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Multilinear Rough Fractional Integral on Product Mor-
rey Spaces

S.Q. Hasanov

Abstract. We will study the boundedness of multilinear fractional integral operator Iq o, with
rough kernels Q € L(S"!), 1 < s < oo on product Morrey spaces. We find for the operator I o.m
necessary and sufficient conditions on the parameters of the boundedness on product Morrey spaces
LPrA1(R™) x ... x LPmAm (R™) to Morrey spaces L9 (R™).
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1. Introduction

The classical Morrey spaces, introduced by Morrey [9] in 1938, have been studied inten-
sively by various authors and together with weighted Lebesgue spaces play an important
role in the theory of partial differential equations. The boundedness of fractional integral
operators on the classical Morrey spaces was studied by Adams [1], Chiarenza and Frasca
et al. [2].

Let R™ be the n-dimensional Euclidean space, and let (R™)™ = R"™ x ... x R™ be the
m-fold product space (m € N). For x € R" and r > 0, we denote by B(z,r) the open
ball centered at z of radius r, and by GB(x,r) denote its complement. Let |B(z,r)| be
the Lebesgue measure of the ball B(z,r). Also for Z = (1,...,%y) € R™ and r > 0,
we denote by B(@,r) the open ball centered at @ € R™" of radius r, and B(Z,r) We

denote by 7 the m'tuple (f17f27 e '7fm)7 7 = (yh' : aym) and d7 - dyl o dyn

Definition 1. Let 1 < p < o0, 0 < XA < n, [t} = min{1,t}. We denote by L, \(R™)
the Morrey space, and by WL, \(R™) the weak Morrey space, the set of locally integrable
functions f(x), x € R™, with the finite norms

_2A _A
1, = sw v # I sy 1w, = s v 7 Iflwe, e

zeR™ >0 z€R™, t>0

respectively.
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In 1999, Kenig and Stein [8] studied the following multilinear fractional integral

Ia,m(7)($) = / f1(91) - Fm(ym) dyrdys . .. dym,

(RM)™ (x —y1,..., ¢ —ym)|Pm @

and showed that I, is bounded from product L, (R™) x Lp,(R™) x ... x L, (R") to
Ly(R™) with 1/¢ = 1/p1 + ...+ 1/pm — f/n > 0 for each p; > 1(¢ = 1,...,m). If some
pi = 1, then I, p, is bounded Ly, (R™) x Lp,(R™) x ... x Ly, (R"™) to Ly 0(R™). Obviously,
the multilinear fractional integral I, ,, is a natural generalization of the classical fractional
integral I, = I,1.

Let 1 < s < 00, Q € L*(S™ 1) be a homogeneous function of degree zero on R™",
The multi-sublinear fractional maximal operator M, ,, with rough kernels (2 is defined by

m

Mo =sup e [ @[ 1o - wla?. 0<a<am,
r>0 T B(0,r) j=1

If m =1, then Mg, = Mgqq,1 is the fractional maximal operator with rough kernel €.

When m =1 and © =1, then M, = M, 1 is the classical fractional maximal operator.

In [7] we proved the boundedness of the multi-sublinear fractional maximal operator
with rough kernels Mg 4 from product Morrey space LPLA1(R™) x ... x LPmAm (R™) to
LIARM), if p > s, 1 < p1,...ypm < 00, 1/q = 1/p1 + ... +1/ppm — a/(mn — \) and
from the space LPLAM(R™) x ... x LPm*m(R™) to the weak space W LI (R™), if p = s/,
1<pi,...;pm<ocand 1/g=1/p1+ ...+ 1/pym —a/(n — A) and at least one exponent
pi, 1 <1 < m equals one.

In this work, we prove the boundedness of the multilinear fractional integral operator
with rough kernels Iq o, from product Morrey space LPLA(R™) x ... x LPmAm(R™) to
LIARY), if p > s, 1 < p1,...,pm < 00, 1/q¢ = 1/p1 + ... + 1/pym — a/(mn — \) and
from the space LPLA(R™) x ... x LPm*m(R") to the weak space W LI (R"™), if p = &/,
1<p1,....,pm <occand 1/g=1/p1 + ...+ 1/py —a/(n — A) and at least one exponent
pi, 1 <1 < m equals one.

Throughout this paper, we assume the letter C' always remains to denote a positive
constant that may vary at each occurrence but is independent of the essential variables.

2. Boundedness of multilinear fractional integral operator Mg, ,, on
product Morrey spaces

In this part, we investigate the boundedness of multilinear fractional integral operator
Iq o,m on product Morrey spaces.

Spanne and Adams obtained two remarkable results on Morrey spaces (see Definition
1.1 of the Morrey spaces in Section 1) for I,. Their results can be summarized as follows.

Theorem 1. [5, 10] (Spanne, but published by Peetre) Let 0 < aw < m, 0 < XA < n — ap,
1/qg = 1/p — a/n and pu/q = AN/p. Then for p > 1, the operator I, are bounded from
LPAR™) to LY*(R™) and for p =1, I, is bounded from LY (R™) to W LI+ (R™).
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Theorem 2. [1, 4/ Let 0 <a<n,1<p<n/a,0<A<n-—ap.

(i) If p > 1, then condition 1/p — 1/q = a/(n — X) is necessary and sufficient for the
boundedness of the operator I, from LPMR™) to L9N(R™).

(ii) If p = 1, then condition 1 — 1/q = a/(n — X) s necessary and sufficient for the
boundedness of the operator I, from LY*(R™) to W L4(R™).
If A = 0, then the statement of Theorems 1 and 2 reduces to the well known Hardy-
Littlewood-Sobolev inequality.

When m > 2 and Q € L¥(S™ 1), in [6] was find out Mg, also have the same
properties by providing the following multi-version result of the Chiarenza and Frasca [2].

Theorem 3. [6] Let 1 < s < oo, Q € L*(S™ 1) be a homogeneous function of degree

zero on R™*  p be the harmonic mean of p1,...,pm > 1 and
A=
—:Z—j for 0< )\ <n. (1)
P =

(i) If p > s, then the operator Mg, is bounded from product Morrey space LP** (R™) x
X LPmAm(R™) to LPA(R™). Moreover, there exists a positive constant C such that
for all f€ LPA(R™) x ... x LPmAm(R?)

m
IMamflza < C TN oy

j=1

(ii) If p = &', then the operator Mq , is bounded from product Morrey space LPLA(R™) x
x LPmAm(R™) to weak Morrey space W LPNR™). Moreover, there exists a positive
constant C such that for all f€ LP+1(R™) x ... x LPmAn(R®)

m
||-/\/lQ,m.f”I/VLI%A < CH HfjHLPMj-

J=1

Lemma 1. [11] Let 0 < a < mn, 1 < §' < mn/a, Q € L5(S™~1) be a homogeneous
function of degree zero on R™ and f € LP1(R™) x ... x LPm(R™). Then there exists a
constant C > 0 for any x € R

1

‘Iﬂ,a,m,f(l‘)‘ <C |:MQ,a+5,mf($)] |:MQ a—e mf( )} ’ (2)

Lemma 2. [7] Let 0 < a < mn, 1 < 8’ < mn/a, Q € L¥(S™1) be a homogeneous
function of degree zero on R™", p be the harmonic mean of p1,...,pm > 1 and f €

LL (R") x ... x LL (R™). Then for any x € R"

i ’
s/

spj P

f[[ o (@] @)

Maamf(x <COH{ as! fs }

€2l gmn—1
where Cp = —L=E"277)
(mn) &
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When m > 2 and Q € Ls(Sm”_l), we find out I o, also have the same properties by
providing the following multi-version of the Theorem 2.

Theorem 4. Let 0 < o < mn, 1 < s < 0o and Q € L5(S™1). Let also S.™ , 2% = 2

j=l1p; = p’
1L_1l___a , _ o
b T o T meNy) and 0 < A\j <n——2 j=1,...,m.
(i) Ifp > s and Z;n:1 2—; = %, then the condition %—% = 25 is necessary and sufficient

for the boundedness of the operator I o m from product Morrey space LPUAY(R™) x
X LPmAm(R™) to LYN(R™). Moreover, there exists a positive constant C such that
for all f& LPLA(R™) x ... x LPmAn(R™)

m
Ho.amdflzer < C TS s

j=1

” — mo 1 _xmo A tion L — 1 — _a_
(ii) If p=s" and )\ijl T Zj:1 pjfjlj , then the condition 5T g = mex Us necessary
and sufficient for the boundedness of the operator Iq o m from product Morrey space
LPLA(R™) x ... x LPmAm (R™) to the weak Morrey space W L9 (R™). Moreover, there

exists a positive constant C such that for all f€ LPYM(R™) x ... x LPmAm (R™)

m
Hoamflwran < C TN -

j=1
Proof.
(i) Sufficiency. Following the method used in [3], we choose a small positive number &
with 0 < ¢ < min{«, w -, ”TT)‘ — a}. One can then see from the condition of
J
Theorem 4 that 1 < s’ < p; < % and 1 < ¢ <p; < m(g__;\j), and we let
1 1 1 1 ate 1 a-+e
= — - =--—,
@ p1oop2 Pm m—=A p n—2A
and
1 1 1 1 a—e 1 a-—c¢
= — - == - .
@ P P2 Pm n—XA p n—A

Now if each p; > s, then from [7], Theorem 1.1(i) implies that

m m
|’/\/lﬂ,c)z—emf”L%A <C H Hfj”ij*)‘j’ ’’-A/(Q,Oc-l—&,mﬂ’LfbA <C H ||fjHijv>‘j'

j=1 j=1

A simple calculation yields % + % = 1. Hence, using Lemma 1, the Holder
inequality and the above inequalities, we have

1 1/q
Iamflzor = sw (o / Tocm [ (y)|"dy)
z€R™,t>0 t B(z,t)
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Q=

=il (t% /B<x,t) [MQ’O‘“’mf(y)}% {Mﬂvafe,mf(y)] %dy>
’ 1

< s (5 [Mowent)] )™ s (5 [Maaent] i)

z€R™ >0 z€R™ t>0

m
1/2 1/2
< O Maaremfl Ve s IMaa-camfl Vo = C T sy
j=1

Necessity. Suppose that Ig 4, is bounded from LPUA(R™) x ... x LPmAm(R™) to
Lgx(R™). Define f.(z) = (fi(ex),..., fm(ex)) for € > 0. Then it is easy to show
that

IQ,a,mfa(y) = 5_aIQ,a,mf(5y)- (4)

Thus

_ 1 1/q
loantelins == sw (5 [ llnamfle)liay)
B(z,t)

xeR™ t>0

1 1/q
— g—a—n/q sup (7 / |IQ,a,mf(y)|qdy>
z€Rn >0 M J B(ex et

1 1/q
=TT/ sup / I amf(y)|?dy
zeR™,t>0 ((‘St))\ B(ez,et) | o ( )| >

=g o (n"N/a HIQ,a,rr"beLq»A .

Since Iq a,m is bounded from LPoA . x LPmAm to L9 we have

m
Haamfllzar = eV o qmfel por < Ce* DT L) sy
j=1
m

_ 1 , 1/p;
= et V] s (- /B ( )|fj(€y)!pﬂdy) ’
z,t

j=1 zeR™ >0

/e TT —n/ps 1 \1/pj
— Ogot(n A)/ql‘[5 P sup (tTJ /B( )\fj(y)]pﬂdy) i
ex,et

j=1 zeR™,t>0

] 1 1/pj
= Cet=N/aTT cQi=m/pi gup / s
J’l;[l TER™, >0 ((5t))‘j Blew.et) 1£i(y) )

— Crea-i-(N—)\)/q—(”—)‘)/p H Hf] ||ij,)\j )
j=1
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where C is independent of .

If (n—X\/p < (n—A\)/q+a, then for all f € LPPM x ... x LPmAn we have
HIQ,a,meLq,A =0ase—0.

If (n—X)/p > (n—\)/q+ a, then for all f € LP1M x ... x LPm»*m  we have
1 I0.0mf Lar =0 as € — oo,

Therefore we get (n — \)/p=(n—\)/q+ a.

m 1
Sufficiency. If p; = &' for some i, we take n? = 627%( II HfjHij,)\j>  for any
j=1
B > 0, then applying Lemma 1 and Theorem 4 in [7], we get
{y € Blz.1) : [Io.amflw)] > B}
1 1
< Cl{y € Ba,t) : C[Maaremt(®)]® [Maa—enfly)]? > B}
1

<C {y € B(.’L’,t) : \/E[Mﬂ,a+s,mf(y)] 2> 77}‘

+ ’{y c B(x,t) : \/a[Mﬂ,a—a,mf(y)] > ﬁ/n}‘

< |{y € B(z.t) : Moaremfy) > cn2}| n ’{y € Bz, t) : Ma.a—emfly) > CB2 /n2}\

m ~ 2 m G-
= (5 Il )" + (e TT1AM )]
j=1 Jj=1
m q
= (; 11 Hfjum> -
j=1

Hence, we obtain the following inequality

hSA

1
Hoantlor =swpp sw (|{y e Bl oant)] > 5}
> TER™,t>

)

m
< CTT sl

j=1
This is the conclusion (ii) of Theorem 4.

Necessity. Suppose that Ig o m is bounded from LPLA(R™) x ... x LPmAm(R™) to
W LgA(R™). From equality (4) we get

HIQv%meHWqu)‘ =SupT7T Sup

1 1/q
(5 ] )
7>0 zeR™,t>0 t {yEB(x,t):IQ’a,mfe(y)>‘r}

dy) 1/q

1
=supT sup (/\/
>0 zER™ >0 3 {yEB(x,t):Ig7a,mf(ay)>rsa}
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_n 1 1/q
=€ 9S8upT Sup (—)\ dy)
>0 xeR™t>0 t {yeB(x,et):Ig,aymf(ay)>7'ea}

LA 1
=€ @ q+q sup T sup <7>\ /
>0 zeR™ t>0 (Et) {yEB(m,et):IQ,a,mf(sy)>Tsa}

= e =N/ g oo

dy) 1/q

fHWLfm-

By the boundedness of the operator I 4, from LPA o LPmoAm to W LA we
have

H—’Sl,a,mf||wmA = E(H(n%)mH—fﬂ,a,mfeHWL%A

< CerH N 152 o
j=1

_ i 1 o\ /P
— Ot (n=N)/q H sup (tTJ /B( )|fj(5y)’pjdy> j
x,t

j=1 z€R™t>0

_ L 1 o\ 1/p;
— Ceat(n=N)/q H e"Pi  gup (tTJ /B( ) £ (y)|P? dy) j
ex,et

j=1 z€R™,t>0

_ . ) /s 1 _ 1/p;
— Ceot N T X0 sup ((Etw /B( ) 7 (y)‘pjdy> ’
ex,et

j=1 zeR™,t>0

— Ot (n=A)/q=(n=X)/p H 151l o5 s
j=1

where C' is independent of €.

If (n—X)/p < (n—\)/q+ a, then for all f € LP1M x ... x LPm»*m we have
1 o,a,mfllwper =0 as e — 0.

If (n—MN)/p > (n—\)/q+ «, then for all f € LPM x ... x LPm?m  we have
| Ia,amfllwrar =0 as e — oo.

Therefore we get (n — \)/p=(n—A)/q+ a.
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