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On Strong Summability of Fourier-Gegenbauer Series
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Abstract. In the paper [2] we consider the summability problems for Fourier-Gegenbauer series
are studied via the Valle-Poussion’s means. In this paper the strong summability of Fourier-
Gegenbauer series we study.
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By definition f ∈ L1,λ[−1, 1] is denote

1∫
−1

(1− x2)λ−
1
2 |f(x)| dx <∞.

The Fourier-Gegenbauer series of function f ∈ L1,λ[−1, 1] is given by

f(x) ∼
∞∑
n=0

aλn(f)P λn (x), (1)

where

aλn(f) =
Γ(λ)Γ(2λ)(n+ λ)Γ(n+ 1)

Γ
(

1
2

)
Γ(λ+ 1

2)Γ(n+ 2λ)

1∫
−1

(1− t2)λ−
1
2 f(t)pλn(t)dt.

The Gengenbauer polynomials pλn(x) are the orthogonal system on segment [-1,1] with
the weight (1− x2)λ−1/2, i.e.

1∫
−1

(1− x2)λ−
1
2P λν (x)P λn (x)dx =

{
0, ν 6= n;
Γ( 1

2)Γ(λ+ 1
2)Γ(n+2λ)

Γ(λ)Γ(2λ)(n+λ)Γ(n+1) , ν = n.

Sλn (f ;x) − denote the n − th partial sum of series (1) and σ
(λ,α)
n (f : x)− denote

(C, δ)− means of series (1).

http://www.cjamee.org 74 c© 2013 CJAMEE All rights reserved.



On Strong Summability of Fourier-Gegenbauer Series 75

Let Λ = {λn} is a non-decreasing sequence such that λ1 = 1, λn+1 − λn ≤ 1 and
p > 0.

Generalized de la Valle-Passion strong mean of series (1) denote by

V λ
n (f,Λ, p;x) =

 1

λn

n−1∑
ν=n−λn

∣∣∣Sλν (f ;x)− f(x)
∣∣∣p


1
p

,

or (V,Λ)− mean.
Here (see [2])

Sλν (f ;x) =
Γ (λ)

Γ
(

1
2

)
Γ
(
λ+ 1

2

) π∫
0

ft(x)Kλ
ν (cos t) sh2λdt, (2)

where

Kλ
ν (cos t) =

ν∑
i=0

(i+ λ)P λi (cos t), (3)

and

ft(x) =
Γ
(
λ+ 1

2

)
Γ (λ) Γ

(
1
2

) π∫
0

f
(
x cos t+

√
1− x2 sin t cosϕ

)
(sinϕ)2λ−1 dϕ,

is a function of the generalized shift.
Neut target receipt nonperiodic analogues of some results of L. Leindler in [5]
Lemma 1 Let f ∈ L1,λ[−1, 1] and f(x) = O(1). then for any p > 0{

1

n

n∑
ν=0

∣∣∣Sλν (f ;x)
∣∣∣p} 1

p

= O(1).

Proof. From (3) we have

∑
=

{
1

n

n∑
ν=0

∣∣∣Sλν (t;x)
∣∣∣p} 1

p

= O(1)

 1

n

n∑
ν=0

∣∣∣∣∣∣∣
π
n∫
0

+

π−π
n∫

π
n

+

π∫
π−π

n

∣∣∣∣∣∣∣
p

1
p

= O(1)


 1

n

n∑
ν=0

∣∣∣∣∣∣∣
π
n∫
0

∣∣∣∣∣∣∣
p

1
p

+

 1

n

n∑
ν=0

∣∣∣∣∣∣∣
π−π

n∫
π
n

∣∣∣∣∣∣∣
p

1
p

+

 1

n

n∑
ν=0

∣∣∣∣∣∣∣
π∫

π−π
n

∣∣∣∣∣∣∣
p

1
p


1
p

= O(1)

(∑
1

+
∑

2

+
∑

3

)
. (4)
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Take into account the inequality

n∑
ν=0

ν + λ)P λν (x) = O
(
n2λ+1

)
,

which follows from the estimate (see [4], p.178)

P λn (x) = O
(
n2λ−1

)
, (5)

we obtain ∑
1

= O(1)
1

n

n∑
ν=0

ν2λ+1

π
n∫
0

|ft(x)| sin2λ tdt


p

,

since
|ft(x)| ≤ |f(x)| = O(1),

then ∑
1

= O(1)
1

n

n∑
ν=0

ν2λ+1

π
n∫
0

t2λdt


p

= O(1)
1

n

n∑
ν=0

(ν
n

)(2λ+1)p
= O(1). (6)

And take into account the inequality (see [1])

sinλ t sin
t

2

∣∣∣∣∣
n∑
ν=0

(ν + λ)P λν (cos t)

∣∣∣∣∣ = O(nλ), t ∈ [0, π],

we will have

∑
3

= O(1)
1

n

n∑
ν=0

νλ π∫
π−π

n

sinλ t

sin t
2

dt


p

= O(1)
1

n

n∑
ν=0

νλ π∫
π−π

n

tλ−1dt


p

= O(1)
1

n

n∑
ν=0

νλp
(
πλ −

(
π − π

n

)λ)p
= O(1)

1

n

n∑
ν=0

νλp
(
π − π +

π

n

)λp
= O(1). (7)

That estimate
∑

2 we transform the kernel Kλ
n(x).

But us (see [6], p.95 and 93)

2 (ν + λ)P λν (x) =
(
P λν+1(x)− P λν−1(x)

)′
= 2λ

(
P λ+1
ν (x)− P λ+1

ν−2 (x)
)
,

then bu (3) we have

Kλ
n(cos t) = λ

(
P λ+1
n−1 (cos t) + P λ+1

n (cos t)
)
. (8)
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Use of formula (see [4],p.204)

P λ+1
n (cos t) =

2λ+1(πn)−
1
2

(sin t)λ+1
cos
[
(n+ λ+ 1)t− π

2
(λ+ 1)

]
+O

(
n−

3
2

)
, 0 < t < π, (9)

in (8) we obtain

Kλn (cos t) = O(1)
(
ν−

1
2 (sin t)−λ−1 + ν−

3
2

)
, 0 < t < π.

From this we have

∑
2

= O(1)
1

n

n∑
ν=0

(ν + 1)−
1
2

π−π
n∫

π
n

(sin t)λ−1dt

+ν−
3
2

π−π
n∫

π
n

sin2λ tdt


p

=
∑
2.1

+
∑
2.2

. (10)

Since

π−π
n∫

π
n

sinλ t
(
cos2 t+ sin2 t

)
sin t

dt =

π−π
n∫

π
n

(sin t)λ−1 cos2 tdt

+

π−π
n∫

π
n

(sin t)λ+1dt ≤

π−π
n∫

π
n

(sin t)λ−1 |cos t| dt+O(1)

= O(1) +

π
2∫
π
n

(sin t)λ−1 cos tdt−

π−π
n∫

π
2

(sin t)λ−1 cos tdt

= O(1) +

π
2∫
π
n

(sin t)λ−1d sin t−

π−π
n∫

π
2

(sin t)λ−1d sin t

= O(1) +
2

λ

(
1− sin

π

n

)
= O(1). (11)

Take into account (11) in (10), we obtain

∑
2.1

= O(1)
1

n

n∑
ν=0

ν−
p
2 , (12)
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∑
2.2

= O(1)
1

n

n∑
ν=0

ν−
3
2
p. (13)

Now from (10) (12) and (13) we have

∑
2.1

= O(1)
1

n

ν∑
ν=0

ν−
p
2 .

From this take into account the relation (see [1],p.355)

1

λn

n∑
ν=0

ν−γ = O(1)


n−γ , 0 < γ < 1,
1
n

(
1 + log n

n−λn+1

)
, γ = 1,

1
n (n− λn + 1)1−γ , γ > 1,

(14)

for λn = n, we obtain

∑
2

= O(1)

 n−
p
2 , 0 < p < 2,

1
n log n, p = 2,
1
n , p > 2.

(15)

Now taking into account (6), (7) and (15) in (4) we obtain assertion of the lemma.
Let Hn is the set of algebraic polynomials of degree ≤ n, and En(f)− is the best

approximation of f ∈ C[−1, 1], i.e.

En(f) = inf
Pn∈Hn

‖f − Pn‖C .

Theorem 1. Let f ∈ L1,λ[−1, 1] and f(x) = O(1). Then for any p > 0

V λ
n (f,Λ, p;x) = O(1)

(
n

λn

) 1
p

En−λn .

Proof. Let Pm(x) is algebraic polynomial degree ≤ m. Since for n− λn ≥ m

V λ
n (f − pm,Λ, p;x) = V λ

n (f,Λ, p, x)− pm(x),

then  1

λn

n−1∑
ν=n−λn

∣∣∣Sλν (f : x)− f(x)
∣∣∣p


1
p

≤

 2p

λn

 n−1∑
ν=n−λn

∣∣∣Sλν (f − Pn−λn ;x)
∣∣∣+ |Pn−λn(x)− f(x)|p


1
p

≤ 2
p+1
p


 n

λn

1

n

n−1∑
ν=n−λn

∣∣∣Sλν (f − Pn−λn ;x)
∣∣∣p + En−λm(f)


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= O(1)

((
n

λn

) 1
p

En−λm(f)

)
.

Theorem is proved.

We denote ϕx(t) = f(x)− ft(x).

Theorem 2. If f ∈ Lipα(0 < α < 1), then ∀δ > 0 the uniformly estimate is true:

f(x)− σ(λ,δ)
n (f ;x) = O(1)

{
n−α, 1

2 ≤ λ < 1;

n−λ−
1
2 , 0 < λ < 1

2 .

Proof. It is know, that

f(x)− σ(λ,δ)
n (f ;x) =

Γ(λ)

2Γ
(

1
2

)
Γ(λ+ 1

2)

π∫
0

ϕx(t)K(λ,δ)
n (cos t) sin2λ tdt, (16)

where

K(λ,δ)
n (cos t) =

1

Aδn

n∑
ν=0

Aδn−ν (ν + λ) pλν (cos t). (17)

The integral (16) laying out by form

J =

π∫
0

=

π
ν+2∫
0

+

π− π
ν+2∫
π
ν+2

+

π∫
π− π

ν+2

= J1 + J2 + J3. (18)

If f ∈ Lipα, then( see [2] Lemma 1)

|ϕx(t)| ≤ |x|α (1− cos t)2 + (1− x2)
α
2 sinα t.

We transform the kernel (4). About Abel transformation we have

K(λ,δ)
n (cos t) =

1

Aδn

n∑
ν=0

Aδ−1
n−ν

ν∑
k=0

(k + λ)P λk (cos t). (19)

Taking into account the inequalities (5) and (18), we will obtain

J1 = O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν (ν + 1)2λ+1

π
ν+2∫
0

tα+2λdt

= O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν (ν + 1)−α .
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From this, according by relations ([8], p.130, 131)

Aα+γ+1
n =

n∑
ν=0

Aαn−νA
γ
ν andAαn ∼

nα

Γ(α+ 1)
, n→∞,

we have

J1 = O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−νA

−α
ν = O(1)

Aδ−αn

Aαν
= O(n−α). (20)

Now we estimate J3. Taking into account the Chiristoffel-Darboux formula, we obtain

J3 ≤
1

Aδn

n∑
ν=0

Aδ−1
n−ν

π∫
π− π

ν+2

∣∣∣∣∣
ν∑
k=0

(k + λ)P λk (cos t)

∣∣∣∣∣ (|x|α (1− cos t)α

+
(
1− x2

)α
2 shαt

)
sin2λ tdt =

1

Aδn

n∑
ν=0

Aδ−1
n−ν

 π∫
π− π

ν+2

∣∣∣(ν + 2λ)P λν (cos t)

−(ν + 1)P λν+1(cos t)
∣∣∣ (|x|α (1− cos t)α−1 +

(
1− x2

)α
2

sinα t

1− cos t

))
sin2λ tdt.

Here using the inequality ([6], p.179)

sinλ t|pλn(cos t)| < 21−λ

Γ(−1)
nλ−1, t ∈ [0, π],

we will have

J3 = O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν(ν + 1)λ

 π∫
π− π

ν+2

sinα t

(1− cos t)1−αdt

+

π∫
π− π

ν+2

(sin t)α+λ

1− cos t
dt

 =
1

Aδn

n∑
ν=0

Aδ−1
n−ν(ν + 1)λ


π
ν+2∫
0

sinα t

(1 + cos t)1−αdt

+

π
ν+2∫
0

(sin t)α+λ

1 + cos t
dt

 = O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν(ν + 1)λ


π
ν+2∫
0

tλdt

+

π
ν+2∫
0

tα+λdt

 = O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν

1

ν + 1

= O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν(ν + 1)−α = O(n−α). (21)
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Taking into account (8) in (19), we obtain

K(λ,δ)
n (cos t) =

λ

Aδn

n∑
ν=0

Aδ−1
n−ν

(
P λ+1
ν−1 (cos t) + P λ+1

ν (cos t)
)

=
λ

Aδn

n∑
ν=0

Aδ−1
n−νP

λ+1
ν−1 (cos t) +

λ

Aδn

n∑
ν=0

Aδ−1
n−νP

λ+1
ν−1 (cos t)

= K
(λ,δ)
n.1 (cos t) +K

(λ,δ)
n.2 (cos t).

According to (9) we have

K
(λ,δ)
n,2 (cos t) =

λ · 2λ+1

Γ
(

1
2

) · 1

Aδn

n∑
ν=0

Aδ−1
n−ν(ν + 1)−

1
2 cos [(ν + λ+ 1)t

−π
2

(λ+ 1)
]

+O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν(ν + 1)−

3
2 . (22)

Taking into account (22) in (18), we obtain

J2

(
K

(λ,δ)
n,2 (cos t)

)
=
λ · 2λ+1

Γ
(

1
2

) · 1

Aδn

n∑
ν=0

Aδ−1
n−ν(ν + 1)−

1
2

×

π− π
ν+2∫
π
ν+2

ϕx(t) (sin t)λ−1 cos
[
(ν + λ+ 1)t− π

2
(λ+ 1)

]
dt

+O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν(ν + 1)−

3
2

π− π
ν+2∫
π
ν+2

|ϕx(t)| sin2λ tdt = J2.1 + J2.2. (23)

First we estimate J2.2.

J2.2 = O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν(ν + 1)−α

π− π
ν+2∫
π
ν+2

tα+2λdt

= O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−νA

−α
ν = O(n−α). (24)

We suppose ψx(t) = ϕx(t)(sin t)λ−1 and consider the integral

A =

π− π
ν+2∫
π
ν+2

ψx(t) cos
[
(ν + λ+ 1)t− π

2
(λ+ 1)

]
dt.
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Doing replacement of variables t = u+ π
ν+λ+1 we obtain

A = −

π− π
ν+2
− π
ν+λ+1∫

π
ν+2
− π
ν+λ+1

ψx

(
t+

π

ν + λ+ 1

)
cos
[
(ν + λ+ 1)t− π

2
(λ+ 1)

]
dt.

Putting next expression for A, we will have

A =
1

2

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

[
ψκ(t)− ψκ

(
t+

π

ν + λ+ 1

)]

× cos
[
(ν + λ+ 1)t− π

2
(λ+ 1)

]
dt

+
1

2

π− π
ν+2∫

π− π
ν+2
− π
ν+λ+1

ψx(t) cos
[
(ν + λ+ 1)t− π

2
(λ+ 1)

]
dt

−1

2

π− π
ν+2∫

π− π
ν+2
− π
ν+λ+1

ψx

(
t+

π

ν + λ+ 1

)

× cos
[
(ν + λ+ 1)t− π

2
(λ+ 1)

]
dt = A1 +A2 +A3. (25)

Further

ψx(t)− ψx
(
t+

π

ν + λ+ 1

)
=

[
ϕx(t)− ϕx

(
t+

π

ν + λ+ 1

)]
(sin t)λ−1

+

[
(sin t)λ−1 − sinλ−1

(
t+

π

ν + λ+ 1

)]
ψx

(
t+

π

ν + λ+ 1

)
. (26)

On the other hand∣∣∣∣ϕx(t)− ϕx
(
t+

π

ν + λ+ 1

)∣∣∣∣ =
∣∣∣ft(x)− ft+ π

ν+λ+1

∣∣∣
≤ |x|α

∣∣∣∣cos

(
t+

π

ν + λ+ 1

)
− cos t

∣∣∣∣α + (1− x2)
α
2

∣∣∣∣sin(t+
π

ν + λ+ 1

)∣∣∣∣α
= |x|α

∣∣∣∣2 sin

(
t+

π

2ν + 2λ+ 2

)
sin

π

2ν + 2λ+ 2

∣∣∣∣α
+(1− x2)

α
2
α

∣∣∣∣2 cos

(
t+

π

2ν + 2λ+ 2

)
sin

π

2ν + 2λ+ 2

∣∣∣∣α = O(ν)−α. (27)
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And ∣∣∣∣sinλ−1 t− sinλ−1

(
t+

π

ν + λ+ 1

)∣∣∣∣
≤

∣∣∣2 cos
(
t+ π

2ν+2λ+2

)
sin π

2ν+2λ+2

∣∣∣1−λ
sin1−λ t sin1−λ

(
t+ π

ν+λ+1

)
= O(1)

|cos t| (ν + 1)λ−2 + (ν + 1)λ−1 sin t

sin1−λ t sin1−λ
(
t+ π

ν+λ+1

) . (28)

At last ∣∣∣∣ψx(t+
π

ν + λ+ 1

)∣∣∣∣ =
∣∣∣f(x)− ft+ π

ν+λ+1

∣∣∣
≤ |x|α

[
1− cos

(
t+

π

ν + λ+ 1

)]α
+ (1− x2)

α
2 sinα

(
t+

π

ν + λ+ 1

)
. (29)

Taking into account (27) -(29) in (26) we obtain∣∣∣∣ψx(t)− ψx
(
t+

π

ν + λ+ 1

)∣∣∣∣ = O(1) (ν + 1)−α sinλ−1 t

+O(1)

[
(ν + 1)λ−2 |cos t|+ (ν + 1)λ−1 sin t

]
sin1−λ t sin1−λ

(
t+ π

ν+λ+1

) [
sin2α

(
t

2
+

π

2ν + 2λ+ 2

)

+ sinα
(
t+

π

ν + λ+ 1

)]
= O(1) (ν + 1)−α sinλ−1 t

+O(1) (ν + 1)λ−2
|cos t| sin2α

(
t
2 + π

2ν+2λ+2

)
sin1−λ t sin1−λ

(
t+ π

ν+λ+1

)
O(1) (ν + 1)λ−2

|cos t| sinα
(
t+ π

ν+λ+1

)
sin1−λ t sin1−λ

(
t+ π

ν+λ+1

)
+O(1) (ν + 1)λ−1 sinλ t sin2α

(
t

2
+

π

2ν + 2λ+ 2

)
sinλ−1

(
t+

π

ν + λ+ 2

)
+O(1) (ν + 1)λ−1 sinλ t sinα

(
t+

π

ν + λ+ 1

)
sin1−λ

(
t+

π

ν + λ+ 2

)
. (30)

From (30) and (25), we have

A1 = O(1) (ν + 1)−α

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

sinλ−1 tdt+O(1) (ν + 1)λ−2



84 E.J. Ibrahimov, S.A. Jafarova

×

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

|cos t| sin2α
(
t
2 + π

2ν+2λ+2

)
sin1−λ t sin1−λ

(
t
2 + π

2ν+2λ+2

)
cos1−λ

(
t
2 + π

2ν+2λ+2

)dt

+O(1) (ν + 1)λ−2

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

|cos t| sinα
(
t+ π

ν+λ+1

)
sin1−λ t sin1−λ

(
t+ π

ν+λ+1

)dt

+O(1) (ν + 1)λ−1

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

sinλ t sin2α
(
t
2 + π

2ν+2λ+2

)
sin1−λ

(
t
2 + π

2ν+2λ+2

)
cos1−λ

(
t
2 + π

2ν+2λ+2

)dt

+O(1) (ν + 1)λ−1

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

sinλ t sinα
(
t+ π

ν+λ+1

)
sin1−λ

(
t+ π

ν+λ+1

) dt

= A1.1 +A1.2 +A1.3 +A1.4 +A1.5. (31)

We estimate A1.1.

A1.1 = O(1) (ν + 1)−α


π
2∫
π
ν+2

+

π∫
π
2

 sinλ−1 tdt

= O(1) (ν + 1)−α


π
2∫
π
ν+2

tλ−1dt+

π
2∫
0

tλ−1dt

 = O(1) (ν + 1)−α . (32)

Further, taking into account the inequalities sin t ≤ t and sin t ≥ π
2 for 0 ≤ t ≥ π

2 , we
obtain

A1.2 = O(1) (ν + 1)λ−2

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

(
(ν + 1)−2α + tα

)
|cos t| dt

t1−λ−α sin1−λ t cos1−λ
(
t
2 + π

2ν+2λ+2

)

= O(1)
1

ν + 1

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

(
(ν + 1)−2α + tα

)
|cos t| dt

t1−λ−α sin1−λ t

= O(1) (ν + 1)λ−3α


π
2∫
π
ν+2

cos tdt

sin1−λ t
−

π− π
ν+2
− π
ν+λ+1∫

π
2

cos tdt

sin1−λ t


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+O(1) (ν + 1)−λ−α


π
2∫
π
ν+2

tα cos t

sin1−λ t
dt−

π− π
ν+2
− π
ν+λ+1∫

π
2

tα cos tdt

sin1−λ t


= O(1) (ν + 1)−λ−3α +O(1) (ν + 1)−λ−α = O(1) (ν + 1)−α−λ . (33)

Some estimate for A1.3 is true.
We estimate A1.4. From (35) we have

A1.4 = O(1) (ν + 1)λ−1

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

tα+λdt

t1−λ−α cos1−λ
(
t
2 + π

2ν+2λ+2

) .
From this for α+ λ ≤ 1 we obtain

A1.4 = O(1) (ν + 1)−α

π− π
ν+2
− π
ν+λ+1∫

π
ν+2

dt

cos1−λ
(
t
2 + π

2ν+2λ+2

)

= O(1) (ν + 1)−α

π
2
− π

2ν+4∫
π

2ν+4
+ π

2ν+2λ+2

(
cos2 t+ sin2 t

)
cosλ−1 tdt

= O(1) (ν + 1)−α +O(1) (ν + 1)−α
0∫
π
2

cosλ−1 td cos t = O(1) (ν + 1)−α . (34)

The same estimate is true for A1.4.
Taking into account (32)-(34) in (31), we obtain that,

A1 = O(1) (ν + 1)−α . (35)

Consider the integral A2.

A2 = O(1)

π− π
ν+2∫

π− π
ν+2
− π
ν+λ+1

(1− cos t)α + sinα t

sin1−λ t
dt

= O(1)

π− π
ν+2∫

π− π
ν+2
− π
ν+λ+1

sin2α t
2 + sinα t

2 cosα t
2(

sin t
2

)1−λ (
cos t

2

)1−λ dt

= O(1)

π− π
ν+2∫

π− π
ν+2
− π
ν+λ+1

t2α+λ−1
(
cos2 t

2 + sin2 t
2

)(
cos t

2

)1−λ dt
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= O(1)

π− π
ν+2∫

π− π
ν+2
− π
ν+λ+1

tα+λ−1
(
cos2 t

2 + sin2 t
2

)(
cos t

2

)1−λ−α dt

+O(1)

π− π
ν+2∫

π− π
ν+2
− π
ν+λ+1

(
cos

t

2

)1+λ

dt+O(1)

π− π
ν+2
− π
ν+λ+1∫

π− π
ν+2

(
cos

t

2

)α+λ−1

d cos
t

2

+O(1)

π− π
ν+2∫

π− π
ν+2
− π
ν+λ+1

(
cos

t

2

)α+λ−1

dt+O(1)

π− π
ν+2
− π
ν+λ+1∫

π− π
ν+2

(
cos

t

2

)α+λ−1

d cos
t

2

= O(1)
1

ν + 1
+O(1) cosλ

t

2

∣∣∣∣ π − π
ν+2 −

π
ν+λ+1

π − π
ν+2

=

= O(1)
1

ν + 1
+O(1)

(
sinλ

(
π

2ν + 4
− π

2ν + 2λ+ 2

)
− sinλ

π

2ν + 4

)
= O(1)

1

ν + 1
+O(1) sinλ

π

4 (ν + λ+ 1)
= O(1) (ν + 1)−λ . (36)

From (36) and (23), we obtain

J2.1 (A2) = O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−νA

−λ− 1
2

ν = O(1)n−λ−
1
2 . (37)

And for λ ≥ 1
2 we have

J2.1 (A2) = O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν (ν + 1)−1

= O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−ν (ν + 1)−α

= O(1)
1

Aδn

n∑
ν=0

Aδ−1
n−νA

−α
ν = O(1)(n+ 1)−α. (38)

From (37) and (38) we obtain that

J2.1(A2) = O(1)

{
n−λ−

1
2 , 0 < λ < 1

2 ;
n−α, 1

2 ≤ λ < 1.
(39)

And taking into account (35) in (23), we have

J2.1(A2) = O(1)(n+ 1)−α. (40)
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From (29) we have

A3 = O(1)

π
ν+2∫

π
ν+2
− π
ν+λ+1

(
t+

π

ν + λ+ 1

)α
dt = O(1)(ν + 1)−α. (41)

Taking into account (41) in (23), we obtain

J2.1(A2) = O(n−α). (42)

From (39), (40) and (42), we obtain

J2.1 = O(1)

{
n−λ−

1
2 , 0 < λ < 1

2 ,
n−α, 1

2 ≤ λ < 1.
(43)

And taking into account (24) and (43) in (23), we obtain that for 0 < α < 1

J2

(
K

(λ,δ)
n.2 (cos t)

)
= O(1)

{
n−λ−

1
2 , 0 < λ < 1

2 ,
n−α, 1

2 ≤ λ < 1.
(44)

The same estimate and for J2

(
K

(λ,δ)
n.2 (cos t)

)
is just. Now taking into account (23),

(24) and (44) in (18), we obtain the approval of the theorem.

Theorem 3. Let f ∈ Lipα(0 < α < 1), δ > 0 and 0 < λ < 1. Then for 0 < λ < 1
2 1

λn

n∑
ν=n−λn

∣∣∣σ(λ,δ)
n (f ;x)− f(x)

∣∣∣p
 1

p

= O(1)


n−λ−

1
2 , 0 <

(
λ+ 1

2

)
p < 1;(

1
n

(
1 + log n

n−λn

)) 1
p
,

(
λ+ 1

2

)
p = 1;

n
− 1
p (n− λn )1−(λ+ 1

2)p ,
(
λ+ 1

2

)
p > 1;

And for 1
2 ≤ λ < 1  1

λn

n∑
ν=n−λn

∣∣∣σ(λ,δ)
n (f ;x)− f(x)

∣∣∣p
 1

p

= O(1)


n−α, 0 < αp < 1;

n−α
(

1 + log n
n−λn

)α
, αp = 1;

n
− 1
p (n− λn )1−αp , αp > 1.

The assertion of the theorem follows from Theorem 2 and (14).
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