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On Morrey type Spaces and Some Properties
F.A. Guliyeva*, R.H. Abdullayeva, S. Cetin

Abstract. Subspace M2 of the weighted Morrey -type space LD is defined, it is proved that
infinitely differentiable functions are dense in it. An approximation properties of the Poisson
kernel is studied in M2*. A sufficient condition for belonging of the product to the space MP* is
obtained. It is proved that M} is an invariant subspace of a singular integral operator.
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1. Introduction

The concept of Morrey space was introduced by C. Morrey [1] in 1938 in the study of
qualitative properties of the solutions of elliptic type equations with BMO (Bounded Mean
Oscillations) coefficients (see also [2, 3]). This space provides a large class of weak solutions
to the Navier-Stokes system [4]. In the context of fluid dynamics, Morrey-type spaces
have been used to model the fluid flow in case where the vorticity is a singular measure
supported on some sets in R™ [5]. There appeared lately a large number of research works
which considered many problems of the theory of differential equations, potential theory,
maximal and singular operator theory, approximation theory, etc in Morrey-type spaces
(for more details see [2-26]). It should be noted that the matter of approximation in
Morrey-type spaces has only started to be studied recently (see, e.g., [11, 12, 16, 17]),
and many problems in this field are still unsolved. This work is just dedicated to this
field. Subspace MP® of the weighted Morrey -type space Lb“ is defined, it is proved
that infinitely differentiable functions are dense in it. An approximation properties of the
Poisson kernel is studied in M5®. A sufficient condition for belonging of the product to
the space M}"* is obtained. It is proved that M} is an invariant subspace of a singular
integral operator .
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2. Needful Information

We will need some facts about the theory of Morrey-type spaces. Let I' be some
rectifiable Jordan curve on the complex plane C. By |M | we denote the linear Lebesgue
measure of the set M C T'. All the constants throughout this paper (can be different in
different places) will be denoted by c.

The expression f (z) ~ g (z), x € M, means

f(x)

glxT

36>0:0< <6t Vre M.

Similar meaning is intended by the expression f (z) ~ g (z), x — a.
By Morrey-Lebesgue space LP** (T'), 0 < a < 1, p > 1, we mean the normed space of
all measurable functions f (-) on I' with the finite norm

L

a—1 p
Hfum,a(r):sgpQer\r /B m!f(i)\p\dﬂ) < +oc.

LP*(T) is a Banach space with LP1 (I') = L, ('), LP"° (T') = L (T'). Similarly we define
the weighted Morrey-Lebesgue space Ly (T') with the weight function yx (-) on I' equipped
with the norm

1oy = 1l ooy - £ € L4 (D).

The inclusion LV (I") € LP>2 (T") is valid for 0 < a3 < ag < 1. Thus, LP-* (") C L, (I"),
Vo € (0, 1], Vp > 1. For T = [—7, w] we will use the notation LP>¢ (—7, 7) = LP>“.

More details on Morrey-type spaces can be found in [2-26].

In the sequel, we will need some auxiliary facts. Recall Minkowski’s (integral) inequal-
ity.

Let (X; Ag; v) and (Y; Ay; i) be measurable spaces with o—finite measures v and p,
respectively. If F'(z; y) is ¥ X u—measurable, then we have

H/F )dv (z

/nF Mo 4 () ,1 < p < +00,
Lp(du

p
19 Ol oy = (/ 90y \”du>

Now let Y = R and p (-) be a Borel measure on R. We have

P 1
</1 dp (y)> "<

where

[ P @@
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</ ( [P y>|pdu<y>>l/pdu (x).
(m% ’ pdu(y)>1/p§

< /X (ﬁ /I IF (3 y>rpdu<y>)1/pdu (2) <

< [ VF @ )y ) 9T € R

Taking sup over I C R, we get

|[ ranae

Thus

| Pl

< / IF @3 )l gy 7 () (1)
Lr>a(dp X

So the Minkowski inequality (1) holds in the Morrey-type space LP** (dpu).
Thus, the following Minkowski’s inequality regarding Morrey type spaces is true.

Statement 1. Let (X; Ay; v) be a measurable space with a o—finite measure v and
(R; B;; 1) be a measurable space with a Borel measure p on o—algebra of Borel sets B of
R. Then, for v X u— measurable function F (x;y), the following analog of Minkowski’s
inequality is valid

\/F v (a < [ IF 5oy ).
Lp > (du)

By St we denote the following singular integral operator

(Srf 27T2/f , Ttel,

where I' C C' is some rectifiable curve on complex plane C. Let w = {z € C : |z| < 1} be
the unit disk on C' and dw = ~ be its boundary. Define the Morrey-Hardy space HY'® of
analytic functions f (z) inside w equipped with the following norm

Hf”Hi’a - oi&gl | f (Teit)HLp»a‘

In what follows, we assume that the function f () periodically continued on the whole
axis R .

We will also use the following concepts. Let I' C C' be some bounded rectifiable curve,
t =t(0), 0 <o <1, be its parametric representation with respect to the arc length o,
and [ be the length of I'. Let du (t) = do, i.e. let u () be a linear measure on I'. Let

Li(r)={rel:|r—t|<r},Tygy(r)={r(0) €l o —s| <r}.

It is absolutely clear that Ty (1) C I'y (7).
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Definition 1. Curve I' is said to be Carleson if 3¢ > 0:

sup o (Ty (1)) < er,¥r > 0.
tel’

Curve T is said to satisfy the chord-arc condition at the point ty =t (sg) € T if there
exists a constant m > 0 independent of ¢ such that |s — so| < m |t (s) —t(so)], Yt (s) € T
I' satisfies a chord-arc condition uniformly on I' if I3m > 0 : |[s — o] < m|t(s) —t(0)],
Vit (s), t(o) € T.

Let’s state the following lemma of [10] which is of independent interest.

Lemma 1. [10] Let T be a bounded rectifiable curve. If the power function |t — to|”, tg € T,
belongs to the space LP»* (I"), 1 < p < 00, 0 < a < 1, then the inequality v > —% holds. If
I' is a Carleson curve, then this condition is also sufficient.

We will extensively use the following theorem of N.Samko [10].

Theorem 1. [10] Let the curve I' satisfy the chord-arc condition and the weight p(-) be
defined by

p(t) = [ It —tul™; {6}7 CTots # 1,0 # 2)
k=1

A singular operator St is bounded in the weighted space Ly “ ('), 1 <p < +00, 0 < a < 1,
if the following inequalities are satisfied

—g<ak<—g+1,k:1,m. (3)
p p

Moreover, if I' is smooth in some neighborhoods of the points ty, k = 1, m, then the validity
of inequalities (3) is necessary for the boundedness of the operator Sp in L * (T').

In what follows, as I we will consider a boundary of unit disk: v = dw. Consider the
weighted space LD (v) =: LU® with the weight p (). In an absolutely similar way to the
non-weighted case, we define the space M5 ® with the weight p(-). Denote by Mf’a the
set of functions whose shifts are continuous in LY%, i.e.

155f = Fllp,asp = 15 ¢ +6) = F Ol ap = 0,0 =0,

where Ss is a shift operator: (S5f) (z) = f (z + J) and we will consider that the function

f(+) (in sequel also) periodically continued to the whole real axis R. It is not difficult to

see that M5 is a linear subspace of L5'®. Denote the closure of M5 ® in Lb® by M.
Consider the following class

e = {f € LB |Tsf — fllya0p = 0,8 — o}.

It is evident that the class Eg’a is a linear subspace of LY'“. Let us denote by M} “ the
closure of Ly ® in L“.
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Let us remember the following properties of Poisson kernel P, (¢):

1 1—r?
P () = — L0<r<l.
() 21 — 2rcos @ + r2 "

(a) sup P.(t) = 0 as |r| = 1;
[t|<é
(b) f|t‘>5 - (t) dt — 0 as |r| — 1 for Vd > 0.

These properties directly follows from the expression for P, (¢). We have

%/_WPT(t) Flt—s) t——/

g%/fawW@~w¢mmwﬁ=

—Tr

H(PT *f) () - f(')Hp,a;p =

P, p

1
= [/t|>5 P@)ft—-)— f(')“p,a;pdt+/t|<6 P@)|ft—-)— f(‘)Hp,a;pdt] '

Regarding the second integral in the right-hand side, we have

1

o7 s B (=) = FOllp,aspdt <

< sup Hf(t - ) - f(’)”p,a;p’ as 0 —0.
[t|<d

To estimate the first integral, consider

1F =) = FOllpasp < W Fllp,ap 1L &=y a0 = 21 llp, a5 -

We have )

— —s)Pds =
Iy =t g [ 15— ds

: /
= sup — |f ()" ds,
5 [BOA'"™ Jisnm,
where (B(7), ={s:t—s e B(\~v}. It is clear that

50| =[(2N),]

”f(t - ')Hp,a;p = ”f”p,a;p'

holds. Therefore

As a result

/|t|>5 Po)If (=) = F (lly.a;pdt <

§2|]pr7a;p/t| Pt 0as | 1.
>

So we have proved the following
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Theorem 2. If f € Mp®, 1 <p < 400 A0 < a < 1, then |Prx f— fll, .., — 0 as
|r] — 1.

From Theorem 2 we immediately get the validity of the following
Theorem 3. Let f € M), 0 < a<1,1<p<+oo. Then it holds

[(Kf)(re) = £ ()]

=0, r—=1-0.
piaip

Similar assertion is true in case of f~ () when r — 1+ 0.

3. Subspace M}«

Let p : [-m, 7] — (0, +00) be some weight function and consider the space M5 “. It
is easy to see that if p € LP*®, then C [—7, 7] C M} * is true. Indeed, let f € C'[—m, 7.
Without loss of generality, we assume that the function f periodically continued on the
whole axis. We have

[f (@ +0) = f @) <Nf(+0) = f ()l = 0,6 = 0.

Consequently
1FC+6) = f Ol oy =1 C+0)=F ) pC)llpa <

<NFC+0) = F Ol e Ol 0 = 0,6 = 0.

Hence, we have f € MP“.
Let us show that the set of infinitely differentiable functions is dense in M3 ®. Consider
the following averaged function

Ce eXp <—25—22> , |t <e,
we (t) = e2—t

0, t| > e,

where

Take Vf € M and consider the convolution f x* g:
“+oo
(Fra))= [ =99

and let

fe () = (we x f) () = (f * we) (B)-
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It is clear that f. is infinitely differentiable on [—7, w]. We have

Hk—fmmpzw[:@A$fC—$%—fﬁ

p,a;p

:H[:LAQU«—@—fous

p7 a; p
Applying Minkowski inequality (1) to this expression, we obtain

+00
1o — £ s/ we (5)[1f (= 5) = £ ()] e s =

p,a;p
—00

[ eI =)= T Ol s <

—&

= |Sl‘1<p Hf( - S) - f(')”p,a;p — 0,6 = 0.
s|<e

Thus, the following theorem is true.

Theorem 4. Let p € L%, 1 < p < 400, 0 < a < 1. Then infinitely differentiable
functions are dense in M} “.

Consider the singular operator S (-):

Sf(t)zl/f(T)dT,tev
Y

™ T—1

Applying Theorem 1 [10] to the operator S we obtain the following result.

Theorem 5. Let the weight p(-) be defined by the expression (2), where I' = ~. Then the
operator S is bounded in LY 1 < p < +o00, 0 < a <1, i.e. the following inequality holds

HSf”p,a;p S c”pr,a;p7vf € Lg’a’

if and only if the following inequalities are fulfilled

—g<ak<—g+1,k:1,m. (4)
P P

Let us show that the subspace M}"“ is an invariant with respect to the operator S. It
is sufficient to prove that the shift operator S is continuous in M} “. So, let f € MbP*
and § € R. Consider the shift operator S:

591 (1) = oy [ 102 e

(51 (1) - i [ Lo

We have

Te 90 — ¢
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fre @) dre™® 1 [ f(&€)dE
2772/ Tel‘;—t _%L E—t
59 (1) - 500 = 5 [ LEL TG e
Y

~(s(r(#) - 1)

Paying attention to Theorem 5, hence we immediately obtain

Consequently

|(sp) (te) = s =<

p,a;p
<els()-s0), , ~0s-o

as f € M. Thus, the following theorem is true.

Theorem 6. Let the weight p be defined by the expression

m

p(t) =] It -t e, (5)

k=1

where {ty}y_17; C v—are different points. If the inequalities (4) hold, then the operator
S boundedly acts in My, 1 <p< +o00,0<a<1.

Remark 1. In previous statements and in their proofs the spaces Ly “, ME® (—m, ) and
LB, MY, are naturally identified, respectively, i.e. Ly® = LD (—m ) = LU (v) &
My = Mp® (=, m) = Mp'® (7).

Consider the following Cauchy integral

R N
ol

Let f € LD®, where the weight p(-) is defined by the expression (5). Applying Holder’s
inequality we obtain

£l = [1foo7 ML, < clfolly ol ]l,.o =

=l fllp,asp 1o g0 (6)

Suppose that the following inequalities are fulfilled
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Then from (6) it follows that f € Lj. As a result, according to the classical facts, the
following Sokhotskii-Plemelj is true

FH€) = %51 O+ (51)(©) € Q

where f1 (£) (respectively, f~ (£)) boundary values of a Cauchy integral (K f)(z) on
inside w (outside w). Paying attention to Theorem 6, form (8) we obtain that if f € M},
then f* € M>® and the following inequality holds.

175 i S €1 g ¥ € ME (©)
Assume |
K, (s) = eies—liz—Cauchy kernel; P, (s) = Rez:zti_ Poisson kernel:

Q. (s) = Imz?_'i —is the conjugate Poisson kernel,

(Re—is a real part, Im—is an imaginary part). We have

18
Ko(s) =5+ 5 (P (9) 1Qu () = 5 + 5 o
Let F'(z) = u(z) + 9 (z) be an analytic function in w. It is clear that F' € Hy* if
and only if u;) € hly®. Paying attention to the relation (10) we arrive at the conclusion
that many of the properties of functions from hfy* transferred to the function from H5 .
For example, VF € H5“ has a.e. on 7 the nontangential boundary values F'*, since,
lim F (re) = F* (e'), a.e. t € [-m, 7]. We have

r—1-0

z € w. (10)

Fr(r)=u"(7)+®7" (r),7 €.
Let all the conditions of Theorem 2 be fulfilled. Then the following representation is true.
U (7‘620) = (PT, * u+) 0),9 (rew) = (PT * u+) @),
and, as a result
F (rew) = (P, xF")(0).
Paying attention to Theorem 2, we obtain the following result.

Theorem 7. Let the weight p () is defined by the expression (5) and the inequality (7)
holds. Then the Sokhotskii-Plemelj formula (8) is valid and for the boundary values the
inequality (9) holds .

Let us prove the following

Theorem 8. Let f () € Lo ﬂM}f’l ANg(-) € MP® and let the weight function p satisfies
the following condition

1
|I|1—a

Then f(-)g(-) € MpP® when 0 < o <1 and p > 1.

ddp > 0:

/pp (t)dt < c|I| VI € |-, 7).
I
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Proof. Let f(-) € Lo MP' and g(-) € MP*, 0 <a <1,p>1 Fora=1itis
evident that M} 1= L, , and the following estimation is true

™

/W [ @) g@®F P (t)dt < c/ lg W p¥ (1) dt = cllgll}, , < +oo.

—Tr —T

So, f()g(-) € MP™ when a = 1.
Consider the case 0 < o < 1. We have

sup (ﬁ Jir@ars o dt>; <

1
1 3
<esp (= [lo@F 2 0)t)" =clll o < +oc.

Let us consider
As=f(+0)g(+6) =gy ap-

For any € > 0 and m > 0 there is a ¢ () € C'[—m; 7] such that [[g (-) =@ (), 4., < 5> 88
g € MP“. We have

As=[f(+0)[g(+6)—p(+0)+e(+0)]=f)g() =)+l a, <
<crllg(-+8) =@+ )y aptlfC+0)e(+8) = FC)eOlpapterllgl) =l asp
where ¢y = || f ()[|;_.- From [|g () — gp(-)||p7a;p < = it follows

lg(+0) =@+ )y, <lg(+0) =g ()l a+

g =2 Ollpa, T e () =+ ), 0,

It is obvious that [|g (- +6) — g ()l 4, = 0, 6 = 0.
Let the weight function p satisfies the following condition

1
Eléo>0:mﬂ/pp(t)dtgcll\éo,VIe [—m; @],
1

where ¢ > 0 is some constant.
It follows from uniformly continuity that for Vm > 0, ¢ > 0 there exists 6; > 0:Vd €

(—51, 51)2

o () = 9+ Dl = 500 (m%/y(t) - «p(t+6>|ppp<t>)” <

1
€ 1 P € 50\ v £ %
< —sup| ——— t < —su (c[‘))p:c— 2m) P .
w (o [#0) < S (el (2r)
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Then the previous inequality implies

Bo< oS (24e@)¥ )17 C+0 0040 = F POl

Thus, it is suffices to prove that for ¢ (-) € C'[—m; 7] it is true
%I_IE%) ”f ( + 5) (:0( + 5) - f () @(')Hp,a;p =0.

We have

1fC+0)e(+0) = FO)eOlpap < 1FCH0)p(+0) =90l a,+
f(')”p,a;p‘

HIFC+0) = FOle Ollpap S erlle+0) =0 (Ol ap +eollf (- +6) =

where c, = |l ()||1_.- Let us take
As () =FC40) = fOllp,asp-
Let ¥ > 0 be an arbitrary number. We have
As () =max {al’ (1), a8 (0}

where

A((521) (f) = sup <|I|1 a/|f (t+9) — (t)|ppp(t)dt>

L|1|<®

Regarding Agl) (f), we have

Q=

A (f) < 2¢5 sup <|I|%/Ipp(t) dt> <

H]<¢

13
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9T N+ = FOl,.

where ¥ = (%)% := Y. It is clear that Jdy > O:

1F(+8) = £ ()., < V2,8 € (=82, 82)

1 o
where we can choose e; = ¥¢ for any €1 > 0. Hence we get A((f) (f) < (%) %,

Now let us take Ag (f) < max{eg, (%2)%}, where g2 = = for any m > 0.
Consequently

)
As < % <cf (24 2¢(2m)) 7 +c¢> 5 € (=33, 05),

[
where d3 = min{d;, d2}. By taking m = <Cf (2+2c(27r))70 +c¢>, we get As < g,
Vo € (—d3,03). It follows that As — 0 as § — 0. «
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