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Parabolic Fractional Integral Operators with Rough Ker-
nels in Parabolic Local Generalized Morrey Spaces

A.S. Balakishiyev *, Sh.A. Muradova, N.Z. Orucov

Abstract. Let P be a real n x n matrix, whose all the eigenvalues have positive real part, A, = t*,
t > 0, v = trP is the homogeneous dimension on R™ and 2 is an A;-homogeneous of degree zero
function, integrable to a power s > 1 on the unit sphere generated by the corresponding parabolic
metric. We study the parabolic fractional integral operator Igya, 0 < a < v with rough kernels

in the parabolic local generalized Morrey space LM, {@o} (R™). We find conditions on the pair

Py, P
(¢1,¢2) for the boundedness of the operator I} , from the space LM;ZZ)I}: p(R™) to another one
LM(;{’Q;“;P(R"), l1<p<q<oo,1/p—1/q¢=a/y, and from the space LMl{zfl}P(R”) to the weak
space WLM;}‘/Z];P(R"), 1<qg<oo,1—-1/g=a/y.
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1. Introduction

The boundedness of classical operators of the real analysis, such as the fractional
integral operators, from one weighted Lebesgue space to another one is well studied by
now, and there are well known various applications of such results in partial differential
equations. Besides Lebesgue spaces, Morrey spaces, both the classical ones (the idea od
their definition having appeared in [13]) and generalized ones, also play an important role
in the theory of partial differential equations.

In this paper, we find conditions for the boundedness of the parabolic fractional integral
operators with rough kernel from a parabolic local generalized Morrey space to another
one, including also the case of weak boundedness.

Note that we deal not exactly with the parabolic metric, but with a general anisotropic
metric p of generalized homogeneity, the parabolic metric being its particular case, but we
keep the term ” parabolic in the title and text of the paper, following the existing tradition,
see for instance [4].
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For z € R"™ and r > 0, we denote the open ball centered at x of radius r by B(x,r),

its complement by CB(x, r) and |B(z,r)| will stand for the Lebesgue measure of B(x,r).
Let P be a real n x n matrix, whose all the eigenvalues have positive real part. Let
Ay =t (t>0), and set
v = trP.

Then, there exists a quasi-distance p associated with P such that (see [5])

(a) p(Awx) =tp(x), t>0, forevery xe€R";
(b) p(0) =0, p(z) =p(=2)=>0

and  p(z —y) < k(p(z — 2) + p(y — 2));
(¢) dx = p"~tdo(w)dp, where p=p(z),w=A

p—ISC

and do(w)is a measure on the unit ellipsoid S, = {w : p(w) = 1}.

Then, {R", p,dx} becomes a space of homogeneous type in the sense of Coifman-Weiss
(see [5]) and a homogeneous group in the sense of Folland-Stein (see [7]).
In the standard parabolic case Py = diag(1,...,1,2) we have

2|2 4+ /|2 * + 22
P(!E):\/| | 2’ | oz = (2, zp).

The balls E(z,7) = {y € R": p(z — y) < r} with respect to the quasidistance p are
ellipsoids. For its Lebesgue measure one has

|E(z, 7)) = vpr”,

where v, is the volume of the unit ellipsoid. By ‘e (x,r) = R" \ E(z,r) we denote the
complement of £(z,r).

Everywhere in the sequel A < B means that A < C'B with some positive constant C
independent of appropriate quantities. If A < B and B < A, we write A ~ B and say
that A and B are equivalent.

1.1. Parabolic local generalized Morrey spaces
In the doctoral thesis [8], 1994 by Guliyev (see, also [9], [1]-[3]) introduced the local
Morrey-type space LMyg ., given by

1 atye = N NNy | 1y 0 00)

where w is a positive measurable function defined on (0,00). If § = oo, it denotes
LM, = LMpoo . In [8] Guliyev intensively studied the classical operators in the lo-
cal Morrey-type space LM,yg,, (see also the book [9] (1999)), where these results were
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presented for the case when the underlying space is the Heisenberg group or a homo-
geneous group, respectively. Note that, the generalized local (central) Morrey spaces

LM, ,(R") = LM% (R") introduced by Guliyev in [8] (see also, [9], [1]-[3])-
We define the parabolic local Morrey space LM, y p(R™) via the norm

1/p
wmu%xpzam<r*/" |ﬂwvm> < o0,
A >0 £(0,0)

where 1 <p<ooand 0 <\ <.
If A =0, then LM, o p(R") = L,(R"); if X\ = «y, then LM, , p(R") = Loo(R"); if A <0
or A > v, then LM, y p = ©, where O is the set of all functions equivalent to 0 on R".
We also denote by W LM, y p(R™) the weak parabolic Morrey space of functions f €
W L¢(R™) for which

Ifllwen, = Stggf%\\fHWLP(a’(o,r)) < 00,
where WL, (£(0,7)) denotes the weak L,-space of measurable functions f for which
[ fllwz, o) = suptity € £0,7) : [F(y)] > .
Note that W L,(R") = W LM, p(R"),

LMy p(R") C WEMp p(RY) and [flwpa, o < 1l -

If P =1, then LM, \(R") = LM, » ;(R") is the local Morrey space.
We introduce the parabolic local generalized Morrey spaces following the known ideas
of defining local generalized Morrey spaces ([8, 11, 12] etc).

Definition 1. Let ¢(x,r) be a positive measurable function on R x (0,00) and 1 < p < co.
The space LM, , p = LM, , p(R"™), called the parabolic local generalized Morrey space, is
defined by the norm

_1
1fllLaty 0 = iggw(Oat)_l €0, 7 1 f L0,
Definition 2. Let ¢(x,r) be a positive measurable function on R™ x (0,00) and 1 < p < oo.
The space W LM, , p = WLM,, , p(R"), called the weak parabolic local generalized Morrey
space, is defined by the norm

_1
I fllwLn, . p = igg@(oat)_l £, D)7 [ fllwr,E0.)-

If P =1, then LM, ,(R") = LM, , 1(R") and W LM, ,(R") = WLM, , (R") are the
generalized local Morrey space and the weak generalized local Morrey space, respectively.
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Definition 3. Let ¢(x,r) be a positive measurable function on R x (0,00) and 1 < p < cc.

For any fixed xog € R™ we denote by LM;:;%, = LMIE’TP(),]},(R") the parabolic generalized local

Morrey space, the space of all functions f € L;)OC(R") with finite quasinorm

1510 gt = 10+ Hiat

Also by WLM;:DO}D = WLM;?%D(R”) we denote the weak generalized Morrey space of all

functions f € WL%,OC(R”) for which

”f”WLM;iE{L = ||f(zo+ )lwLm,, p < 0.

According to this definition, we recover the space LM, ;[7;1/:\0} (R™) under the choice ¢(0,7) =
A=y
e

LM LR = LML (R™) L

plaor)=r P

Let S, = {w € R" : p(w) = 1} be the unit p-sphere (ellipsoid) in R™ (n > 2) equipped
with the normalized Lebesgue surface measure do and €2 be A;-homogeneous of degree
zero, i.e. Q(Aiz) = Q(x), x € R, t > 0. The parabolic fractional integral I{;af by with
rough kernels, 0 < a < v, of a function f € LI°°(R") is defined by

Py — [ 22 —y) f)
i) = [ S0y

We prove the boundedness of the parabolic integral operator 157 o, With rough kernel

from one parabolic local generalized Morrey space LM, ;7201}: p(R™) to another one LM q{zoz}: p(R™),

l<p<qg<oo, 1/p—1/qg = a/y, and from the space LMfﬂ;ol}P(Rn) to the weak space
WLMt;{foOz}:P(Rn)a 1<g¢g<oo,1-1/g=a/y.

2. Preliminaries

Let v be a weight on (0,00). We denote by L ,(0,00) the space of all functions g(t),
t > 0 with finite norm

1911 Loc . (0,00) = €ss sup v(t)|g(t)]
t>0

and write Lo (0,00) = Lo 1(0,00). Let (0, 00) be the set of all Lebesgue-measurable
functions on (0,00) and 2™ (0, c0) its subset of all nonnegative functions. By 97(0, co;1)
we denote the cone of all functions in 9" (0, c0) non-decreasing on (0, c0) and introduce
also the set

A= {@ € MT(0,00;1) :t£%1+g0(t) = 0}.
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Let u be a non-negative continuous function on (0,00). We define the supremal operator
Sy on g € M(0,00) by

(Sug)(®) = [lugllLoc(t00)> ¢ € (0,00).
The following theorem was proved in [2].

Theorem 1. Let v1, v be non-negative measurable functions satisfying 0 < [[v1|| 1 t,00) <
oo for any t > 0 and let u be a continuous non-negative function on (0,00). Then the
operator Sy, is bounded from Lo 4, (0,00) 0 Log ., (0,00) on the cone A if and only if

R (s | B Q)

We are going to use the following statement on the boundedness of the weighted Hardy
operator

Hg(t) = /too g(s)w(s)ds, 0 <t < o0,

where w is a fixed function non-negative and measurable on (0, c0).
The following theorem in the case w = 1 was proved in [3].

Theorem 2. Let v1, vo and w be positive almost everywhere and measurable functions on
(0,00). The inequality

ess sup va(t)Hg(t) < Cess sup vy (t)g(t) (2)
>0 >0

holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and only if

o
d
B :=ess Supvg(t)/ _wis)ds < 0. (3)
>0 , esssupvi(T)
s<T<00

Moreover, if C* is the minimal value of C in (2), then C* = B.

Remark 1. In (2) and (3) it is assumed that = =0 and 0 - co = 0.

3. Parabolic fractional integral operator with rough kernels in the

spaces LM;:;’}

In [10] was proved the (p, p)-boundedness of the operator M& and the (p, ¢)-boundedness
of the operator Mg;a.

Theorem 1. [10] Let Q € Ly(S,), 1 < s < oo, be As-homogeneous of degree zero. Then
the operator MY is bounded in the space Ly(R™), p > s'.
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Theorem 2. [10] Suppose that 0 < o < 7 and the function Q € L _~ (S,), is As-
Yy

homogeneous of degree zero. Let 1 < p < % and 1/p —1/q = a/7y. Then the fractional
integration operator IY is bounded from L,(R™) to Ly(R™) for p > 1 and from L1(R™) to
WLyR") forp=1.

The following lemma is valid.

Lemma 1. Suppose that x9 € R", 0 < o < 7 and the function Q € L_~ (S,), is As-
y—o

homogeneous of degree zero. Let 1 < p < I, and % = % — % Then for all f € L;)OC there
hold the inequalities

o o0 _,_1
VE ol oy S 70 /% 1l odt, p> 1
T

and
ol _b_
VE ol eoony S 74 /k Ul endt, p=1. 0

Proof. For a given ball £ = E(xg, ) f, we represent f as
f=h+Fn AW =FWxwel), )= FW)Xegye©). >0,

and have
11 o fllLye) < HE afillzy @) + HE 0 folln, e

Since fi1 € L,(R™), by the boundedness of Ig, . from L,(R™) to Ly(R™) it follows that
1G5 o fillzye) < & 0 filln,mey < ClAlL @ = Clfllz, cxe)-

Observe that the conditions x € £, y € C(Zk:E ) imply

3k
— )< —_qy) <= —).
2kp(:ﬂo y) < p(r—y) < 5 p(xo — )

We then get

[f )12z — y)|
p(zo—yyr e

o dt
)Nz — —d
DI )| /,,@O_y)tw—a y
dt

W foe
/ /k M0 =y
<L

dt
L wloE iy

15 o fo)] < 2770, /
(2k€)

By Fubini’s theorem we have

/ |f()[(z —
Care) P(T0— Y)Y
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Applying Hélder’s inequality with 1/p + (v — «) /v + (ap —7)/vp = 1 taken into account,
we get

[ Uolee—y,

Corey plmo —y)1 =@

o0 a1 dt
S 1 N tetann 196 = 9)l__etanny 18000 7F i
dt
<
N/m 1 eta0 557
Moreover, for all p € [1,00) the inequality
v [ dt
VE o fallie) S i / WMty 5o @)

is valid. Thus

¥

v [ dt
11 o fllny©) S NNz, ne) + 7 11| (e o)) 537
2kr tq+

On the other hand,

k1 o dt
lyiase) = v e [ =5

v [ dt
e 3)

IN

Thus

v [° dt
VB o flle S i / et 7

By Fubini’s theorem and the Minkowski inequality, we get

dt o\ *
et < ([| [ [ 1rwiee-mga]")’
r JE(xo
dt
»HQC =yl ) dy—7—
/ri /S(zo,t) () trl-a
x dt
57“‘1/2T||f||L1 E(zo,t) W

v [ dt
< _ar
< ra /W ||f||Lp(5(xo,t))t%+1.

Finally, in the case p = 1 by the weak (1, ¢)-boundedness of I{;a and the inequality
(3) it follows that

11 afillwrye) < My afillwr,@ny S 1l e
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v [° dt
— 1 laore) S 77 / M leteony (4)

Then from (2) and (4) we get the inequality (1).

Theorem 3. Suppose that xo € R", 0 < a < v and the function @ € L _~ (S,) is As-
y—a

homogeneous of degree zero. Let 1 <p < 21, 1 =1_ %, and the pair (p1,@2) satisfy the

a’q T p
condition

t<T<00
1
tq+1

oo ess inf 1 (xo, 7')7-%
/ dt < C po(xo, 1), (5)

where C' does not depend on xo and r. Then the operator Islzj,a s bounded from LM{%}

Pp1,P
to LM§¢O}P for p>1 and from LM{xO}P to WLML;{;}P forp=1.

Proof. By Lemma 1 and Theorem 2 with va(r) = @a(xg, 7)1, vi(r) = gol(xo,r)*lr_%
and w(r) = "7 we have for p>1

dt

I8 01t S 220, [ Wt 57
r> T

0
S Slipwl(xoa ) | fll oy = 1 IMy0,
'

and for p=1

_ © dt
It S sp22(0 ) s etony
r q

S S sup o120, ™) T Fll o) = I Iass o
>
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