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Interpolation Theorems for Lizorkin-Triebel-Morrey type
Spaces with Many Groups Variables

A.M. Najafov*, R.E. Kerbalayeva

Abstract. In this paper, we introduce a new function space F;l;z,eg,a,%,f (G, s) with the parameters
of many groups of variables of type Lizorkin-Triebel-Morrey. In view of interpolation theorems we
study some properties of functions, which are belonging to intersection of these spaces.
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1. Introduction

In this paper we study interpolation theorems for space

F! (G, s), (1)

p707a7%77—

that is, with help of theory embedding we study some characterization of function which
are belonging to intersection of space Fé;eg,a#ﬂ (G,s) (e=1,2,...,N), that is, the space
Lizorkin-Triebel-Morrey type with many group variables.

Let G C R™ be a domain and 1 < s < n; s,n be naturals, in addition e, = {1,2,...,n},
n1 + ... + ns = n. Hence we suppose the sufficient smooth function f(x), where the points
z = (x1,...,xs) € R™ have coordinates z = (zx.1;...; Tk p,) € R™ (k € es = {1,...,s}).
Consequently, R = R™ x R™ x --- x R".

Let I = (l1,...,1s) be a given positive vector such that, Iy = (lx.1;...;lkn, ), (kK C es),
that is, [y ; > 0, (j = 1,...,ny) for every k € e, and we shall denote by @ the set of vectors
i = (i1,...,15), where i, = 1,2,...,nk for all k& € e;. The number of the set Q is equal to:

Q| = HZ:1 (1+ng).

Therefore, to the vector i = (i1, ...,i5) € @, we let correspond the vector I* = (l?; s l§S> ,
where vectors ! = <li1;...;l§9> are coordinates of [ = (Iy,...,ls) and I = (0,0,...,0),
l,l€ = (lk,l,O,...,O),...,l,ik = (0,0, ..,lgn,) for all k& € es. And the the vectors e’, we cor-

respond the vector I' = (I}, 1, ..., 1. ), where I} = (Z;l,iﬁz,...,ﬂ]:nk> (k € es), and
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the largest number ijj is less than l,lc’“ f for every l;ﬁk f >0,when l;’“ ;=0 then we assume that

fi’fj =0 for each k € es.

%2’

elk,nk‘

Let Rl = Rl Rl2[ « ... xR‘eiS|, where RI€*| = RI° 1‘ xR +XR
Further for every k € e, Rle*| = {tk = (th1s-thm,) € R™ ty; € Rk’"k,t;w- =
0,Vj ¢ e =suppl” , k € es}.

Definition 1. We denote by F<}> (s, G) normed Lizorkin-Triebel-Morrey space of func-

p,0,a,52,T
tion f on G, with many groups vamables, with finite norm
Wlesps (G9) =2 lflces @)

1€Q

9 1/6

0,1 0,s AQW
171 <o )/ / tG) s IT 2 NG

p,0 a%ﬂ- er Z eei tk
e

~—

p7a7%77—
and
T 1/7
dty,
e A povn| TL9EG @
k€es k€es
i 711 Tis Tk -k
Furtheritmeansthat,Dlf:Dll D f, D} f =D, - knkf,th() GNIp (2);

I (x) = It’fl (1) X It;fz (w2) X -+ X Lpzs (15); I%k (xg) =

. dty, ; ;
{ : |yk —xE| < l15'”“' ke es} Bkl = >25% [3,”; dty Hjee}'c t:j? where 0 < ﬁ;’fj =

ti
l““ —l ; < 1for lZ’“ > 0, but when l““] =0, 5 =0;t=(t1,rts), te = (L1, oo thomy) , W=
(wl,...,ws), wip = (W, 150, Wkn,) and in addition wrj = lorw,; =0, k € e,

el = suppl' =suppw, 1 < 0 < oo; (1<p<o0);to=(to1,--st0,5), tor = (toke,1s > t0 ks )

be a fixed vector and s € (0,00)", a € [0,1], 7 € [1, o0], [tg]; = min{1,t;}, k € es.
When s = 1 then space (1) is equivalent to the space Lizorkin-Triebel-Morrey type

F<l> (@), which was investigated in [1, 4, 9], when s=n then the space (1) is equivalent

p,0,a,x,7
to the space Lizorkin-Triebel-Morrey type with mixed derivatives, S<é>a . F(G) which
was studied in [5, 6], when a = 0,7 = 0o s = 1, N = 1, then this space is equ1valent to the
space Féﬁ(G), which was developed in [2, 13, 14].
Similarly results for the Morrey spaces was investigated in [3, 12, 13].
It is clear, that V (o) C Ipo,U— is an open set, which belonging to the domain G and
U +V C G. Here it is said that, the subdomain U C G C R" calls domain satisfying the
condition “ o — semi — horn”, if the vector o = (071, ..., 05) is such that, x + V (¢) C G for

all x C U. It is said that, the domain G' C E,, satisfying the condition “o — semi — horn”,
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that is, G C A (T7), if we have finite sub domains G4y, ..., Gy C G, satisfying the condition
“ o — semi — horn/ and surfacing the domain G, that is,

N
=G (5)
j=1

But we suppose G € A, (T7) (e > 0), if we substitute the condition G = Uévzl G, in the
condition (5). Note that G ={z:2 € G;: p(z,G/G;) > €} .

2. Preliminaries

Let ¥; € C§° (R™) be such, that their carries belonging to I} = {3: gl < %;j =1, ,nk}

Then we put
Y
vier= U {ui(2) esm),
0< t; < T’j;
J € en

where 0 < T; <1, j € e,. U is an open set which belonging to the domain G. Furthermore
we assume that U +V C G, for T = (T1,...,T5), Ty = Ty k), 0 < Tpj < 1,
k€ es,j=1,.,n (t+T°) =% (k € €) (t°+T°) =1T°, (k € es/e’), o =
(01,..y04), 05 > 0,7 =1,..,n4. Let G(tU+TJ)¢ (U) = (U%—I(t(,_FTfr (x )) NG=2p,=
N o 1 _ EN Qp

N
(p917""p9n)7 4o = (qu?"'ann)7 a, = 0, Zg:l O‘Q:L% = Zg:l Do’ q  Lwo=1Tg,’
1 N « N
0 = ZQ:I 9757 I = ZQ:I lgOég.
Lemma 1. Let 1 < py < gp < 79 < 0050 = 1,2,.,N; 0.< o] < foxl;0 < myj <
Th; < Lim= (M,0mn),0 < M-ty < Tiy < 15 (k‘EeS, ,2,.nk), 1 <7<

=1
00; v = (V1,...,0s), Vg; = 0 are integers, 0 < pp; < 00; =1,...,nnk € es; and
A () D' f € Ly, a7(G),

N
1 1
Hiie = O 14,000k — (v, 08) = (|ow] — [22¢] @) ( - ) :
o=1 p 4q

ng g
Ulmo'k § Ok,jVk,js |0k| E Uk,j7|%k| = E :%kd'?
-1 =1
—|ok|+ 0k, U i, — (Vky0%)
H T, TRt gpl x,t, T)

kees /e

dty,
X , 6
H Lok =0k iy Uk, iy, +(Vk,0k) (6)
kEGZt
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i —lok+oniy lk,if, — (Vk:0k) Ti T
nT(x) = H Tk ) Pi (I’,t,T)
n n

. 12 T
kees /e

dt
<[] U (7)
okl =0k, kg, (koK)
keet tk;

Here B¢ = Y0%, By, (vk, 0%) = Y150 0k g lowl = 302 oy 2] = 0% 4k,

i (x,t,T)

_ 20 () DV f (2 (v) y v y
_A#”/n{A () D' f (24 9) ¥ <@0+qu(ﬁ+qu>}@d, ®

where ¥; € C* (R™ x R™), and ¥, (-, z) € C§°.
Then the following inequalities hold:

Qp

2w 745
Ht;ﬁkQ\A (t) D! Qf

keet

SUPzcy HF;

N
Upe(m) = C1 H1
g:

Po,a,,T

| P

el Fe,i Bk,
x H [pk]l P H Tkk g Htkk k;(:u/ﬁik >0), (9)

kees kees/et keet

Qp

2w 7,
Ht’jﬁkQ\A (t) D! Qf

keet

N
SUPEGUHF%TH%UP%(E) S 02 H
o=1 Pos@y %, T
Mk, i
erei Tkk ];; ki = 0, [ |a
x e 025 s =0, x [ [ow)y » - (10)
Pk,i
erei nkk * » Mk < 07 kees

Where (7, and Cs are constants independent of f, p, n and T.
Proof. Using Minkowski’s inequality for any T € U, we have:

; —lokl+0w,i, lk,i, — (VoK)
i vig bhyig
SupiEUHFﬂ”(Lpr(f) < C H T,
kees/et

"’ —1+|ok|+ok,i; ki, — (Vk,0k)
R Ty | =0 gy (1)
keet

We must estimate |¢; (-, T)|, s - from the Holder’s inequality (¢ < r) we get:
I’ p% x

1/q

N
ot Dl < | [ Tl Gt 1)y
Ups @) o=1
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Using the Holder’s inequality into right part with the indication A\, = @
0o=1,2..., N, (ZN ng_ O‘@: ).Thenwehave

9_1 OQ =

N
i (D, 0, H@m Dy} (12)

Once again, using Holder’s inequality (¢, < r,) we have

1i (s Ol g0, @) < N0i 8Dy 0 3)
a(1 1
X H p%l(q@ ""‘-’). (13)

Let X be a characterization function of the set S (V¥;). Noting that, 1 < p, < r, <
00; 8, <7y (izl—i—i-i) we get

So Po To

1

1 1
=, = To
%™ X))

I (st

) (ot

and using for |¢;| Holder’s inequality (i + (i — i) + (i + i) = 1), then we have

Po To So To

”Spl ('7th)Hrg,U 5 (T) < Sup:pEU (T)

(/R| | a0 @ x (myw) dudy> .
ey </R| / .
(/Rle’ /n ( t"+TU) (tG fTU)i >

Because of U+ V C Z, and Z ;5 10yi (x) C Z (e y )i (), forall z € U and 0 < t; <

T; <1, |se| < log|, k€ e, we find:
Pe
x(—Y dy
(7 +T7)

/n
Po

dudy

1, Po r
A% (4)DV f(:v—l—y)‘ dudy) ’

: %
dudy) . (14)

/| ' Aiw(u)Dzi’Qf (x +y)du
Rl

<

Z(to' +T0)i (E)

/ CA(@)D f (a4 y)
Rletl
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Po

0 —i,0
< TT 7 a2 1y 0™ s ITe I o7 (15)

keet keet kees /el

pg,a,%
/Up%(a:)
/l y A% (u) D! f(z)du
Rl¢’

é /
Zp% (f—‘ry)
Po

< H t’;’51§|A2w (t) Df’gf

keet

Next for y € V
Po

dzx

/ i A% (u) DU f (a4 ) du
e

Po

dzx

74,0

Po,a,

y H t]t@ﬂpg H [pk]|1;4k|a7 (16)

keet kees
Rle'l Jrn (to +T°)" (t°+T7)

=TIa T1 zo ez, (17)

keet kees /et

S

dudy

From (12)-(17) we get

N ) Qo
— 1812 2w 7he
i ot Dl e < C TS [T 67 ' ) D" f

o=1 keet Po,a,

o [ Tt (o), HtLak|—(|ak|—|nk|a>(;—;)

kees /el kee?
‘”k“l |%k| l—%
X H lpk]y Py (q ) (18)
keen keen

Taking consideration [|-[|,, , < ||l 4., for 1 <7 < 0o and putting (18) into (11) for
r = ¢, then we get the inequality (9). Similarly, we can prove the inequality (10). «

Lemma 2. Let 1 < p, < ¢, < 00;0=1,2,..,N; 0 < |sx] <|og|;0 < T} < 1;(k € es,
J=12,.,n5), 1 <1 <1 <005 g, >0 and A2 (u) Dl € Ly, a7

N

1

Fhin0 = Ok Y :li,ikag — (ks 0k) — (lok| — |52 a) o
o=1
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Then the following inequality holds for the function Bf? (x):

LR
N e
_ 2 7t
<C TS I[TT e 1a™ @y ot ef , (19)
o=1 keet Po,a, #,T1
where b, is an arbitrary number satisfying the following condition:
0<b<, if,uk,ik,() > 0,
0<b<1, if“k,ik,O =0, (20)

kip,0q (1 — a)

0<b< 1+
lok| — [sa] a

s if pug g0 < 0.

The proof of this lemma is similarly 1.
Using these facts, we can show the general theorems, which give us the structure of
such space Fég (G, s) (e=1,2,..,N).

0,00,a,7,T1
3. Embedding theorems

Using these facts, we can show the general theorems, which give us the structure of
such space inzv%a,%m (G, s) (e=1,2,..,N).
Theorem 1. Let G € A(T?) be a domain , 1 < p, < ¢, <00, (0 =1,2,..,N); v=
(vi,...,vn); vj >0 are integers, (j=1,2,.., n) and in addition

1) vgj > 12,]- (1=1,2,..,nk:k € e5);

2) v > l}‘c’fj—l-l, Vi < lz’flk +1, 0 <3 <o (k€es); 1 <1 <1 < o0,

fe ﬂé\;l F<i?> (G,s) and let g, >0, (i =1,2,...,np, k € es).

p97997a7%77-1

Then following inequality holds:

N ap
1Dl < C'B () [ {HfHF;;;;m (G,s)} , (21)

o=1

N (o P
D lpperss < CTL{ Iz}

ol Pos0g,a,5,71

(Poj < o < 00,7 €Een). (22)

Mk i
where By (T') = ZiEQHkEESTk k.
Particular, if pg i, 0 > 0, (ix = 1,2,...,nk, k € e,) then the function D" f is continuous

on G and N
sup,c D71 < B O T {Iflezes e} (23)

1 Po,0g,a,%,T1
Q:
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B =Y [T

i=(i1,...yis) EQ JECs

where

and Ty, € (0,min (1,Ty )], (k € es), To = (To,1, ..., Tok) is a fixed positive vector, b is an
arbitrary number satisfying condition (??), C' and C? C',C? are constants independent
of f, and C! dependent of the vector 7.

The proof of Theorem 1. Obviously, in this case for f € ijg; ar (G ) general-
ized derivatives D'/ exit. It means that, if uy;, > 0(k € es), because of p, < gy, || <

1 1

okl (k € es), a€[0,1]", feFry™,  (G,s) = Fy'y”(G,s),0=1,2,.,N)

It means that, for almost every point of z € G, there exits generalized derivatives D/

with the same carries [3]:

piw= Y e
i=(i1,-..,is)€EQ

H T_|Uk|+0'k,ikzk,ik —(vk,0k)
k
kees /et

T} T 3
—1—|ok +ok,i lk" —(Vk,0k
M Aokl k) g
k
0 0

keel

2w Zi’g
<[] a0 ey

(v) Yy U
x W, - |} dydu. 24
‘ ((tU +To) (t7 + TU)1>} Y (24)

Using the Minkowski’s inequality, then we have:

ID°flly, e <Cr > |IFHl,6 (25)
i=(11,.,is)EQ

From (10) for U =G, n =T, o — oo we get

1F i <
N e
<o [Tz TL4| T 618 0 0" ey
kees o=1 keet

Do,
Using it for (25), and taking consideration p, < 6, and 1 < §, < oo,
0=1,2,.., N, we get (21).

Using (19) we can proof (22).
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Next we suppose p ;.0 > 0, k € e;. We must show that, the function D/ is continuous
on G. From (24) and (25) for ¢j = 00, € en, fk,i, = [ik,it,0, k € €5 we have:

Mk i
ID°f =D frelle s S ] Tt
= Q kEes/ei

9, 1/6,

N hi hi )
Al e (s om) e
o=1 0 0 keet keet k
Po,0,,T
limp_,o||D¥ f — D" fro HOO’G =0 . Because of D" frs is continuous on G, then convergence
of L (G) coincides with the absolutely convergence. Consequently, it is continuous on G.
This completes the proof.
Let v be a n dimensional vector.

Theorem 2. Let all conditions of Theorem 1 be satisfied.In addition, G € Ac (T?). Then
for pri, >0, (ig = 1,2,...,nk, k € ;) the derivative DV satisfies condition the Holder on
the domain G, for metric Ly with indication €. More precisely,

I’gﬂg,a,%a‘f‘

N Qp
18600 Lo = T { ez
g:

< T Il (26)
keel
where € = (€1,...,€s), €k = (Ek,15 s Ekmy ), and €k is an arbitrary number satisfying the

condition:
Kk i,

0<ep<1,if > 1,
o
0<ep<1, ifwzl,
g0
0<ep< Mhin g lhic g (27)
o) 00
where HE = minlu’k,ik y 00 = max|0k| (Zk = 1727"'7nk) k € 68)' If Mk i,0 > O} (/Lk =
1,2,...,nk, k € es) then
N e .
waco|A G 6D @) < T {Iflzs o) L™ 29)
e=1 e keet

where 52 satisfies the same condition, but we must substitute puy;, o mto p and C' is a
constant independent of f and .

The proof of this theorem is similarly 1.
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