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Explicit Form of Laplace-Stieltjes Transform of Joint Dis-
tribution of the First Passage Time of Some Level 7a” (a > 0)
and Overshoots Across this Level by a Complex Semi-
Markov Walk Process with Reflecting Screen at Zero

E.M. Neymanov

Abstract. In the paper, by the probability-statistical method we find explicit form of the Laplace-
Stieltjes transform of joint distribution of the first passage time of some level "a” (a > 0) and
overshoot across this level by a complex semi-Markov walk process with a reflecting screen at zero.
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1. Introduction

In the paper [1, p. 61-63] asymptotic behavior of random walks in random medium
with a delaying screen was considered. In [2, p. 160-165] random walk was studied in a
strip. In the paper [3, p. 26-51] asymptotic expansion of distribution was found. In the
paper [4, p. 61-63], various semi-Markov processes with a delaying screen and functional
of these processes were studied. In [5, p. 77-84] the Laplace transform of distribution of
the lower boundary functional of semi-Markov walk process with a delaying screen at zero
was found. In [6, p. 49-60] the Laplace transform of ergodic distribution of semi-Markov
walk process with a negative drift, non-negative jumps and a delaying screen at zero, was
found.

In the present paper we study joint distribution of the first passage moment of some
level 7a” (a > 0) and the overshoot across this level by a complex semi-Markov walk process
with a reflecting screen at zero.

2. Mathematical statement of the problem

Let on probability space (€2, F, P(-)) be given the sequence {5,;", 77,':, § oMy
where

}k‘zl,oo’
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{:,n:,flz,ng are identically distributed between themselves positive random variables
are identically.
Denote
Sy = Sk_1+...+?7+ +?7+ — M | (1)

v(Tk—1) v(7g)

where Sy = z,
vE(

)
X)) ="', (2)
1=1

k
T];t:Z{;t;kzl,Q,..; 7'3::0, (3)
i=1

where
k+1
vi(t):min{k:2§“1f>t}. (4)
i=1
The process X (t) = Sk_1+...+77j —I—nj(m) —n, if T,;t_l <t< T,;t is called a complex

(Tk—1)
semi-Markov walk process with a reflecting screen at zero. One of the realizations of the

process X () is of the form

Yl)

n)

>-}]"

o e T 5
5 e {:x G616 16 f
e

Fig. v* (t) is the number of positive or negative jumps for time t.

Our goal is to find the explicit form of the Laplace-Stieltjes transform of joint distri-
bution of the first passage moment and overshoot of the level a (a > 0).

Let 7, be the first passage moment of the level a (a > 0) and 7 be an overshoot across
this level.

We assume that §f has exponential distribution with the parameter A.

Denote
K(t,v|X(0) = z) = P{7q < t,7q > a|X(0) = 2z}

By total probability formula we have
K(t,7|X(0) = 2) = P{1, < t,74 > 7;& >t/ X(0) = z}+
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t a
4 / / Ple eds; sup X(u) < a3 X(s)] € dylX(0) = 2JK(t — 5,7]y) =
s=0 y:O OSUSS—O

=P >tz+XT() >a+y}+

t a
+/ / P& edsiz+ XT(s—0) <a;z+ XT(s—0) — (| € dy}K(t— s,7]y)
s=0 Jy=0

In view of {|u| < e} = {—¢e < u < e} we have
K(t,7|X(0) = 2) = P{& > t}P{XT(t) >a+~y— 2}+
+/t0/a0P{§l_ €ds;z+ XT(s—0)<a;z2+ X (s—0)—
5=0 Jy=
—Cp €dy;z+ X (s —0) = ¢ > 0FK(t — s5,7]y)+
+/t0/a0P{§1_ €ds;z+ XV (s—0)<a;—2— XT(s—0)+
5=0 Jy=
+G €dy;z+ X (s = 0) — ¢ < O}K(t — 5,7]y)
So, we get an integral equation for K(¢,v|X(0) = z).

K(t,y|X(0) = 2) = P{& > t}P{XT(t) >a+vy—z}+

+/to/aop{qEds?z”ms—())<a;z+X+(s—0)—<fedy;
50 Jy=
24+ XF(s—0) = ¢ > 0YK(E — s,7|y)+
+/to/aop{§l_ €ds;z+ X (s —0) <a;—2— X (s = 0)+(; €dy;
520 Jy=
z24 X (s —0) = (T < O}K(t — 5,7y). (5)

Denote K (6,~|z) = [Z, e K (t,y|z), 0 >0
Then (5) takes the form

R(0,4]2) = / eUPLET S 1 X () > aty — )i+
t=0

- = + _ .
v KO [ aPIXte <o
24+ XT() - <yz+ XT(t) — ¢ > 04 dP{E < th+

—i—/a K(@,’y\y)/wdyP{X+(t) <a—z—z—XT({t)+ ¢ <y
Y 0

t=

s+ XT(0) - G < 0}dP{ET < 1) (6)
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Make a change of variables X+ (¢) = h. Then (6) takes the form

R(6,]2) = /:; e P{ET > tydi — /t : e P{ET > (}PIX (1) < a4y — =i+

+/ M\y)/ ‘“d/ PIC > 2 —y+ hiCr < =+ hYdix
y=0 t=0

<PUE < OGP <hp+ [ ROl [ e
Y= t=

x / o P{(T < z+y+hi( > 2+ h}dP{&T < t}dp P{XT(t) < h} =
h=0

= /Oo e P{er > thdt — /Oo e M P{eEr >t x
t=0 t=0
XY P{Y ¢ <a+y— 2} P{rt(t) = k}dt+

k=0 i=1

+/ K(# ’y!y)/ e 0 / P{z—y+h<( <z+h}dx
y=0 t=0 =

x P{&] < t}dpP{Xt(t) < h}+

+/ vly/ th/ P{z+h<{; <z+h+y}tdx
y=0 0

x P{&7 < t}dp, P{XT(t) < h}.

Taking into account X+ (t) = >0 | T® 77; , from the last equation we have

K(9,7]z) =

— " — _ R — =
_/t_oe P{&7 > thdt /t_oe P{g; >t}kzzo><

k
x P> Gh <aty— 2} P{vt(t) = k}dt—
=1

/ 0,71y) / Tt / TP < sy 4 R PIET < hdnP{XH(E) < h}+
0 h=0

' / orly) [y [T PG < s ey PLE < nPLXT () < )
y=0
From the fact that there should be z —y+h > 0 or b > max (0,y — z), we have

K(0,4]2) =
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o) 0o 00 k
- / e Ot P{er > tydt — / e Pl >t P ¢ <aty—2}P{rT(t) = k}dt—
t=0 0 k=0 i=1

—/ K(@,’y\y)/ dyP{¢] < —y+h+z} e % dy, x
y=0 h=0 t=0

0o k
XY P{Y ¢ < nYP{vt(t) = kM, P{¢] < t}+

k=0 i=1

+/ f((@,’y\y)/ dyP{(; < —y+h+2z} e % dy, x
y=z h=y—z t=0

0o k
x Y P{Y ¢ < BYP{vt(t) =k}, P{E < t}+

k=0 i=1

[e.e]

+/ K(H,vly)/ dyP{¢; <y+h+2} [ e "dyx
y= h=0 t=0

00 k
x Y P{Y ¢ < YP{vt(t) = K} P{gT <t

k=0 1=1

Simplify this equation. More exactly, taking into account
1= P{vi(t) =k} = P{v"(t) =0} + P{v'(t) > 1}
k=0

the last equation takes the following form

[e.e]

R(0,4]2) = /t P > i

- /00 e "P{er > tle(a+ v — 2)P{vT(t) = 0}dt—
t=0

0o 00 k
_ / P > 1Y PLS G <ty — 2} PL () = k)i

= k=1 i=1

[ R [ 4P <y ) [ e Pt () =0 Pl < 1)
Y =

h=0
—/ ff(&’Y!?J)/ dyP{¢; < —y+h+z}x
y=0 h=0

0o o) k
« / ey S PY G < hYP () = KR PET < t)— (7)
t k=1 =1

=0
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[ RO [ aPi <) [P (6 = 0d Pl <t
y=z h=y—=z t=0

[ K6l [ 4P <y
y=z

=y—=z

0o 00 k
X / ) e ¥,y " P{Y ¢ < B}P{vt(t) = K} P{& < th+
t= k i=1

=1

+ / ' K(0,7|y) / H dyP{(; <y+h+z} - e Mdpe(h)P{vT(t) = 0}d; P{&7 < t}+
y=0 h t=0

=0
+/ K(H,vly)/ dyP{¢; <y+h+2}x
y=0 h=0

=0

00 00 k
X / e, SO PY G < h}P () = K} PLE <t}
t k=1 i=1

0,h <0

By virtue of e(h) = { Lh>0

(7) takes the form

K009 = [Pl > b - [ e Pl > 0P @) = 0)dte(a+y - 2)-

t=0 t=0

o 00 k
_ / ePler > 1S P> G <aty— 2Pt () = K-
k=1 =1

- / RO, PG < —y+2) / T NPt (1) = 0}, PLE < 1)
y=0 =0
_ / R0, 4ly) /H dyP{CT < —y+h+ 2}y x
y=o0 h=0
[%S) k )
<Y PG <) [Pt = MdP(E <t
k=1 i=1 =0
‘/ D RO, PG < —yt2) [ P = 0} P < t)-
y:Z

t=0

a ~ a—z o k
= [ ROl [ 4P <y b2 Y POS G < e
Y =y—z

k=1 1=1

X /Oo e "P{vT(t) = kYd P{e] < t}+
=0

=

+ /a 0,7y)dyP{{; <y—+z} - e‘etP{er(t) = 0}d P{&] < t}+
y

=0 t=0
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a a—z (@) k‘
ARG / d,P(CT <yt ht 23S PG < b
y=0 h=0 k=1 i=1

X /too e P{vt(t) = k}d P{g] <t} (8)

=0
Thus, when £f' I C1+ ,¢; have exponential distribution, we get integral equation (8).
When §fr has exponential distribution &, Cf ,¢; have Erlang distribution of any order,
and one can get an integral equation of type (8). Solve equation (8) in the case when &,
&7,¢, ¢ have Erlang distribution of first order.
Denote

K(0,x]2) = / e, K (0,4]2), x > 0.
v=0

Then (4) takes the form

o0

I:((H,xlz) =— /OO e P{er >t} P{vt(t) = O}dt/ dyela+~ — 2)—

t=0 v=0

00 k
_/ “Otpler >t}ZP{I/ —k;}/ e—mdvp{ZCf— <ady—2io
=0 =0 i—1
- / " ROAWPG < —y+ ) / PVt (1) = 0}d, PET < t}—

/ K(0,7y) / d,P{CT < y+h—|—z}thP{Z§+<h}x

- k=1 1=1

X / h e P{vT(t) = k}d, P{¢] < t}—
t=0

— /a I%(H,’y\y)dyP{Cl_ < —y+z} tOZe_GtP{l/Jr(t) = 0}d P{& < t}—
y==2 =

a a—z

- o0 k
[ K@) /h PG < —y+h+ b, Y PUS G < h}x

=y-z k=1 i=1

« / TPl () = kY P{E < H+
t=0

+
i
Nxx

(6. 11y)dy P{CT <y + 2} / PL (1) = 0} PAET < th+

/ K YY) /_ dyP{({ <y+h+ z}dpx

X ZP{Z ¢Gh < h} /Oo e Pt (t) = K}, P{g] <t}
k=1 =1 =0
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Now let
0,t <0

+ _
PAg <t}_{ 1—e ML AL >0,t>0

C <a)— 0:13<0
1 - —e M x> 0,uqe >0

Then we get
e(a_z)x

K(67X‘Z) = _)\++A_—|—9+

u+(>\,+9)(a7z)
)‘+M+ - A TA_10

+ e
A+ A=+ 0) Appg = (X + ) (A + A= +6))
A z

b [T Ry
APV w—L o (0, x|y)e"Ydy+

+

+ Ap A pg pi—
(>\++/\—+9)(/\+M+—(M++M ) (A + A +9))

A ~
X <e<m_’”_”)( > / K (8, x|y)e'Ydy+
=0

A_ph_ i ¢ =
Sl P K6 r=Y(
+A+ e - (0, xly)etYdy+

+ )‘+)‘—M+N— eTH-%y
A+ A= +0) Aipg — (pg + =) (A4 + A= +0))

A

X/“ (e(uji;‘jﬁ,—w—uf)(a—z)_e(%—w—uq(y—z))é(@,X,y)eu,ydw
)

/\i —uZ/a I:((H,X\y)e‘“*ydy—k

LWy =0

n Ap Ay pi— "
A+ A= +0) Appg = (pg + p=) A + A= +0))

>\+M+ _ _ a—z a =
X <e<k+“+9 et =i ) ) — 1> e H-% K0, x|ly)e *Ydy. (9)
y=0

Having multiplied the both sides by e#~# and differentiated with respect to z, we get

= x - edX )z
o2 [M—K(Q’X’ z)+ K'(0,x, z)} — —%e(“ X)z 4

n Aty (=M + A= +0) + pi (A +0)) —‘ﬁ(iiji)e%r(ii% e -)z +
Ar + A= +0)? Apig — (X + o) A + A= +0))
Ao H— }%(07 X Z)elu,,z + )‘+)‘—M+M—

_— X
>\++>\ +0 A+ A= +0) Appg — (pg + =) (A + A= +6))
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o | Arbs — (B + o) A + A+ 9)6(%—%—%)(&1%) «
SN

© 7 (5ot — e~ )(a—2) >
<[ K&mww%w+GMH+9 —QK@mawﬂ+
y=0

A x
— K(6 M2
>\++A_+0 ( ,X7Z)€ +
_ ApA_piqp— <e(%—u+—u)(a—2) _ 1> «
(A + A= +0) Appg — (g + p-) (A + A= +0))
<K (6, X, z)eh = — AA i

O + A= +6) Osir — (s +40) (hs +A_ 1 6))

Ay — (pg +p—) Ay + A= +6) _(ﬁ—ﬁ%#r#—@
X e X
A+ A +4

a AMEE L Ya Aot =
| [ elmemne) [ ) g, gyervay | -
y=z

A A= pg o Aspir = (pa + =) As +A-+0)
A+ A= +0) Aspg = (pg + p=) A4 + A= +0)) Ay +A_+0

Aprg
—g—hy—p_)(a—z2) a
e T )/'zaaxwwﬂtwy (10)
y=0

We differentiate the obtained equation by z. As a result, we get a second order inhomo-
geneous equation with constant coefficients

: A : A g p— ApAd_ppp— | =
K" B _ HBAy K0 +H+ + K0 _

_ (=) O+ 0) + XO A+ 0)) 0oy (11)
(A +A-+6)2 '

The roots of the appropriate characteristic equation are

_ P Ay PrA+ N2 Aqpryp ApA_pypi
(h-+ xxg) £ \/(/‘— txar) T4 ST T a1

k1;2(9) = 9

The solution of equation (11) is

(= =) (1t A= +0) + XA + A= +0)) (as)

K(0,x.2) = O + A= +0)2(x + k1(0)) (x + k2(0))

+

+C1(0)eF Dz - 0y (0)er20)7 (12)

where C'1(6) and C2(0) are constant with respect to z.
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Find 01(9) and 02(9)
In (9), having substituted z = a, we get an equation with respect to C1(6) and C2(0)

A_pi—

— e H-°
Ap+A_+90

o) oo L (ko) 4

{m

1
= (@)= p-)a
+k1(9)—ﬂ— <e 1>” i

Ak L k@) +u)a
PO [k2(9)+u_ (¢ 1)+

1
= (ekn(@)=p-)a _q —
" ko (6) — p— (e >”

(= =0 A=+ 0) + XA + A= +0))
(A A+ 0)2(x + F1(0)) (x + k2(0))

B Pt + X n Ap-
A= +60)+x(Ar +A-4+0)  Ap+A_+06
(H= = X)(p+ (A= +0) + x(A+ + A +6))
(A + A= +0)2(x + k1(6)) (x + k2(0))
X [ 1 elh——x)a _ 1 e~ (u—t+x)a _ 2x } ex—n-)a,
g — X p-+x (- +20 (- = x)
In (10), having substituted z = a, we get an equation with respect to C'1(6) and C2(0)

+Cy(0) [ekza - ~p-a

X

ApA_ _
k1(0)a +A-H4H —p—a
C1(0) [(,u_ + k1(0))e + Dot + 0)26 X

1 1
— = (e®k(@)tp-)a _ 4 = (e®i(O®)=p-)a _4q
* [/ﬂ(e)w_ (¢ >+k1(9)—u— (¢ )”+

ApAl -
0 4 ko(B k2(0)a +A-H4 1 —p—a
+C5(0) [(N + k2 (0))e + Ou + 0 +9)2e X

1 1
= (k2O Fp-)a _ = (ek2(®)—p)a 4 —
g ch(e)w_ ( )+ = (e >H

(b= =) A+ O +xA +A-+0)  p—x
(At + A= +0)2(x + k1(0)) (x + k2(0)) Ap+A-+0
Aty (e (A= +6) + p— (A + A +0))
(A + A=+ 02 ((pr (A= +0) + XA+ + A= +0))

A A pgpe (e = ) (e (A= +0) + x(A + A= +6))
(At + A=+ 0)*(x + k1 (0)) (x + k2(0))

1 elh——x)a _ 1 e~ (—+x)a _ 2x e(Xx—p-)a
p— — X B+ X (- +x)(p— —x)

X
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Thus, we get a system of linear algebraic equations with respect to C1(6)and Co(0).
Denote

1 1
S memal L (ka@tua_ ()4 L (k@) -n)e } ,
L= [kl(e) ¥ (e > ke (0) — j_ (e >

1 1
S memal L (e@tua_ 1)L (k@) n)a } ,
2= [kg(e) ¥ (e > ko (0) — i (e >

g =)A=+ ) + XA + A+ 0))
(A + A+ 0)2(x + k1(0)) (x + k2(9))

_ P+ + X + Ap—
A +0) +xOAy +A-+60) A +A_+0

(1= =) (e (A= +0) + XA+ + A +0))

X
(A + A= +0)2(x + £1(0)) (x + k2(0))
% 1 elh——x)a _ 1 e~ (B—+x)a _ 2x ex—n-)a,
fi— =X p—+ X (- +x) (1= —x)
B = (s O +0) + x(\y + A +96)) po =X

A A +02(x + k1 (0) (x +k2(0)) A +A_+0

At (4 (A= 4+ 6) + p— (A + A+ 0))
(A + A=+ 02 ((ur (A= +0) + XA + A=+ 60))’

C1(0) =
Al(p— + ]{72(9))@]92(9)& + (i\\ii—%gsﬂ _ B[ekjga _ )\:\-1?;:4-952]

(k= kyJelhthale 4 Rl (Spekae — Sieke) + 2o (Sa(p + n(0))ebre — S1 (- + ka(6))eb)

Oy () =
_ BIEN” — 2o $i] — Al + k()0 4 et s
(ky = hy)elbrocha)e 4 GESE (Speh — Siehae) Ay [Sa(p— + Fa(8)eb = Sl + ha(6))et]

Finally, we find the solution of equation (8).
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