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Some Properties of Two-dimensional Szasz Operator
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Abstract. In the paper, we study some properties of two-dimensional Szasz operator and weighted
modulus of continuity on [0, oo).
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1. Introduction

The polynomial constructed by Bernstein in 1912 for a continuous function has the

form

B (fix) - Z 5k (1-2)" 0o <Lk =01,m.

In 1950, Otto Szasz has given a generalization of Bernstein polynomials on the semiaxis

(”x‘)k

k!

[0, oo) in the following form

,0< z < 0.

(1) = $i(E)

Note that well known generalization of Bernstein polynomials is given in [6]. But in
[7] was given the generalization of Szasz operator as

o fi)(k (na)"
S,M(f;x) = e_mkzzozzgp(x— S) (n:!), 0<zx<o0.
Following [8], the generalized operator Szasz order (n,m,r) defined as a
oy, 1 () (m)
=)ol )
(1)

k=0 1=0 i=0 "
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In particular, if r = 0, then (1) coincides with the two dimensional classical operator Szasz
k l
y () ()
) . (2)

<k
Sn,m(f;fw)Ze_m@_myZf<ﬁ’* ST

m
k,1=0

2. Preliminaries and auxiliary results

Lemma 1. Let f that a continuous function on R%r and Sp.m <f;:z:,y) is Szasz operator

(2) of function f. Then the following properties
Sn,m(l; .’IJ, y) = 17

Spm(t; 2, y) =,
Snm(Ti2,Y) =¥,
Spm(t?z,y) = 2% + %x,
Sum(r%2,y) = y* + %y
hold.
Proof. We have

k l k
= (na) (ms) > (n)
Snn(1i9) = €7 3 St =1 € =) S
k,1=0 k=0
k l k
gy = k(1) () e = (na) ¢
Snltiz,y) = e L LSt = (k 1)':36’ it
k,l=0 k=1 — !
k l l
gy = 1 (n2) (m) eme = () |
Sn,m(T;x7y):e e Y Z E ! Il = o Z =Y, TZE’
k,l=0 =1 (l — 1)!

k ! k
[e.e] oo
k2 (n$> (my) —nT (nx) 1
Spn(t*;2,y) = e e Z — . k =2+ ~x,

k,1=0 Kl e k=1 (’f - 1)! "
k l l
© 2 |(nx my —nz my
Snm(T?2,y) = €™ g::o # ( k!> ( I ) B €m2 kZ:1Z ((z - 1>)' —v't %y

This complete the proof Lemma 1.
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Remark 1. Note that for Bernstein-Chlodowsky polynomials analog of Lemma 1 was
proved in [3]. Also, certain construction of Bernstein-Chlodowsky polynomials of two
variable function, corresponding to the certain triangular domain with mobile boundary

was given in [3].

Lemma 2. For the operator (1) the following properties
Snmr(Li2,9) =1,
Snmr(t2,y) = @,

Sn,m,r (T; x, y) =Y
hold.

Proof. We have
Sn,m,r(f; €, y) = Sn,m,r(1§ x, y) =

=y S S [ - E) 2+ (v-4) 2] (¢ l)<"x) KON
=f=1,

n’m k! A
£(0.0) =
f(znj)(E,i) —0, i>1j>0.
n’'m
It is obvious that
Snmr(f32,9) = Spmar(t;2,y) é—i—x—ﬁ*x
nm,r\J3L,Y) = Onmr(L;T,Y n n_ ’
ko1 k
00) _ (2 2y =2
FOU=f(% ) ==,
f(w)(ii) _1
n’'m
fu,a)(’f’i): . 22520
n’'m
Further, we have
l l
Sn,m,r(f;x7y) = Sn,m,r(T;xvy) =—+Yy—-—=1,
m m
k1 l
00 _ (2 )= -~
! f(n’m) “m’
f<1,0)<ﬁ7i) _1
n’'m
ok
f(%])(i77> =0, i>2,j>0.
n’'m

This complete the proof Lemma 2.

Remark 2. In one-dimensional case a Korovkin’s type theorems in the space C, (R) was

proved in [5], where shown that in general the convergence in norm of the space C, (R)
not holds.
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3. Main result

It is known that usual first modulus of continuity w( f; 6) does not tends to zero as

& — 0 on the infinite interval. Now we give weighted modulus of continuity 2 ( I 5) which
tens to zero as ¢ — 0 on the infinite interval.

Let R? =: {(x,y) € Rz >0,y > 0} andp(x,y) =1+ 2™ 4 y™is weight function.
Assume B, (Ri) = {f : ‘f(x,y)‘ < pr(x,y)}, My > 0and by C(R2) we denote the
class of r-times continuously differentiable functions on Ri. We denote

C,(R2) ={f: f e B,NCR2)}

Cf(Ra_) = {f fe CP(RE—> lim f(z,y)

a+y—+oo p(T,y)

Cg(Ri) — {f:fe Cf(Ri) lim (@Y :o}.

ty—toe p(z,y)

:Kf<OO},

It is well known that the norm in the spacesB,, is defined as

- om, el
P @yerz P(TY)

Obviously, CX (R2) © C,(R%)  B,(R2).

Remark 3. Note that for functions of one variable the property of weighted modulus of
continuity were studied in the work A.D. Gadjiev [2, 4], A. Aral [1] and etc.

Now we consider a modulus of continuity of two variables functions on Ri defined as:

(o)~ (s0)

Q(f;él;ég) - 9(51;52) —  sup NES
(@)er? p(w,0)o(|pa |22
hi1|<é, h2‘§52
Theorem 1. Let f € C,f (Ri) Then for (3) the equality
lim Q(81,82) = 0, (4)
614)0
52*}0

holds. Also the following properties is valid:

1)Q 0;0) —0;

2) Q(01;d2) is non-increasing with respect to §1 and d2;

3) Q611 + 12,021 + (522) < 9(511, 521) + 9(512, 522) 1s semiadditive;
4) (01, 02) is continuous.
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Proof. We have

61, 62) < sp ‘f<$+h1,y+h2>—f<x,y>’

0<z<20,0 <y <o p(w,y)p<(h1‘,‘hz‘>
‘hl‘ <y, ‘h2‘ < d2

N wp ‘f(a:—i—hl,y—l-hQ)—f(x,y)‘

0<zx< 2o,y >0 P(%@/)P(’hl‘,’hz))
‘m’ < 41, ‘h2‘ < d2

+

N wp ‘f<$+h1,y+h2>ff(x,y>‘

x> 20,0 <y <y P<$ay>P<‘h1’7‘h2D
‘hl’ <41, ‘h2‘ <2

N - ‘f($+h1,y+h2>—f($,y)’

T > 20,y > Yo p<x’y>p<‘h1Hh2D
‘hl‘ gél,‘hg‘ < 0y

=1L+ 1y + I35+ Iy.

It is obvious that

I < sup (ot by +h) = (.
0<z<,0<y<wyo

| < 01, o] < 6

N—

‘ < W<51,52>,

where

w<51,52>: sup ‘f(:r+h1,y+h2>—f<3«"ay)’7

(az,y) € Ri

] < 01, o < 02

is usual modulus of continuity of function f. We get

‘f(f"‘hlyy‘i‘hz) ‘ (z + hi,y + ho)

(1+‘h1‘m+‘h2’ )(1+xm+y >_‘(1+’h1’ +’h2’ )<1+xm+ym)

f(a?,y) f(x+h1’y+h2)

([ [ ) (e ) | (1 [+ [ ) (140 4 9m)

69
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B Ky Ky f(z,y) ‘
1+‘h1)m+)h2)m 1+’h1’m+’h2’m <1+‘h1’m+’h2’m)<1+xm+ym>
<‘ f(x+hi,y+ ha) _ Ky )
Ry G R )
+‘ fz,y) ‘
(1+’h1‘m+‘h2‘m)<l+xm+y ) 1+(h1( +‘h2‘

_ 1 (f(ac+h1,y+h2)_ ) ‘73/)_ D
1+‘h1)m+’h2)m Tramtyn T T am g~

_ 1 (‘f(:v+h1,y+h2) B f(z 4 hi,y + ha)
L [ N T )+ (o [e])

f($+h1,y+h2) f(a:,y)

o N
1+($+‘h1) )+(y+‘h2D L™ +ym

1 <f(x+h1,y+h2)_ flz+hi,y + ha) ‘
1+‘h1\m+‘h2‘ L+am 4 ym 1+(x+)h1] )<y+‘h2‘>

<

f(@+hi,y + ho) _Kf‘)Jr’ flay) D

+| m -
1+(fﬂ+’h1’ )+(y+‘h2‘) L+am 4+ ym

|+ B+ (4 ho)™ — 2™ — |

_ 1 )
s "+ ‘h"”m((l oy (14 @+ ] )+ (54 [pe|)") S+ m)

f@+hi,y + ho) 3 fley)
+‘1—|—(x+‘h1’m)—|— (y+ ’hQDm ‘ EFTENTES D
B R Rt it M R R ]
< 1+ am 4 ym 1+(w+’h1’m)+<y+‘h2‘>m
+‘ f(z,y) _ _Kf) +‘1_|_f$(:fn,_y|_)ym _Kf)' (5)

1+ (x+ ‘hllm) + <y+ ’hQD

By the mean theorem, we get

‘f(x+h1,y+h2)‘ 1
(24 h)™ + (y + ho)™ = 2™ — | <

1+ (z+ )hll)m+(y+ ‘hQ‘)m L+am+ym



Some Properties of Two-dimensional Szasz Operator 71

£G4 b,y 4 )| 1
1+($+‘h1‘)m+(y+‘h2‘)m L+am 4y

N

m ‘fmflm/u + nmflth‘ <

< m(xm_l + (@ +h)" Y™+ <y + h2) Wl)

1+ am 4 ym
f(x+hi,y+ ho) -
(= ooy~ D
(5) implies that
)f($+h1,y+h2)_f(x7y)‘
<1+(x+ ‘hl’m>+ (y+ ’hQ’)m)(l+xm+ym)
m(“"m*l +(x+h)" Ty (y + h2>m—1>
<(1+ A )

Py

L (@t ] )+ (y+ o

(e @ Ry (g h2>m_1>

<

m—1 m—1
O RN )

<
h h
x’ f(x+m1,y+ 2) m_Kf‘
1+(“‘+)h1) )+(y+’h2’)
m—1 m—1 m—1 m—1
f(l’vy)_K’er(l“ +ym T @ ) (g he) ’K‘
L™y ! ™ +ym f

[+ by + ho) = ()|

(1 +(z+ ’hllm) + (y+ ‘h2‘>m> (1 +m +ym)
f(x+hi,y+ ho)

1+ (z+ ‘hl‘m) + <y+ ‘hQDm

szm‘ —Kf‘

) ’ 1 1
e (ol
1+q:m_|_ym f ( ) ” ¥

X
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We estimate Is. We have
Fa+hiy+ha) = fy)| |f@+ by +ho) = fay)
<

(U ] | Y+ ) T @ ] | )

Analogously to (5) for 0 < x < x¢ and large y € Ry, we have

‘f(x+h1’y+h2)_f(x’y)‘ g fl@+hi,y+he)
(1+‘h1‘m+‘h2’m)(1+ym) T+ (y + h)™
—K‘+‘f K’ QO‘Kf’

Analogously to (5) for 0 < y < yo and large x € R4, we have

fo by +he) = @) |f by h) — fy)

(Lt |+ e )(1+xm+ym)_(1+‘h1‘ + e )1+ am)

fl@+hi,y+h) m2™
< m2” K|+ [~ K+ T
1+ (z + hy)™ * 1+:cm ! !
Finally we estimate I4 for z,y — oo. Analogously to (5), we get
[+ sy + ho) = ()|
m m S
(1+)h1] + |he| D@+ a4 ym)
f(x+hi,y+ha) ‘
‘1+ (@+h)m+ (y+ho)m 7
flay) ‘+m2m( >‘Kf‘
L+am+ym

Therefore, by the definition of C), (R )for givene > 0, we can choose z¢ = xo(¢)
and yo = yo(e) such that the inequalities

9 £
I3 < = Iy < —.

g
I, < - ;
2 3 3

33
Thus
Q((Sl, 52) < w((51, (52) +ée

Since lim 9(51, (52) < ¢ for any € > 0, we get lim Q((Sl, 52) =0.
61—-+0 61 —+0
do—+0 d2—+0

Note that the property 2) is obvious. The properties 3) and 4) is proved analogously
to the one-dimensional case.
This completes the proof.
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