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On Strong Summability of Fourier-Gegenbauer Series

E.J. Ibrahimov, S.A. Jafarova

Abstract. In the paper [2] we consider the summability problems for Fourier-Gegenbauer series
are studied via the Valle-Poussion’s means. In this paper the strong summability of Fourier-
Gegenbauer series we study.
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By definition f € L; y[—1,1] is denote

1

/(1 - I‘Q)A_% |f(z)|dz < oc.

-1

The Fourier-Gegenbauer series of function f € Ly x[—1,1] is given by

z) ~ Y an(f) P (), (1)
n=0

where

() = T)T(2 )(n+A) (n+1
" (

) 1
I'(3)T(A+3Hr /1 (1— )2 f(H)pp(t)at.

n+ 2\)

The Gengenbauer polynomials p} (z) are the orthogonal system on segment [-1,1] with
the weight (1 — 22)*~1/2 i,

1
0, vFEN;
/l—x 2P’\( )P (x )da:—{ D(3)r(A+1)0(n+2)) ]
I(

J NPV EESY N xR

S (f;x) — denote the n — th partial sum of series (1) and UT(ZA’Q) (f : x) — denote
(C,0) — means of series (1).
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Let A = {\,} is a non-decreasing sequence such that A\; = 1, A\p11 — Ay < 1 and
p > 0.

Generalized de la Valle-Passion strong mean of series (1) denote by

n—1 P
VEApn =5 S [sise - sl
nz/:n—)\n
or (V,A) — mean.
Here (see [2])
PSR o C R P 2
S = 5O r o { fla) ) cost) it @
where ,
K (cost) = (i 4+ \) Pcost), (3)
i=0
and

A+ 1)
fi(z) = W{f <:L’cost+ msintcosgo) (sintp)Q’\_1 dep,

is a function of the generalized shift.
Neut target receipt nonperiodic analogues of some results of L. Leindler in [5]
Lemma 1 Let f € L1 z[—1,1] and f(z) = O(1). then for any p >0

1 P z
{Z 5 (:a) } —o(1).
nl/:O
Proof. From (3) we have
1 us T—T . p ?
Z—{lz $2 (t:2) }p—O(l) 1i/+/+/
n v n
v=0 v=0 " e AT
1
TP\ a—=|P\ p AN
RN IR RN
—_om!{ |t / iy / +] L /
nV*O 0 nVZO nl/ZO -,r
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Take into account the inequality
n
ZV +APMNz)=0 (n”‘“) )
v=0
which follows from the estimate (see [4], p.178)
P)Nz)=0 <n2/\_1> ,

we obtain

x P
S = 0(1)%2 VQ)‘Jrl/]ft(x)]sinZ)‘tdt ,
1 v=0 0
since
|fu(z)| < [f(z)| = O(1),
then

p
n

1 v=0

Y= 0(1)%2 u”ﬂ/t”ﬁ _ 0(1)%2 (;)(2“1”” _ o).
0 v=

And take into account the inequality (see [1])

n
sin? ¢ sin — Z (v 4 ) P)Mcost)| = O(n?), te0,7],
v=0
we will have
1 n . )\t 1 n
S =0y [ [ S| —ow > | [ ot
n sin £ n
3 v=0 oz 2 v=0 oz

_ 0(1)712”}@ <7TA (- Z)AY _ 0(1)iznyp (r—m+ %)Ap — o(1).
v=0

That estimate >, we transform the kernel K (z).
But us (see [6], p.95 and 93)

2(v +3) PAx) = (P (@) = PLy@) =20 (B (@) - PX (@)

then bu (3) we have

K)cost) = X (P’\H(cos t) + P (cos t)) .

n—1
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Use of formula (see [4],p.204)

P (cost) =

9A+1 (7n)~ 1
(sin )1

cos [(n—l—)\—i—l)t—g()\—l—l)]

+O<n*%>, 0<t<m,

in (8) we obtain

K (cost) = O(1) (V*%(sint)f)‘*1 + 1/7%> , O<t<m.

From this we have

> :0(1)%2 (v+1)2 / (sint) " Ldt

Since

3
|
BE]

sin™ ¢ (C082 t + sin? t)

sin® tdt

sint

33

1
33

SE]

T—x
+ [ (sint)Mdt < /

s
n

=> +> .

2.1 2.2

P
n

dt = / (sin t)* ! cos? tdt

us
n

(sint)* ! |cos t| dt + O(1)

3 T—%
=0(1)+ /(sin )AL costdt — (sint)* L cos tdt
" 3
3 %
=0(1)+ /(sint)/\ldsint — (sint)* ldsint
S 3

= 0(1) + % (1-sin2) = 00).

Take into account (11) in (10), we obtain

S —omiy it
2.1 v=0
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(11)

(12)
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1 — 3
— 2z —5p
E —O(l)ng v 2P, (13)
2.2 v=0
Now from (10) (12) and (13) we have

v

Z = O(l)l Vs
2.1 "

From this take into account the relation (see [1],p.355)

1 n n ) 0< Yy < 1,
Y v =0wms 4 (14108 5451 ) v =1, (14)
"v=0 Lin— x4+, v>1,
for A\, = n, we obtain
n%, 0<p<2,
Z =0(1) Llogn, p=2, (15)
2 - p>2

Now taking into account (6), (7) and (15) in (4) we obtain assertion of the lemma.

Let H, is the set of algebraic polynomials of degree < n, and E,(f)— is the best
approximation of f € C[—1,1], i.e.

Ealf) = ot | = Pullo-

Theorem 1. Let f € Ly z[—1,1] and f(x) = O(1). Then for any p >0

1
VA7) =00) () B
Proof. Let Pp,(x) is algebraic polynomial degree < m. Since for n — X\, > m

Vrf\ (f _pmaAapa:L‘) = V"’L>\ (f,A,p,ﬂf) _pm(aj)v

then
1 n—1 \ P P
o SMS )= f(@)
op n—1 i %
| X [0 - Peaso)| + 1P @) = @)
n v=n—>Ap

S)(f = Puoap; $)‘p + Enx,. (f)
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Theorem is proved.
We denote p,(t) = f(z) — fi(z).

Theorem 2. If f € Lipa(0 < o < 1), then V§ > 0 the uniformly estimate is true:

1 .
sy -l =om { T, PN

Proof. Tt is know, that

T'()\) /
— O (fi ) = + (1) KA (cos t) sin® tdt, 16
f@) = o7 (f; ) OIS Oso (cost)sin (16)
where
1 n
KM (cost) = FE AS (v + X)p)(cost). (17)
ny=0

The integral (16) laying out by form

V+2 1/+2
J = / / / / =J1+ 2+ J3. (18)
u+2 T u+2

If f € Lipa, then( see [2] Lemma 1)

oo ()] < |z]® (1 = cost)? + (1 — 22)2 sin®¢.
We transform the kernel (4). About Abel transformation we have
KM (cost) A5 ZA (k + \) P (cost). (19)
k=0

Taking into account the inequalities (5) and (18), we will obtain

™

v+2
1 n
J = O(l)FZAgj/ (v+ 1) /ta+”dt
" y=0 0

1 e 5 Cu
= 0(1) 5 > AL (v +1)
ny=0
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From this, according by relations ([8], p.130, 131)

e

a+y+1 __ ¥ « n
Ap ZA” JA) and A 7F(04 1) n — oo,
we have
o— 1 —« Ag—a —a

(20)

Now we estimate J3. Taklng into account the Chiristoffel-Darboux formula, we obtain

™

L ot
J3 S EZAan /
ny=0

T

v+2

v

> (k+ AP (cost)

k=0

(Jx|* (1 = cost)®

T—

a 1 n ¥
+(1- x2) 2 shat> sin? tdt = 15 E AL / ‘(1/ + 20) P (cost)
T y=0

T—

s
v+2

a sin®t
—(v+ 1)Py+1(cos t)‘ <|xa (1 —cost)* ! + (1- x2) 2 sm>> sin?* tdt.

1 —cost

Here using the inequality ([6], p.179)

21—)\
sin® t|p) (cost)| < F(_l)nAfl, t e [0,7],
we will have
s
i1 sin® ¢
A5 Z (1-— Cost)1 @
U V12
T l/<7;:2
(sin t)o‘+>‘ / sin* ¢
-~ A 1 — _dt
* / 1—cost A‘SZ vt (14 cost)' ™
(e V12 0
u+2 ViQ
(sint) a+)‘
ASTL( At
/ 1+ Cost AS Z (v+1 /
0 0
1/12

a+A _ 0—1
+/t dt | = A5 ZA
0

n

=0(1)—> A (v+1)"=0(n"").

(21)
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Taking into account (8) in (19), we obtain

KX (cost) ZA <P>‘+1 cost) + P2 (cos t))

JZAi L P M (cost) ZA;Z ~! P2 (cost)

v

= K,S)‘l’ )(COS t) + KT(L2’ )(COS t).
According to (9) we have

A+1
Kfl’w)(cost) A 21 5ZA5 Lw+1) éCOS[(l/—F/\—Fl)t
§
(A+1} ZA (v+1)"%,

Taking into account (22) in (18), we obtaln

W) ).l 1
J2 (Kr(l,2 )(COSt)> = ﬁ A‘S ZA6 1 v+ 1 2
vt
y / () (sin ) cos [ (v + A+ 1)t = & (A4 1)) d
vtz

3

A5 ZA5 1 (v+1)2 / ]gox(t)]sinz)‘tdt:J2.1+J2,2.

uj,r-2
First we estimate Jy 5.
T V12
Jog = ZA (v+1)" / 2 gy
e

ZA(S 1 A a _ ( —a).
We suppose 9 (t) = ¢, (t)(sint)*~! and consider the integral
=
™
A= [ wtoos (w4 r+e-Fo+ )] ar

s
v+2
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(22)

(23)
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Doing replacement of variables t = u + we obtain

s
UFAFL
T UEE T AT

A / O — [( F A+ 1) 7T(AJrl)]clt
=— ———— ) cos | (v - — :
* v+ A+1 2
T4 TEATT
Putting next expression for A, we will have

T T
[y Ry g

Al / [wt)—wn <’f+u+§+1ﬂ

v+2

X COS [(u+>\+1)t— g(/\+1)} dt

T hz
1
+5 / s (t) cos [(1/ P+ 1)t g(/\ + 1)} dt
TR T v
1 TriuiQ
Y
2 / %<t+u+A+1>
TR T vRATT
X cos [(y—i-)\—l—l)t—g()\—i—l)} dt = Ay + Ay + As. (25)
Further
T ™ . A—1
o) =ty [t + ————— ) = |palt) — g [t + ———— t
0al0) = e (04 55y ) = el = (14 T ) | G
. A—1 =1 ™ e
- — ) | s — ). 2
+[(smt) sin <t—|—y+/\+1>}¢ <t+y+)\+1> (26)

On the other hand

0z(t) — @z <t + V_|_7)T\_|_1> ' = ‘ft(ﬂf) - ft-&-ﬁ

[0}

+(1—2?)2

«

< |z

s s
t+——F— | — t n{t+-————-:
cos<+y+)\+1> cos 51n<—|—y+)\+1>

2sin (t +

a
™

T .
2u+2)\+2>sm2y+2)\—|—2

= |z

«

= O(v). (27)

s

a T
1— 2\ S« .
+({1— 2% 2y+2)\+2>sm2u+2)\+2

2 cos <t +
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And
- A—1 - A—1 m
t— t+ ——
sin sin <+V+)\+1>‘
i ' SN E
- ‘2COS (t + 21/+2>\+2> S 21/+2)\+2‘
B Sil’ll_)\ tsinl_A (t + ﬁ)
_ o) lcost| (v + )M 4 (v + )M sint. (28)
sin! = tsin!—* (t + ﬁ)
At last
t u =
(o +m —‘f(x)—ft-kﬁ
«
< Jal® |1 —cos (t+ ——— 1—a%)% sin® (t4+— ). 29
<z| [ cos<+y+)\+1>] + (1 —27)2 sin +y—|—)\+1 (29)
Taking into account (27) -(29) in (26) we obtain
™ “a A
@Z)x(t) — ’lﬁg; <t + l/—|—)\—|—1> == O(].) (I/ + 1) aSlIl)\ lt
{(y +1)* 2 |cost| + (v + 1)* ' sin t} o [t -
+0(1) sin“ [ =+ ———
Sinlf)\ tsinlf)\ <t + V+§+1) 2 27/ + 2)\ + 2
roin (145 55y )| =00
o leostlsin® (5 + gy
+0(1) (v + 1)
sin!=* ¢ sin! = (t + ﬁ)
|cos t| sin® (t + %)
O(1) (v + 1)*2 vt
Sinlf’\tsinlfA (t + ﬁ)
t T T
o1 DM etz (LT Vgt (e T
FOW) (v DT sinttsin™ | 5 4 o793 ) sin MDD
+0(1) (v + 1)t sin* ¢ sin® (t + V+7)T\+1> sin!=* (t + V—1—7T/\—F2> . (30)

From (30) and (25), we have
~oh-k
A =01)(v+1)° / sin’ 1 tdt + O(1) (v + 1) 2

s
v+2
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s s
Ly Ry W |

|COS t‘ Sin2a (% + m)
% / nl—A -\ t di
— us
S sin’ ™" ¢ sin ( + 2y+2)\+2> cos!~ (5 + 2y+2A+2>
Qe RS vy .
|cos t| sin® (t + %)
+O(1) (v + 1)M2 RS v AT
T tsin (t + u+A+1)
v+2
ﬂi%ﬁiﬁ Sin)‘tsinza (i + 7I'/\ )
_ 2 T o2
+O(1) (v + 1) e / : dt
— T
z ( + 2u+2>\+2) cos! (5 + 2u+2)\+2)
T AT sin™ £ sin® (t + 5T )

v 1

+0(1) (v + 1) — _—

T s (t + u+§+1>

v+2
=Ai1+ Ao+ A3+ Ars+ Ars. (31)
We estimate Aq 7.
A =01)(v+1)” / / L tdt
u+2
=0()(v+1)* /tHdt + /t’\_ldt =01 (v+1)" (32)
P 0
Further, taking into account the inequalities sint < ¢ and sint > § for 0 <t > 7, we
obtain
. W_m_u+>\+1 <(V + 1)—2a +ta) ‘COSt| dt
Ao =0(1) (v+1)7
a tl=A—aginl=A ¢ cogl—A (% + 72V+72r/\+2)
v+2

. V2 vFATL ((1/ n 1)—2a —|—t0‘) lcos | dt
=0 v+1 tl-A—aginl=At

™

v+2

3 p T T AT p
tdt tdt
O(1) (v + )\ 3a / cos / cos

nl~ sinl =t t sin!=* ¢

jus
1/+2 2
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5 TR R p

“A—a t“ cost t% costdt

+0(1) (v +1 /dt— —_—

(W ) sin!=*M ¢ sin!=* ¢
2 3

0w+ L0 (v+ 1) =001) (v+ 1) .

Some estimate for A; 3 is true.
We estimate Aj 4. From (35) we have

T—

Ag=01) (v+ DM

m __ T
v+2  v+A+1

taJr)\dt

1-\—a 1-X ([t s
t cos (2 + 21/+2/\+2)

v4+2
From this for o + A < 1 we obtain
—

Arg=0(1)(v+1)""

- ____ T
v+2  v4+A+1

dt

1-x(t s
w cos <2 + 2u+2x+2>
v+2

Fibr=
=0 (v+1)“ / (cos?t + sin®t) cos™ ! tdt

T ™
20+1 T 2age
0

=01)(v+1)"*+0(1) (v+ 1)_61/605’\_1 tdcost =0(1) (v +1)"“.

(VB

The same estimate is true for Ay 4.
Taking into account (32)-(34) in (31), we obtain that,

AL =001)(w+1)"".

Consider the integral As.

(1 —cost)® +sin“t
Ay =0(1 / dt
2 1) sin' =M ¢
P R v
R s 9t | wipat . at
:O(l) sin“” 5 4 sin™ 5 cos™ 5
1= t\1-A
g T m (Slnﬁ) (COSQ)
v+2 v+A+1
" 2271 (cos? L+ sin? L)
=0(1) 2 —25dt
(cos®)

T __ T
v+2  v4+A+1
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(33)

(34)
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.z
v+2

tOé-‘r)\ 1 COS2 t —|—Sll’12t

(0082)1 Asa

o s
v+2 v+A+1
i
T v+2

£\ oAl v £\ oAl y
+0(1) / <cos 2) dt+ O(1) / (cos 2) dcos§

s ™ s
Ly Ry g [y

1 )\t’W_Tr_W

=0(1 )?4-0( ) cos 3

_ 1 Y T T AT
_O(l)u+1+0(1)<sm <2y+4 2y+2>\+2) S 2y+4>

1 us
= O(l)? + O(1) sin* T0asD

From (36) and (23), we obtain

=0()(v+1)". (36)

1
Ja1 (AQ 6 ZA(S:}/AVA 2 = O(l)n_)‘_%. (37)

And for A > % we have

A5 ZAfL LA =0+ )T (38)

From (37) and (38) we obtain that

1
nT2, 0< A< i

n=?, <A<l

And taking into account (35) in (23), we have

Jo1(Az) = O(1)(n + 1)~ (40)
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From (29) we have

™

v+2

A3 = O(l) / <t—|—y+7)\r+1> dt:O(l)(V—|—1)_a.
Vi3 T UIATT

Taking into account (41) in (23), we obtain

JQJ(AQ) = O(n_o‘).
From (39), (40) and (42), we obtain

a1 1

O<A<s

hi=0M< " 2
21 (){n—a, I<a<l,

And taking into account (24) and (43) in (23), we obtain that for 0 < o < 1

=41 1

S 2, 0< A< 3,

Jo (K,S,2 )(cost)) - 0(1){ AR DR
9 2 — .

87

(41)

(44)

The same estimate and for Jy (K()"é)(cos t)) is just. Now taking into account (23),

n.2

(24) and (44) in (18), we obtain the approval of the theorem.

Theorem 3. Let f € Lipa(0 < a < 1),6 >0 and 0 < A < 1. Then for 0 < A < 3

= > e -
nu:n—An
n>"3, o< (A+Hp<y;
1
=0(1) %<1+logn_”)\n))p, A+3)p=1

n"r (n—An )17()‘+%)p, A+3)p>1;
And for % <A<1

1
1 Zn: (NG) (. v\’
%o, 2 | f@)|
n-, 0<ap<l;
=0(1) n° (1—|—log nf/\n)a, ap = 1;
n" b (n—An )P, ap > 1.

The assertion of the theorem follows from Theorem 2 and (14).
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