣∣+
m2m

x

∣∣∣Kf

∣∣∣.
Finally we estimate I4 for x, y →∞. Analogously to (5), we get∣∣∣f(x+ h1, y + h2)− f(x, y)

∣∣∣
(1 +

∣∣∣h1∣∣∣m +
∣∣∣h2∣∣∣m)(1 + xm + ym)

≤

≤ m2m
∣∣∣ f(x+ h1, y + h2)

1 + (x+ h1)m + (y + h2)m
−Kf

∣∣∣+
+
∣∣∣ f(x, y)

1 + xm + ym
−Kf

∣∣∣+m2m
(1

x
+

1

y

)∣∣∣Kf

∣∣∣
Therefore, by the definition of Cp(R+)for givenε > 0, we can choose x0 = x0(ε)
and y0 = y0(ε) such that the inequalities

I2 <
ε

3
; I3 <

ε

3
; I4 <

ε

3
.

Thus
Ω(δ1, δ2) ≤ ω(δ1, δ2) + ε.

Since lim
δ1→+0
δ2→+0

Ω
(
δ1, δ2

)
< ε for any ε > 0, we get lim

δ1→+0
δ2→+0

Ω
(
δ1, δ2

)
= 0.

Note that the property 2) is obvious. The properties 3) and 4) is proved analogously
to the one-dimensional case.
This completes the proof.
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