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A Rearrangement Estimate for the Generalized Multilin-
ear Anisotropic Fractional Integrals
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Abstract. In this paper, author studies L,, x L,, X ... x L, boundedness of the generalized
multilinear anisotropic fractional integrals. We give a new proof of the Hardy-Littlewood-Sobolev
multilinear anisotropic fractional integration theorem, based on a pointwise estimate of the rear-
rangement multilinear anisotropic fractional type integral.
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1. Introduction

Fractional maximal function and fractional integral is an important technical tool in
harmonic analysis, real analysis and partial differential equations. Multilinear fractional
maximal operator and multilinear fractional integral operator and related topics have
been areas of research of many mathematicians such as R.Coifman and L. Grafakos [5], L.
Grafakos [6, 7], L. Grafakos and N. Kalton [8], C.E. Kenig and E.M. Stein [12], Y. Ding
and S. Lu [11] and others.

The purpose of this article is to describe several results about generalized multilinear
anisotropic fractional integral operators. We study L,, x L,, x ... x L, boundedness
of the generalized multilinear anisotropic fractional integrals. We give a new proof of the
Hardy-Littlewood-Sobolev multilinear anisotropic fractional integration theorem, based on
a pointwise estimate of the rearrangement generalized multilinear anisotropic fractional
integral.

2. Rearrangements of functions

Let R™ is the n-dimensional Euclidean space of points x = (1, ..., ©,) with norms |z| =
(Z?:laﬂ)l/z, Sl ={fxeR": |z| =1}. Let A >0, a= (a,...,an), a1 >0,...,a, >0,

)

d=ay1+ ...+ ap, Oz = (AN"x1,...,\%"x,).
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Let p(x) be a non-isotropic norm on R™ defined as the unique positive solution of the

equation
n

2w !

=1

[\

Note that p(z) is equivalent to Y1 | [x]1/%, i.e.,

n
cip(e) <Y fail V4 < ep(a)
i=1

for certain positive ¢; and ¢z independent of z ( see [2]).

It is immediate that p(dyz) = A p(x) for all A > 0, x € R™. With this norm, R" is
a space of homogeneous type in the sense of Coifman and Weiss [4] with homogeneous
dimension d = |a|. In particular, there is a constant cg > 1 such that p(x+y) < ¢ (p(x) +
p(y)) for all z, y € R™.

One has the polar decomposition

T=0\0 (1)

with o € S"~1, r = p(x) and dz = r¢~'drJ(o)do, where J(o) is a smooth and nonnegative
function of ¢ € S™~! and is even in each of variables o1, ..., 0.
The isotropic and anisotropic balls of radius r and center x are defined

B(z,r) ={yeR" : |z —y| <7},

E(x,r)={y €eR" : p(x —y) <r},

respectively.
For 1 < p < oo let L,(R™) be the space of all measurable functions g on R™ with finite

1/p
ol = ( [ latorpas) "

Let g be a measurable function on R™. The distribution function of g is defined by the
equality

norm

Ag(t) = {z € R™ : |g(2)| > ¢}, ¢=>0.

We shall denote by Lo(R™) the class of all measurable functions g on R™, which are
finite almost everywhere and such that A\y(t) < oo for all t > 0 (see [13]).

If a function g belongs to Lo(R™), then its non-increasing rearrangement is defined to
be the function ¢* which is non-increasing on ]0, co[ equimeasurable with |g(x)] :

{t>0 2 g*(t) > s} = Ag(s)

for all s > 0.



A Rearrangement Estimate for the Generalized Multilinear Anisotropic Fractional Integrals 81

Set

Moreover, by the Hardy-Littlewood theorem (see [3], p. 44), for every f1, fa € Lo(R"),
L in@n@) < [T rwsoa

It is well known that if p > 1, then (f;° (¢**(¢))? dt) P i comparable with the L, (R™)
norm of g.

For 1 < p < oo the weak L, space W L,(R") is the set of all locally integrable functions
g on R™ with finite norm

HQHWLP(RW,) =sup t /\g(t)l/p_
t>0

Equimeasurable rearrangements of functions play an important role in various fields
of mathematics. Note some properties of the rearrangement (see, for example [3]):
1)if 0 <t <t+s, then

(g+h)" (t+s) < g"(t) + h"(s),

2)if 0 < p < oo, then

RZ 9(@)P dz = /0 (g" ()" dt,
3) for any ¢t > 0

s [ oG dr = [ g(s) ds.

Let k > 2 be an integer and 0; (j = 1,2,--- , k) be a fixed, distinct and nonzero real
numbers.

Lemma 1. [9] Let fi1, fa,..., fr € Lo(R™), k > 2. Then for all x € R™ and nonzero real
numbers 01, ..., 0

[ Ve = falo — ba) -+ e~ Oy <o [ OS50 Fia, (@)
where Cg = |01 ... 0, ".

3. A rearrangement estimate for the generalized multilinear fractional
integrals

By f we denote (f1, f2,-- -, fr) and define

() = f1@) - fr @),
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t
f**(t)_i/off(s)...f,;"(s) ds, >0,

Let k > 2 be an integer and 6; (j = 1,2,--- ,k) be fixed and nonzero real numbers.
The analogy of O’Neil inequality (see, [14]) for k-linear integral operator by

(€.9) (@) = [ 9)fi o= 0)-fulz ) .

is correct

Lemma 2. [9] Let fi, fo,..., fx € Lo(R™). Then for all 0 < t < oo, the following
inequality holds

(£,9)" (t) < Cy (t £(t) g™ (t) + /t £*(s) g*(s) ds) : (3)
Lemma 3. [9] Let fi1, fo,..., fr € Lo(R™). Then for any t > 0

(£,9)™ () < Co / B (g™ (). (4)

In the following we define the k-sublinear anisotropic fractional maximal operator by

MQ,af(x) = sup

>0 T

1 /g OIS 0= )

the k-linear anisotropic fractional integral operator by

Raof(z) = /n pg/gg)a file=061y) ... fi(z —Oky)dy

and the generalized k-linear anisotropic fractional integral operator by
Kof(z) = A Ka(y)fi (x —01y) ... fr (z — Ory) dy,
where K, € WLd/(dfa) (]Rn)

Note that, if Ku(z) = 2525, 0 < a < d, Q € Lyjaa) ("), then Ki(t) =
(%)(d_a)/d, KX (t) = gK;(t), where A = ||QHdLQ(/C(l:2)(Sn_1) and therefore Ko € W Lg/(q—q)(R").

And also, if Ko (z) = p(ij)(j’la, 0<a<dQE Ly o) (S™), then Ko € WLy o) (R™).

The following lemma in the isotropic case was proved in [11]. In the anisotropic case
it is proved analogously.

Lemma 4. Suppose that 0 < a <d, Q€ Ly(S" 1), s> 1. Then
Maof(z) < Rig)o(If])(2), (5)

where [f| = (|f1],-- -, |fx])-
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Proof. Indeed, for all r > 0, we have

Rya () (@) > /g . ng%ﬁaﬁ (2~ 0uy)... i (v — Ouy) dy

1 / WIS = 009) St |

T 77‘)

where £(0,7) is the anisotropic ball centered at the origin of radius r. Taking supremum
over all 7 > 0, we get (5).

For the generalized multilinear fractional integrals K,f the following theorem is valid:

Theorem 1. Let Ko € WLgj(q—a)(R"), 0 < a <d. Then

(K £) () < (K™ () < O (tzl/otf*(s) ds+/t00531 £*(s) d5>, (6)

2
where C1 = (g) Ch ||Ka||WLd/(d—a)'

Proof. Let Ko € WLgjq—q)(R™), then
Kot) < | Kallwegg o ™ K&°(t) <
Taking into account inequality (3) we have (6).

Corollary 1. Suppose that 0 < a < d, Q € Ld/(d_a)(Snfl). Then the following inequality

(Roof) () < (Rouf)™ () < (ﬁ—l /Otf*<s> ds+ [T ds),

d—a)/d d/(d—«
holds, where Co = () Cy (%)( ) , A= ”QHL/d(/(d_a))(S"*l)'

From Corollary 1 and Lemma 4 we get

Corollary 2. Suppose that0 < o < d, Q € Ld/(d,a)(S”_l). Then the following inequality

(Maof) (1) < (Maof)™(t) < Oy <t3_1/0tf*(s) ds+/toos?i—1 £*(s) ds),

holds.
Analogously we have

Theorem 2. Let Ko € WLg/(4—a)(R"), 0 < a <d. Then

[e.9]

(Ko £)* () < (K f)™ (t) < Cy /t sa—t £ (s) ds. (7)
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Corollary 3. Suppose that 0 < a < d, Q2 € Ld/(d_a)(S”_l). Then the following inequality

<Rggﬂ*a>s(Rgaﬂ”<wf;c;sti*f”@>ds

holds.

Corollary 4. Suppose that 0 < a < d, 2 € Ld/(d,a)(S’"*l). Then the following inequality

(Maf)" (0 (Maaf)™ () < Co [ 5577°(5) ds

t
holds.

4. L, x Ly, x --- x L, boundedness of generalized multilinear fractional
integral operators

In the sequel we shall use the following Lemma, which was proved in [1].

Lemma 5. [1] Let 0 < p <1, p < ¢ < oo and k be a non-negative measurable functions
and u, v be weight functions on (0,00) and

Then the inequality

(Amuwuwwuwﬁvq<0(Aw¢mw@mgup ®)

holds for all non-negative non-increasing functions ¢ if and only if

co=s ([ ([ 10 ﬂdT)qu(t)dt)”‘f ( /Onwdt)‘”p <o

The constant C' = Cy is the best constant in (8).

Corollary 5. Let 0 <p<1,p<g<oo, 0 <a<d.
Then the inequality

</Ooo </t o d7>q dt>1/q = </Ooo (1) dt)l/p

holds for all non-negative non-increasing functions o if and only if
= Q

1 1
where Cy = (g)lJr? B(g7 q+ 1)57 B(377'> = fol(l — T)SilTTildT s the Beta function.
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It is said that p is the harmonic mean of pi,ps,...,pr > 1, if% = p% + p% +... 4+ /p%.

If fj € Ly,(R"), j =1,2,...,k, then we say that £ € Ly, x Lp, x - x Ly (R").

Theorem 3. Suppose that 0 < a < d,Ko € WiLgjq—o)(R"). Let p be the harmonic
mean of p1,p2,...,pr > 1 and q satisfy % = % — 9. Then K.f is bounded operator from
Ly, X Ly, x -+ x Ly, (R") to Ly(R™) for d/(d+ o) < p < d/a (equivalently 1 < g < o0)

and
k

IKafllz, @y < C ] 151l L, ey
j=1

where C' > 0 independent of f.

Proof. Case . 1 < p < g ( equivalently ﬁ < q < 00 ). Let us first prove Theorem 3
in this case.
Taking into account equality (2) and inequality (6) we have

||Kaf||Lq(]Rn) = ||(Kaf)*HLq(O,oo)

[’ t q 1/‘1 (o) (%) q 1/‘1
<o ( / patec/d=1) ( / £4(s) ds) dt) L ( / ( / g () ds> dt> ,
0 0 0 t

where C' > 0 independent of f.
Applying Hardy inequality we obtain, that for the validity of the following inequality

o (o) ) oo e

it is necessary and sufficient that the following condition is satisfied

0o 1/q t 1/p'
sup </ SQ(a/d_l)ds> </ ds)
>0 \J¢ 0

a_(1_1
= Cysupt? <P q)<oo<:>1/p—1/q:a/d,
>0

[

where p’ = -
For the va

idity of the following inequality

h Oos“;df*(s) ds ) dt 1/qgo5 Oof*(s)pds v
0 t 0

it is necessary and sufficient satisfying the following condition

t 1/q oo ) 1/p
sup (/ ds) (/ gle/d=1){1-p )ds>
t>0 \Jo t

g_(;+;)
=Cgsuptd \r' 1) <ocoe1/p—1/q=a/d.
t>0

—_
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Consequently applying equality (2) we obtain

[Kafl L, &n) < C1(C3+ C5) [I£*]| 1 (0,00)

! k
<Ci(Cs+C5) ] /5112, 0,00) = C1(C3 + C5) 11 /51, @)

j=1 j=1

Case II. d%v <p <1 (equivalently 1 < g < ﬁ). Now let’s prove Theorem 3 for this
case.

Taking into account equality (2) and inequality (7) we have

I af || ny = IKaf) M Ly 0,00) < 1K) L, 0,00

o] o] q 1/q
<y (/ (/ Sa/dlf**(é’)ds) dt) .
0 t

By virtue of Lemma 2 for the validity of the following inequality

</OOO </too Sa/dlf**(s)dsy dt) " < Cs (/OOO f**(s)pdS)l/p

it is necessary and sufficient satisfying the condition (9).
Consequently applying equality (2), Hardy inequality for monotonic functions and
Holder inequality we obtain

||Kocf||Lq(Rn) = H(Koéf)*HLq(O,oo)
S Gl 1, 0,000 < ColIE7 M1, (0,00)

K K
<[] 171, (0,00) = Co 11 151l L, @)

Jj=1 J=1

Corollary 6. Let0 < aa < d, ) € Ld/(d_a)(S”_l), p be the harmonic mean of p1,po, ..., pE >
1 and q satisfy é =1 9. Then Rqf is a bounded operator from Ly, X Ly, X - - x Ly, (R™)

P
to Ly(R™) for d/(d+ o) < p < d/a (equivalently 1 < g < 00) and

K
R0 flln, @) < CH 151l @)
j=1

where C' > 0 independent of f.

Corollary 7. Let0 < oo < n, Q) € Ln/(n_a)(S"*I), p be the harmonic mean of p1,pa, ..., Pk >

1 and q satisfy % = % _a

~. Then the k-linear fractional integral operator

Igof(r) = /Rn ’;,(ly)a fi(z—01y) ... fx(z—Oky)dy
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is a bounded operator from Ly, X Lp, X -+ x Ly, (R™) to Ly(R™) forn/(n+a) <p <n/a
(equivalently 1 < g < oc0) and

K
oo fll,en < CT] 151l @)
j=1

where C > 0 independent of f.

Corollary 8. Let0 < a < d, ) € Ld/(d_a)(Snfl), p be the harmonic mean of p1,p2, ..., Pk >
1 and q satisfy % = %—%. Then Mq of is a bounded operator from Ly, X Ly, % - - -x Ly, (R™)
to Lg(R™) for d/(d+ a) < p < d/a (equivalently 1 < g < c0) and

K
Mo £l @ < CT] 15512, @)

j=1
where C > 0 independent of f.
Remark 1. Note that, Corollary 7 proved in [6], if Q = 1 and in [11], if Q € Lg(S™1),
s>n/(n—a) and in [9, 10], if Q€ Ly /(n—a)(S™H).
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Explicit Form of Laplace-Stieltjes Transform of Joint Dis-
tribution of the First Passage Time of Some Level 7a” (a > 0)
and Overshoots Across this Level by a Complex Semi-
Markov Walk Process with Reflecting Screen at Zero

E.M. Neymanov

Abstract. In the paper, by the probability-statistical method we find explicit form of the Laplace-
Stieltjes transform of joint distribution of the first passage time of some level "a” (a > 0) and
overshoot across this level by a complex semi-Markov walk process with a reflecting screen at zero.
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1. Introduction

In the paper [1, p. 61-63] asymptotic behavior of random walks in random medium
with a delaying screen was considered. In [2, p. 160-165] random walk was studied in a
strip. In the paper [3, p. 26-51] asymptotic expansion of distribution was found. In the
paper [4, p. 61-63], various semi-Markov processes with a delaying screen and functional
of these processes were studied. In [5, p. 77-84] the Laplace transform of distribution of
the lower boundary functional of semi-Markov walk process with a delaying screen at zero
was found. In [6, p. 49-60] the Laplace transform of ergodic distribution of semi-Markov
walk process with a negative drift, non-negative jumps and a delaying screen at zero, was
found.

In the present paper we study joint distribution of the first passage moment of some
level 7a” (a > 0) and the overshoot across this level by a complex semi-Markov walk process
with a reflecting screen at zero.

2. Mathematical statement of the problem

Let on probability space (€2, F, P(-)) be given the sequence {5,;", 77,':, § oMy
where

}k‘zl,oo’

http://www.cjamee.org 89 © 2013 CJAMEE All rights reserved.
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{:,n:,flz,ng are identically distributed between themselves positive random variables
are identically.
Denote
Sy = Sk_1+...+?7+ +?7+ — M | (1)

v(Tk—1) v(7g)

where Sy = z,
vE(

)
X)) ="', (2)
1=1

k
T];t:Z{;t;kzl,Q,..; 7'3::0, (3)
i=1

where
k+1
vi(t):min{k:2§“1f>t}. (4)
i=1
The process X (t) = Sk_1+...+77j —I—nj(m) —n, if T,;t_l <t< T,;t is called a complex

(Tk—1)
semi-Markov walk process with a reflecting screen at zero. One of the realizations of the

process X () is of the form

Yl)

n)

>-}]"

o e T 5
5 e {:x G616 16 f
e

Fig. v* (t) is the number of positive or negative jumps for time t.

Our goal is to find the explicit form of the Laplace-Stieltjes transform of joint distri-
bution of the first passage moment and overshoot of the level a (a > 0).

Let 7, be the first passage moment of the level a (a > 0) and 7 be an overshoot across
this level.

We assume that §f has exponential distribution with the parameter A.

Denote
K(t,v|X(0) = z) = P{7q < t,7q > a|X(0) = 2z}

By total probability formula we have
K(t,7|X(0) = 2) = P{1, < t,74 > 7;& >t/ X(0) = z}+
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t a
4 / / Ple eds; sup X(u) < a3 X(s)] € dylX(0) = 2JK(t — 5,7]y) =
s=0 y:O OSUSS—O

=P >tz+XT() >a+y}+

t a
+/ / P& edsiz+ XT(s—0) <a;z+ XT(s—0) — (| € dy}K(t— s,7]y)
s=0 Jy=0

In view of {|u| < e} = {—¢e < u < e} we have
K(t,7|X(0) = 2) = P{& > t}P{XT(t) >a+~y— 2}+
+/t0/a0P{§l_ €ds;z+ XT(s—0)<a;z2+ X (s—0)—
5=0 Jy=
—Cp €dy;z+ X (s —0) = ¢ > 0FK(t — s5,7]y)+
+/t0/a0P{§1_ €ds;z+ XV (s—0)<a;—2— XT(s—0)+
5=0 Jy=
+G €dy;z+ X (s = 0) — ¢ < O}K(t — 5,7]y)
So, we get an integral equation for K(¢,v|X(0) = z).

K(t,y|X(0) = 2) = P{& > t}P{XT(t) >a+vy—z}+

+/to/aop{qEds?z”ms—())<a;z+X+(s—0)—<fedy;
50 Jy=
24+ XF(s—0) = ¢ > 0YK(E — s,7|y)+
+/to/aop{§l_ €ds;z+ X (s —0) <a;—2— X (s = 0)+(; €dy;
520 Jy=
z24 X (s —0) = (T < O}K(t — 5,7y). (5)

Denote K (6,~|z) = [Z, e K (t,y|z), 0 >0
Then (5) takes the form

R(0,4]2) = / eUPLET S 1 X () > aty — )i+
t=0

- = + _ .
v KO [ aPIXte <o
24+ XT() - <yz+ XT(t) — ¢ > 04 dP{E < th+

—i—/a K(@,’y\y)/wdyP{X+(t) <a—z—z—XT({t)+ ¢ <y
Y 0

t=

s+ XT(0) - G < 0}dP{ET < 1) (6)
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Make a change of variables X+ (¢) = h. Then (6) takes the form

R(6,]2) = /:; e P{ET > tydi — /t : e P{ET > (}PIX (1) < a4y — =i+

+/ M\y)/ ‘“d/ PIC > 2 —y+ hiCr < =+ hYdix
y=0 t=0

<PUE < OGP <hp+ [ ROl [ e
Y= t=

x / o P{(T < z+y+hi( > 2+ h}dP{&T < t}dp P{XT(t) < h} =
h=0

= /Oo e P{er > thdt — /Oo e M P{eEr >t x
t=0 t=0
XY P{Y ¢ <a+y— 2} P{rt(t) = k}dt+

k=0 i=1

+/ K(# ’y!y)/ e 0 / P{z—y+h<( <z+h}dx
y=0 t=0 =

x P{&] < t}dpP{Xt(t) < h}+

+/ vly/ th/ P{z+h<{; <z+h+y}tdx
y=0 0

x P{&7 < t}dp, P{XT(t) < h}.

Taking into account X+ (t) = >0 | T® 77; , from the last equation we have

K(9,7]z) =

— " — _ R — =
_/t_oe P{&7 > thdt /t_oe P{g; >t}kzzo><

k
x P> Gh <aty— 2} P{vt(t) = k}dt—
=1

/ 0,71y) / Tt / TP < sy 4 R PIET < hdnP{XH(E) < h}+
0 h=0

' / orly) [y [T PG < s ey PLE < nPLXT () < )
y=0
From the fact that there should be z —y+h > 0 or b > max (0,y — z), we have

K(0,4]2) =
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o) 0o 00 k
- / e Ot P{er > tydt — / e Pl >t P ¢ <aty—2}P{rT(t) = k}dt—
t=0 0 k=0 i=1

—/ K(@,’y\y)/ dyP{¢] < —y+h+z} e % dy, x
y=0 h=0 t=0

0o k
XY P{Y ¢ < nYP{vt(t) = kM, P{¢] < t}+

k=0 i=1

+/ f((@,’y\y)/ dyP{(; < —y+h+2z} e % dy, x
y=z h=y—z t=0

0o k
x Y P{Y ¢ < BYP{vt(t) =k}, P{E < t}+

k=0 i=1

[e.e]

+/ K(H,vly)/ dyP{¢; <y+h+2} [ e "dyx
y= h=0 t=0

00 k
x Y P{Y ¢ < YP{vt(t) = K} P{gT <t

k=0 1=1

Simplify this equation. More exactly, taking into account
1= P{vi(t) =k} = P{v"(t) =0} + P{v'(t) > 1}
k=0

the last equation takes the following form

[e.e]

R(0,4]2) = /t P > i

- /00 e "P{er > tle(a+ v — 2)P{vT(t) = 0}dt—
t=0

0o 00 k
_ / P > 1Y PLS G <ty — 2} PL () = k)i

= k=1 i=1

[ R [ 4P <y ) [ e Pt () =0 Pl < 1)
Y =

h=0
—/ ff(&’Y!?J)/ dyP{¢; < —y+h+z}x
y=0 h=0

0o o) k
« / ey S PY G < hYP () = KR PET < t)— (7)
t k=1 =1

=0
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[ RO [ aPi <) [P (6 = 0d Pl <t
y=z h=y—=z t=0

[ K6l [ 4P <y
y=z

=y—=z

0o 00 k
X / ) e ¥,y " P{Y ¢ < B}P{vt(t) = K} P{& < th+
t= k i=1

=1

+ / ' K(0,7|y) / H dyP{(; <y+h+z} - e Mdpe(h)P{vT(t) = 0}d; P{&7 < t}+
y=0 h t=0

=0
+/ K(H,vly)/ dyP{¢; <y+h+2}x
y=0 h=0

=0

00 00 k
X / e, SO PY G < h}P () = K} PLE <t}
t k=1 i=1

0,h <0

By virtue of e(h) = { Lh>0

(7) takes the form

K009 = [Pl > b - [ e Pl > 0P @) = 0)dte(a+y - 2)-

t=0 t=0

o 00 k
_ / ePler > 1S P> G <aty— 2Pt () = K-
k=1 =1

- / RO, PG < —y+2) / T NPt (1) = 0}, PLE < 1)
y=0 =0
_ / R0, 4ly) /H dyP{CT < —y+h+ 2}y x
y=o0 h=0
[%S) k )
<Y PG <) [Pt = MdP(E <t
k=1 i=1 =0
‘/ D RO, PG < —yt2) [ P = 0} P < t)-
y:Z

t=0

a ~ a—z o k
= [ ROl [ 4P <y b2 Y POS G < e
Y =y—z

k=1 1=1

X /Oo e "P{vT(t) = kYd P{e] < t}+
=0

=

+ /a 0,7y)dyP{{; <y—+z} - e‘etP{er(t) = 0}d P{&] < t}+
y

=0 t=0
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a a—z (@) k‘
ARG / d,P(CT <yt ht 23S PG < b
y=0 h=0 k=1 i=1

X /too e P{vt(t) = k}d P{g] <t} (8)

=0
Thus, when £f' I C1+ ,¢; have exponential distribution, we get integral equation (8).
When §fr has exponential distribution &, Cf ,¢; have Erlang distribution of any order,
and one can get an integral equation of type (8). Solve equation (8) in the case when &,
&7,¢, ¢ have Erlang distribution of first order.
Denote

K(0,x]2) = / e, K (0,4]2), x > 0.
v=0

Then (4) takes the form

o0

I:((H,xlz) =— /OO e P{er >t} P{vt(t) = O}dt/ dyela+~ — 2)—

t=0 v=0

00 k
_/ “Otpler >t}ZP{I/ —k;}/ e—mdvp{ZCf— <ady—2io
=0 =0 i—1
- / " ROAWPG < —y+ ) / PVt (1) = 0}d, PET < t}—

/ K(0,7y) / d,P{CT < y+h—|—z}thP{Z§+<h}x

- k=1 1=1

X / h e P{vT(t) = k}d, P{¢] < t}—
t=0

— /a I%(H,’y\y)dyP{Cl_ < —y+z} tOZe_GtP{l/Jr(t) = 0}d P{& < t}—
y==2 =

a a—z

- o0 k
[ K@) /h PG < —y+h+ b, Y PUS G < h}x

=y-z k=1 i=1

« / TPl () = kY P{E < H+
t=0

+
i
Nxx

(6. 11y)dy P{CT <y + 2} / PL (1) = 0} PAET < th+

/ K YY) /_ dyP{({ <y+h+ z}dpx

X ZP{Z ¢Gh < h} /Oo e Pt (t) = K}, P{g] <t}
k=1 =1 =0
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Now let
0,t <0

+ _
PAg <t}_{ 1—e ML AL >0,t>0

C <a)— 0:13<0
1 - —e M x> 0,uqe >0

Then we get
e(a_z)x

K(67X‘Z) = _)\++A_—|—9+

u+(>\,+9)(a7z)
)‘+M+ - A TA_10

+ e
A+ A=+ 0) Appg = (X + ) (A + A= +6))
A z

b [T Ry
APV w—L o (0, x|y)e"Ydy+

+

+ Ap A pg pi—
(>\++/\—+9)(/\+M+—(M++M ) (A + A +9))

A ~
X <e<m_’”_”)( > / K (8, x|y)e'Ydy+
=0

A_ph_ i ¢ =
Sl P K6 r=Y(
+A+ e - (0, xly)etYdy+

+ )‘+)‘—M+N— eTH-%y
A+ A= +0) Aipg — (pg + =) (A4 + A= +0))

A

X/“ (e(uji;‘jﬁ,—w—uf)(a—z)_e(%—w—uq(y—z))é(@,X,y)eu,ydw
)

/\i —uZ/a I:((H,X\y)e‘“*ydy—k

LWy =0

n Ap Ay pi— "
A+ A= +0) Appg = (pg + p=) A + A= +0))

>\+M+ _ _ a—z a =
X <e<k+“+9 et =i ) ) — 1> e H-% K0, x|ly)e *Ydy. (9)
y=0

Having multiplied the both sides by e#~# and differentiated with respect to z, we get

= x - edX )z
o2 [M—K(Q’X’ z)+ K'(0,x, z)} — —%e(“ X)z 4

n Aty (=M + A= +0) + pi (A +0)) —‘ﬁ(iiji)e%r(ii% e -)z +
Ar + A= +0)? Apig — (X + o) A + A= +0))
Ao H— }%(07 X Z)elu,,z + )‘+)‘—M+M—

_— X
>\++>\ +0 A+ A= +0) Appg — (pg + =) (A + A= +6))
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o | Arbs — (B + o) A + A+ 9)6(%—%—%)(&1%) «
SN

© 7 (5ot — e~ )(a—2) >
<[ K&mww%w+GMH+9 —QK@mawﬂ+
y=0

A x
— K(6 M2
>\++A_+0 ( ,X7Z)€ +
_ ApA_piqp— <e(%—u+—u)(a—2) _ 1> «
(A + A= +0) Appg — (g + p-) (A + A= +0))
<K (6, X, z)eh = — AA i

O + A= +6) Osir — (s +40) (hs +A_ 1 6))

Ay — (pg +p—) Ay + A= +6) _(ﬁ—ﬁ%#r#—@
X e X
A+ A +4

a AMEE L Ya Aot =
| [ elmemne) [ ) g, gyervay | -
y=z

A A= pg o Aspir = (pa + =) As +A-+0)
A+ A= +0) Aspg = (pg + p=) A4 + A= +0)) Ay +A_+0

Aprg
—g—hy—p_)(a—z2) a
e T )/'zaaxwwﬂtwy (10)
y=0

We differentiate the obtained equation by z. As a result, we get a second order inhomo-
geneous equation with constant coefficients

: A : A g p— ApAd_ppp— | =
K" B _ HBAy K0 +H+ + K0 _

_ (=) O+ 0) + XO A+ 0)) 0oy (11)
(A +A-+6)2 '

The roots of the appropriate characteristic equation are

_ P Ay PrA+ N2 Aqpryp ApA_pypi
(h-+ xxg) £ \/(/‘— txar) T4 ST T a1

k1;2(9) = 9

The solution of equation (11) is

(= =) (1t A= +0) + XA + A= +0)) (as)

K(0,x.2) = O + A= +0)2(x + k1(0)) (x + k2(0))

+

+C1(0)eF Dz - 0y (0)er20)7 (12)

where C'1(6) and C2(0) are constant with respect to z.
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Find 01(9) and 02(9)
In (9), having substituted z = a, we get an equation with respect to C1(6) and C2(0)

A_pi—

— e H-°
Ap+A_+90

o) oo L (ko) 4

{m

1
= (@)= p-)a
+k1(9)—ﬂ— <e 1>” i

Ak L k@) +u)a
PO [k2(9)+u_ (¢ 1)+

1
= (ekn(@)=p-)a _q —
" ko (6) — p— (e >”

(= =0 A=+ 0) + XA + A= +0))
(A A+ 0)2(x + F1(0)) (x + k2(0))

B Pt + X n Ap-
A= +60)+x(Ar +A-4+0)  Ap+A_+06
(H= = X)(p+ (A= +0) + x(A+ + A +6))
(A + A= +0)2(x + k1(6)) (x + k2(0))
X [ 1 elh——x)a _ 1 e~ (u—t+x)a _ 2x } ex—n-)a,
g — X p-+x (- +20 (- = x)
In (10), having substituted z = a, we get an equation with respect to C'1(6) and C2(0)

+Cy(0) [ekza - ~p-a

X

ApA_ _
k1(0)a +A-H4H —p—a
C1(0) [(,u_ + k1(0))e + Dot + 0)26 X

1 1
— = (e®k(@)tp-)a _ 4 = (e®i(O®)=p-)a _4q
* [/ﬂ(e)w_ (¢ >+k1(9)—u— (¢ )”+

ApAl -
0 4 ko(B k2(0)a +A-H4 1 —p—a
+C5(0) [(N + k2 (0))e + Ou + 0 +9)2e X

1 1
= (k2O Fp-)a _ = (ek2(®)—p)a 4 —
g ch(e)w_ ( )+ = (e >H

(b= =) A+ O +xA +A-+0)  p—x
(At + A= +0)2(x + k1(0)) (x + k2(0)) Ap+A-+0
Aty (e (A= +6) + p— (A + A +0))
(A + A=+ 02 ((pr (A= +0) + XA+ + A= +0))

A A pgpe (e = ) (e (A= +0) + x(A + A= +6))
(At + A=+ 0)*(x + k1 (0)) (x + k2(0))

1 elh——x)a _ 1 e~ (—+x)a _ 2x e(Xx—p-)a
p— — X B+ X (- +x)(p— —x)

X
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Thus, we get a system of linear algebraic equations with respect to C1(6)and Co(0).
Denote

1 1
S memal L (ka@tua_ ()4 L (k@) -n)e } ,
L= [kl(e) ¥ (e > ke (0) — j_ (e >

1 1
S memal L (e@tua_ 1)L (k@) n)a } ,
2= [kg(e) ¥ (e > ko (0) — i (e >

g =)A=+ ) + XA + A+ 0))
(A + A+ 0)2(x + k1(0)) (x + k2(9))

_ P+ + X + Ap—
A +0) +xOAy +A-+60) A +A_+0

(1= =) (e (A= +0) + XA+ + A +0))

X
(A + A= +0)2(x + £1(0)) (x + k2(0))
% 1 elh——x)a _ 1 e~ (B—+x)a _ 2x ex—n-)a,
fi— =X p—+ X (- +x) (1= —x)
B = (s O +0) + x(\y + A +96)) po =X

A A +02(x + k1 (0) (x +k2(0)) A +A_+0

At (4 (A= 4+ 6) + p— (A + A+ 0))
(A + A=+ 02 ((ur (A= +0) + XA + A=+ 60))’

C1(0) =
Al(p— + ]{72(9))@]92(9)& + (i\\ii—%gsﬂ _ B[ekjga _ )\:\-1?;:4-952]

(k= kyJelhthale 4 Rl (Spekae — Sieke) + 2o (Sa(p + n(0))ebre — S1 (- + ka(6))eb)

Oy () =
_ BIEN” — 2o $i] — Al + k()0 4 et s
(ky = hy)elbrocha)e 4 GESE (Speh — Siehae) Ay [Sa(p— + Fa(8)eb = Sl + ha(6))et]

Finally, we find the solution of equation (8).
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Interpolation Theorems for Lizorkin-Triebel-Morrey type
Spaces with Many Groups Variables

A.M. Najafov*, R.E. Kerbalayeva

Abstract. In this paper, we introduce a new function space F;l;z,eg,a,%,f (G, s) with the parameters
of many groups of variables of type Lizorkin-Triebel-Morrey. In view of interpolation theorems we
study some properties of functions, which are belonging to intersection of these spaces.

Key Words and Phrases: intersection of spaces Lizorkin-Triebel-Morrey type, many groups of

variables, integral representation, interpolation theorems.

1. Introduction

In this paper we study interpolation theorems for space

F! (G, s), (1)

p707a7%77—

that is, with help of theory embedding we study some characterization of function which
are belonging to intersection of space Fé;eg,a#ﬂ (G,s) (e=1,2,...,N), that is, the space
Lizorkin-Triebel-Morrey type with many group variables.

Let G C R™ be a domain and 1 < s < n; s,n be naturals, in addition e, = {1,2,...,n},
n1 + ... + ns = n. Hence we suppose the sufficient smooth function f(x), where the points
z = (x1,...,xs) € R™ have coordinates z = (zx.1;...; Tk p,) € R™ (k € es = {1,...,s}).
Consequently, R = R™ x R™ x --- x R".

Let I = (l1,...,1s) be a given positive vector such that, Iy = (lx.1;...;lkn, ), (kK C es),
that is, [y ; > 0, (j = 1,...,ny) for every k € e, and we shall denote by @ the set of vectors
i = (i1,...,15), where i, = 1,2,...,nk for all k& € e;. The number of the set Q is equal to:

Q| = HZ:1 (1+ng).

Therefore, to the vector i = (i1, ...,i5) € @, we let correspond the vector I* = (l?; s l§S> ,
where vectors ! = <li1;...;l§9> are coordinates of [ = (Iy,...,ls) and I = (0,0,...,0),
l,l€ = (lk,l,O,...,O),...,l,ik = (0,0, ..,lgn,) for all k& € es. And the the vectors e’, we cor-

respond the vector I' = (I}, 1, ..., 1. ), where I} = (Z;l,iﬁz,...,ﬂ]:nk> (k € es), and

*Corresponding author.

http://www.cjamee.org 101 © 2013 CJAMEE All rights reserved.
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the largest number ijj is less than l,lc’“ f for every l;ﬁk f >0,when l;’“ ;=0 then we assume that

fi’fj =0 for each k € es.

%2’

elk,nk‘

Let Rl = Rl Rl2[ « ... xR‘eiS|, where RI€*| = RI° 1‘ xR +XR
Further for every k € e, Rle*| = {tk = (th1s-thm,) € R™ ty; € Rk’"k,t;w- =
0,Vj ¢ e =suppl” , k € es}.

Definition 1. We denote by F<}> (s, G) normed Lizorkin-Triebel-Morrey space of func-

p,0,a,52,T
tion f on G, with many groups vamables, with finite norm
Wlesps (G9) =2 lflces @)

1€Q

9 1/6

0,1 0,s AQW
171 <o )/ / tG) s IT 2 NG

p,0 a%ﬂ- er Z eei tk
e

~—

p7a7%77—
and
T 1/7
dty,
e A povn| TL9EG @
k€es k€es
i 711 Tis Tk -k
Furtheritmeansthat,Dlf:Dll D f, D} f =D, - knkf,th() GNIp (2);

I (x) = It’fl (1) X It;fz (w2) X -+ X Lpzs (15); I%k (xg) =

. dty, ; ;
{ : |yk —xE| < l15'”“' ke es} Bkl = >25% [3,”; dty Hjee}'c t:j? where 0 < ﬁ;’fj =

ti
l““ —l ; < 1for lZ’“ > 0, but when l““] =0, 5 =0;t=(t1,rts), te = (L1, oo thomy) , W=
(wl,...,ws), wip = (W, 150, Wkn,) and in addition wrj = lorw,; =0, k € e,

el = suppl' =suppw, 1 < 0 < oo; (1<p<o0);to=(to1,--st0,5), tor = (toke,1s > t0 ks )

be a fixed vector and s € (0,00)", a € [0,1], 7 € [1, o0], [tg]; = min{1,t;}, k € es.
When s = 1 then space (1) is equivalent to the space Lizorkin-Triebel-Morrey type

F<l> (@), which was investigated in [1, 4, 9], when s=n then the space (1) is equivalent

p,0,a,x,7
to the space Lizorkin-Triebel-Morrey type with mixed derivatives, S<é>a . F(G) which
was studied in [5, 6], when a = 0,7 = 0o s = 1, N = 1, then this space is equ1valent to the
space Féﬁ(G), which was developed in [2, 13, 14].
Similarly results for the Morrey spaces was investigated in [3, 12, 13].
It is clear, that V (o) C Ipo,U— is an open set, which belonging to the domain G and
U +V C G. Here it is said that, the subdomain U C G C R" calls domain satisfying the
condition “ o — semi — horn”, if the vector o = (071, ..., 05) is such that, x + V (¢) C G for

all x C U. It is said that, the domain G' C E,, satisfying the condition “o — semi — horn”,
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that is, G C A (T7), if we have finite sub domains G4y, ..., Gy C G, satisfying the condition
“ o — semi — horn/ and surfacing the domain G, that is,

N
=G (5)
j=1

But we suppose G € A, (T7) (e > 0), if we substitute the condition G = Uévzl G, in the
condition (5). Note that G ={z:2 € G;: p(z,G/G;) > €} .

2. Preliminaries

Let ¥; € C§° (R™) be such, that their carries belonging to I} = {3: gl < %;j =1, ,nk}

Then we put
Y
vier= U {ui(2) esm),
0< t; < T’j;
J € en

where 0 < T; <1, j € e,. U is an open set which belonging to the domain G. Furthermore
we assume that U +V C G, for T = (T1,...,T5), Ty = Ty k), 0 < Tpj < 1,
k€ es,j=1,.,n (t+T°) =% (k € €) (t°+T°) =1T°, (k € es/e’), o =
(01,..y04), 05 > 0,7 =1,..,n4. Let G(tU+TJ)¢ (U) = (U%—I(t(,_FTfr (x )) NG=2p,=
N o 1 _ EN Qp

N
(p917""p9n)7 4o = (qu?"'ann)7 a, = 0, Zg:l O‘Q:L% = Zg:l Do’ q  Lwo=1Tg,’
1 N « N
0 = ZQ:I 9757 I = ZQ:I lgOég.
Lemma 1. Let 1 < py < gp < 79 < 0050 = 1,2,.,N; 0.< o] < foxl;0 < myj <
Th; < Lim= (M,0mn),0 < M-ty < Tiy < 15 (k‘EeS, ,2,.nk), 1 <7<

=1
00; v = (V1,...,0s), Vg; = 0 are integers, 0 < pp; < 00; =1,...,nnk € es; and
A () D' f € Ly, a7(G),

N
1 1
Hiie = O 14,000k — (v, 08) = (|ow] — [22¢] @) ( - ) :
o=1 p 4q

ng g
Ulmo'k § Ok,jVk,js |0k| E Uk,j7|%k| = E :%kd'?
-1 =1
—|ok|+ 0k, U i, — (Vky0%)
H T, TRt gpl x,t, T)

kees /e

dty,
X , 6
H Lok =0k iy Uk, iy, +(Vk,0k) (6)
kEGZt
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i —lok+oniy lk,if, — (Vk:0k) Ti T
nT(x) = H Tk ) Pi (I’,t,T)
n n

. 12 T
kees /e

dt
<[] U (7)
okl =0k, kg, (koK)
keet tk;

Here B¢ = Y0%, By, (vk, 0%) = Y150 0k g lowl = 302 oy 2] = 0% 4k,

i (x,t,T)

_ 20 () DV f (2 (v) y v y
_A#”/n{A () D' f (24 9) ¥ <@0+qu(ﬁ+qu>}@d, ®

where ¥; € C* (R™ x R™), and ¥, (-, z) € C§°.
Then the following inequalities hold:

Qp

2w 745
Ht;ﬁkQ\A (t) D! Qf

keet

SUPzcy HF;

N
Upe(m) = C1 H1
g:

Po,a,,T

| P

el Fe,i Bk,
x H [pk]l P H Tkk g Htkk k;(:u/ﬁik >0), (9)

kees kees/et keet

Qp

2w 7,
Ht’jﬁkQ\A (t) D! Qf

keet

N
SUPEGUHF%TH%UP%(E) S 02 H
o=1 Pos@y %, T
Mk, i
erei Tkk ];; ki = 0, [ |a
x e 025 s =0, x [ [ow)y » - (10)
Pk,i
erei nkk * » Mk < 07 kees

Where (7, and Cs are constants independent of f, p, n and T.
Proof. Using Minkowski’s inequality for any T € U, we have:

; —lokl+0w,i, lk,i, — (VoK)
i vig bhyig
SupiEUHFﬂ”(Lpr(f) < C H T,
kees/et

"’ —1+|ok|+ok,i; ki, — (Vk,0k)
R Ty | =0 gy (1)
keet

We must estimate |¢; (-, T)|, s - from the Holder’s inequality (¢ < r) we get:
I’ p% x

1/q

N
ot Dl < | [ Tl Gt 1)y
Ups @) o=1
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Using the Holder’s inequality into right part with the indication A\, = @
0o=1,2..., N, (ZN ng_ O‘@: ).Thenwehave

9_1 OQ =

N
i (D, 0, H@m Dy} (12)

Once again, using Holder’s inequality (¢, < r,) we have

1i (s Ol g0, @) < N0i 8Dy 0 3)
a(1 1
X H p%l(q@ ""‘-’). (13)

Let X be a characterization function of the set S (V¥;). Noting that, 1 < p, < r, <
00; 8, <7y (izl—i—i-i) we get

So Po To

1

1 1
=, = To
%™ X))

I (st

) (ot

and using for |¢;| Holder’s inequality (i + (i — i) + (i + i) = 1), then we have

Po To So To

”Spl ('7th)Hrg,U 5 (T) < Sup:pEU (T)

(/R| | a0 @ x (myw) dudy> .
ey </R| / .
(/Rle’ /n ( t"+TU) (tG fTU)i >

Because of U+ V C Z, and Z ;5 10yi (x) C Z (e y )i (), forall z € U and 0 < t; <

T; <1, |se| < log|, k€ e, we find:
Pe
x(—Y dy
(7 +T7)

/n
Po

dudy

1, Po r
A% (4)DV f(:v—l—y)‘ dudy) ’

: %
dudy) . (14)

/| ' Aiw(u)Dzi’Qf (x +y)du
Rl

<

Z(to' +T0)i (E)

/ CA(@)D f (a4 y)
Rletl
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Po

0 —i,0
< TT 7 a2 1y 0™ s ITe I o7 (15)

keet keet kees /el

pg,a,%
/Up%(a:)
/l y A% (u) D! f(z)du
Rl¢’

é /
Zp% (f—‘ry)
Po

< H t’;’51§|A2w (t) Df’gf

keet

Next for y € V
Po

dzx

/ i A% (u) DU f (a4 ) du
e

Po

dzx

74,0

Po,a,

y H t]t@ﬂpg H [pk]|1;4k|a7 (16)

keet kees
Rle'l Jrn (to +T°)" (t°+T7)

=TIa T1 zo ez, (17)

keet kees /et

S

dudy

From (12)-(17) we get

N ) Qo
— 1812 2w 7he
i ot Dl e < C TS [T 67 ' ) D" f

o=1 keet Po,a,

o [ Tt (o), HtLak|—(|ak|—|nk|a>(;—;)

kees /el kee?
‘”k“l |%k| l—%
X H lpk]y Py (q ) (18)
keen keen

Taking consideration [|-[|,, , < ||l 4., for 1 <7 < 0o and putting (18) into (11) for
r = ¢, then we get the inequality (9). Similarly, we can prove the inequality (10). «

Lemma 2. Let 1 < p, < ¢, < 00;0=1,2,..,N; 0 < |sx] <|og|;0 < T} < 1;(k € es,
J=12,.,n5), 1 <1 <1 <005 g, >0 and A2 (u) Dl € Ly, a7

N

1

Fhin0 = Ok Y :li,ikag — (ks 0k) — (lok| — |52 a) o
o=1
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Then the following inequality holds for the function Bf? (x):

LR
N e
_ 2 7t
<C TS I[TT e 1a™ @y ot ef , (19)
o=1 keet Po,a, #,T1
where b, is an arbitrary number satisfying the following condition:
0<b<, if,uk,ik,() > 0,
0<b<1, if“k,ik,O =0, (20)

kip,0q (1 — a)

0<b< 1+
lok| — [sa] a

s if pug g0 < 0.

The proof of this lemma is similarly 1.
Using these facts, we can show the general theorems, which give us the structure of
such space Fég (G, s) (e=1,2,..,N).

0,00,a,7,T1
3. Embedding theorems

Using these facts, we can show the general theorems, which give us the structure of
such space inzv%a,%m (G, s) (e=1,2,..,N).
Theorem 1. Let G € A(T?) be a domain , 1 < p, < ¢, <00, (0 =1,2,..,N); v=
(vi,...,vn); vj >0 are integers, (j=1,2,.., n) and in addition

1) vgj > 12,]- (1=1,2,..,nk:k € e5);

2) v > l}‘c’fj—l-l, Vi < lz’flk +1, 0 <3 <o (k€es); 1 <1 <1 < o0,

fe ﬂé\;l F<i?> (G,s) and let g, >0, (i =1,2,...,np, k € es).

p97997a7%77-1

Then following inequality holds:

N ap
1Dl < C'B () [ {HfHF;;;;m (G,s)} , (21)

o=1

N (o P
D lpperss < CTL{ Iz}

ol Pos0g,a,5,71

(Poj < o < 00,7 €Een). (22)

Mk i
where By (T') = ZiEQHkEESTk k.
Particular, if pg i, 0 > 0, (ix = 1,2,...,nk, k € e,) then the function D" f is continuous

on G and N
sup,c D71 < B O T {Iflezes e} (23)

1 Po,0g,a,%,T1
Q:
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B =Y [T

i=(i1,...yis) EQ JECs

where

and Ty, € (0,min (1,Ty )], (k € es), To = (To,1, ..., Tok) is a fixed positive vector, b is an
arbitrary number satisfying condition (??), C' and C? C',C? are constants independent
of f, and C! dependent of the vector 7.

The proof of Theorem 1. Obviously, in this case for f € ijg; ar (G ) general-
ized derivatives D'/ exit. It means that, if uy;, > 0(k € es), because of p, < gy, || <

1 1

okl (k € es), a€[0,1]", feFry™,  (G,s) = Fy'y”(G,s),0=1,2,.,N)

It means that, for almost every point of z € G, there exits generalized derivatives D/

with the same carries [3]:

piw= Y e
i=(i1,-..,is)€EQ

H T_|Uk|+0'k,ikzk,ik —(vk,0k)
k
kees /et

T} T 3
—1—|ok +ok,i lk" —(Vk,0k
M Aokl k) g
k
0 0

keel

2w Zi’g
<[] a0 ey

(v) Yy U
x W, - |} dydu. 24
‘ ((tU +To) (t7 + TU)1>} Y (24)

Using the Minkowski’s inequality, then we have:

ID°flly, e <Cr > |IFHl,6 (25)
i=(11,.,is)EQ

From (10) for U =G, n =T, o — oo we get

1F i <
N e
<o [Tz TL4| T 618 0 0" ey
kees o=1 keet

Do,
Using it for (25), and taking consideration p, < 6, and 1 < §, < oo,
0=1,2,.., N, we get (21).

Using (19) we can proof (22).
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Next we suppose p ;.0 > 0, k € e;. We must show that, the function D/ is continuous
on G. From (24) and (25) for ¢j = 00, € en, fk,i, = [ik,it,0, k € €5 we have:

Mk i
ID°f =D frelle s S ] Tt
= Q kEes/ei

9, 1/6,

N hi hi )
Al e (s om) e
o=1 0 0 keet keet k
Po,0,,T
limp_,o||D¥ f — D" fro HOO’G =0 . Because of D" frs is continuous on G, then convergence
of L (G) coincides with the absolutely convergence. Consequently, it is continuous on G.
This completes the proof.
Let v be a n dimensional vector.

Theorem 2. Let all conditions of Theorem 1 be satisfied.In addition, G € Ac (T?). Then
for pri, >0, (ig = 1,2,...,nk, k € ;) the derivative DV satisfies condition the Holder on
the domain G, for metric Ly with indication €. More precisely,

I’gﬂg,a,%a‘f‘

N Qp
18600 Lo = T { ez
g:

< T Il (26)
keel
where € = (€1,...,€s), €k = (Ek,15 s Ekmy ), and €k is an arbitrary number satisfying the

condition:
Kk i,

0<ep<1,if > 1,
o
0<ep<1, ifwzl,
g0
0<ep< Mhin g lhic g (27)
o) 00
where HE = minlu’k,ik y 00 = max|0k| (Zk = 1727"'7nk) k € 68)' If Mk i,0 > O} (/Lk =
1,2,...,nk, k € es) then
N e .
waco|A G 6D @) < T {Iflzs o) L™ 29)
e=1 e keet

where 52 satisfies the same condition, but we must substitute puy;, o mto p and C' is a
constant independent of f and .

The proof of this theorem is similarly 1.
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Multilinear Rough Fractional Integral on Product Mor-
rey Spaces

S.Q. Hasanov

Abstract. We will study the boundedness of multilinear fractional integral operator Iq o, with
rough kernels Q € L(S"!), 1 < s < oo on product Morrey spaces. We find for the operator I o.m
necessary and sufficient conditions on the parameters of the boundedness on product Morrey spaces
LPrA1(R™) x ... x LPmAm (R™) to Morrey spaces L9 (R™).

Key Words and Phrases: product Morrey spaces, multilinear rough fractional integral.

2010 Mathematics Subject Classifications: 42B35, 45P05, 28A35

1. Introduction

The classical Morrey spaces, introduced by Morrey [9] in 1938, have been studied inten-
sively by various authors and together with weighted Lebesgue spaces play an important
role in the theory of partial differential equations. The boundedness of fractional integral
operators on the classical Morrey spaces was studied by Adams [1], Chiarenza and Frasca
et al. [2].

Let R™ be the n-dimensional Euclidean space, and let (R™)™ = R"™ x ... x R™ be the
m-fold product space (m € N). For x € R" and r > 0, we denote by B(z,r) the open
ball centered at z of radius r, and by GB(x,r) denote its complement. Let |B(z,r)| be
the Lebesgue measure of the ball B(z,r). Also for Z = (1,...,%y) € R™ and r > 0,
we denote by B(@,r) the open ball centered at @ € R™" of radius r, and B(Z,r) We

denote by 7 the m'tuple (f17f27 e '7fm)7 7 = (yh' : aym) and d7 - dyl o dyn

Definition 1. Let 1 < p < o0, 0 < XA < n, [t} = min{1,t}. We denote by L, \(R™)
the Morrey space, and by WL, \(R™) the weak Morrey space, the set of locally integrable
functions f(x), x € R™, with the finite norms

_2A _A
1, = sw v # I sy 1w, = s v 7 Iflwe, e

zeR™ >0 z€R™, t>0

respectively.

http://www.cjamee.org 112 © 2013 CJAMEE All rights reserved.



Multilinear Rough Fractional Integral on Product Morrey Spaces 113

In 1999, Kenig and Stein [8] studied the following multilinear fractional integral

Ia,m(7)($) = / f1(91) - Fm(ym) dyrdys . .. dym,

(RM)™ (x —y1,..., ¢ —ym)|Pm @

and showed that I, is bounded from product L, (R™) x Lp,(R™) x ... x L, (R") to
Ly(R™) with 1/¢ = 1/p1 + ...+ 1/pm — f/n > 0 for each p; > 1(¢ = 1,...,m). If some
pi = 1, then I, p, is bounded Ly, (R™) x Lp,(R™) x ... x Ly, (R"™) to Ly 0(R™). Obviously,
the multilinear fractional integral I, ,, is a natural generalization of the classical fractional
integral I, = I,1.

Let 1 < s < 00, Q € L*(S™ 1) be a homogeneous function of degree zero on R™",
The multi-sublinear fractional maximal operator M, ,, with rough kernels (2 is defined by

m

Mo =sup e [ @[ 1o - wla?. 0<a<am,
r>0 T B(0,r) j=1

If m =1, then Mg, = Mgqq,1 is the fractional maximal operator with rough kernel €.

When m =1 and © =1, then M, = M, 1 is the classical fractional maximal operator.

In [7] we proved the boundedness of the multi-sublinear fractional maximal operator
with rough kernels Mg 4 from product Morrey space LPLA1(R™) x ... x LPmAm (R™) to
LIARM), if p > s, 1 < p1,...ypm < 00, 1/q = 1/p1 + ... +1/ppm — a/(mn — \) and
from the space LPLAM(R™) x ... x LPm*m(R™) to the weak space W LI (R™), if p = s/,
1<pi,...;pm<ocand 1/g=1/p1+ ...+ 1/pym —a/(n — A) and at least one exponent
pi, 1 <1 < m equals one.

In this work, we prove the boundedness of the multilinear fractional integral operator
with rough kernels Iq o, from product Morrey space LPLA(R™) x ... x LPmAm(R™) to
LIARY), if p > s, 1 < p1,...,pm < 00, 1/q¢ = 1/p1 + ... + 1/pym — a/(mn — \) and
from the space LPLA(R™) x ... x LPm*m(R") to the weak space W LI (R"™), if p = &/,
1<p1,....,pm <occand 1/g=1/p1 + ...+ 1/py —a/(n — A) and at least one exponent
pi, 1 <1 < m equals one.

Throughout this paper, we assume the letter C' always remains to denote a positive
constant that may vary at each occurrence but is independent of the essential variables.

2. Boundedness of multilinear fractional integral operator Mg, ,, on
product Morrey spaces

In this part, we investigate the boundedness of multilinear fractional integral operator
Iq o,m on product Morrey spaces.

Spanne and Adams obtained two remarkable results on Morrey spaces (see Definition
1.1 of the Morrey spaces in Section 1) for I,. Their results can be summarized as follows.

Theorem 1. [5, 10] (Spanne, but published by Peetre) Let 0 < aw < m, 0 < XA < n — ap,
1/qg = 1/p — a/n and pu/q = AN/p. Then for p > 1, the operator I, are bounded from
LPAR™) to LY*(R™) and for p =1, I, is bounded from LY (R™) to W LI+ (R™).
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Theorem 2. [1, 4/ Let 0 <a<n,1<p<n/a,0<A<n-—ap.

(i) If p > 1, then condition 1/p — 1/q = a/(n — X) is necessary and sufficient for the
boundedness of the operator I, from LPMR™) to L9N(R™).

(ii) If p = 1, then condition 1 — 1/q = a/(n — X) s necessary and sufficient for the
boundedness of the operator I, from LY*(R™) to W L4(R™).
If A = 0, then the statement of Theorems 1 and 2 reduces to the well known Hardy-
Littlewood-Sobolev inequality.

When m > 2 and Q € L¥(S™ 1), in [6] was find out Mg, also have the same
properties by providing the following multi-version result of the Chiarenza and Frasca [2].

Theorem 3. [6] Let 1 < s < oo, Q € L*(S™ 1) be a homogeneous function of degree

zero on R™*  p be the harmonic mean of p1,...,pm > 1 and
A=
—:Z—j for 0< )\ <n. (1)
P =

(i) If p > s, then the operator Mg, is bounded from product Morrey space LP** (R™) x
X LPmAm(R™) to LPA(R™). Moreover, there exists a positive constant C such that
for all f€ LPA(R™) x ... x LPmAm(R?)

m
IMamflza < C TN oy

j=1

(ii) If p = &', then the operator Mq , is bounded from product Morrey space LPLA(R™) x
x LPmAm(R™) to weak Morrey space W LPNR™). Moreover, there exists a positive
constant C such that for all f€ LP+1(R™) x ... x LPmAn(R®)

m
||-/\/lQ,m.f”I/VLI%A < CH HfjHLPMj-

J=1

Lemma 1. [11] Let 0 < a < mn, 1 < §' < mn/a, Q € L5(S™~1) be a homogeneous
function of degree zero on R™ and f € LP1(R™) x ... x LPm(R™). Then there exists a
constant C > 0 for any x € R

1

‘Iﬂ,a,m,f(l‘)‘ <C |:MQ,a+5,mf($)] |:MQ a—e mf( )} ’ (2)

Lemma 2. [7] Let 0 < a < mn, 1 < 8’ < mn/a, Q € L¥(S™1) be a homogeneous
function of degree zero on R™", p be the harmonic mean of p1,...,pm > 1 and f €

LL (R") x ... x LL (R™). Then for any x € R"

i ’
s/

spj P

f[[ o (@] @)

Maamf(x <COH{ as! fs }

€2l gmn—1
where Cp = —L=E"277)
(mn) &
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When m > 2 and Q € Ls(Sm”_l), we find out I o, also have the same properties by
providing the following multi-version of the Theorem 2.

Theorem 4. Let 0 < o < mn, 1 < s < 0o and Q € L5(S™1). Let also S.™ , 2% = 2

j=l1p; = p’
1L_1l___a , _ o
b T o T meNy) and 0 < A\j <n——2 j=1,...,m.
(i) Ifp > s and Z;n:1 2—; = %, then the condition %—% = 25 is necessary and sufficient

for the boundedness of the operator I o m from product Morrey space LPUAY(R™) x
X LPmAm(R™) to LYN(R™). Moreover, there exists a positive constant C such that
for all f& LPLA(R™) x ... x LPmAn(R™)

m
Ho.amdflzer < C TS s

j=1

” — mo 1 _xmo A tion L — 1 — _a_
(ii) If p=s" and )\ijl T Zj:1 pjfjlj , then the condition 5T g = mex Us necessary
and sufficient for the boundedness of the operator Iq o m from product Morrey space
LPLA(R™) x ... x LPmAm (R™) to the weak Morrey space W L9 (R™). Moreover, there

exists a positive constant C such that for all f€ LPYM(R™) x ... x LPmAm (R™)

m
Hoamflwran < C TN -

j=1
Proof.
(i) Sufficiency. Following the method used in [3], we choose a small positive number &
with 0 < ¢ < min{«, w -, ”TT)‘ — a}. One can then see from the condition of
J
Theorem 4 that 1 < s’ < p; < % and 1 < ¢ <p; < m(g__;\j), and we let
1 1 1 1 ate 1 a-+e
= — - =--—,
@ p1oop2 Pm m—=A p n—2A
and
1 1 1 1 a—e 1 a-—c¢
= — - == - .
@ P P2 Pm n—XA p n—A

Now if each p; > s, then from [7], Theorem 1.1(i) implies that

m m
|’/\/lﬂ,c)z—emf”L%A <C H Hfj”ij*)‘j’ ’’-A/(Q,Oc-l—&,mﬂ’LfbA <C H ||fjHijv>‘j'

j=1 j=1

A simple calculation yields % + % = 1. Hence, using Lemma 1, the Holder
inequality and the above inequalities, we have

1 1/q
Iamflzor = sw (o / Tocm [ (y)|"dy)
z€R™,t>0 t B(z,t)
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Q=

=il (t% /B<x,t) [MQ’O‘“’mf(y)}% {Mﬂvafe,mf(y)] %dy>
’ 1

< s (5 [Mowent)] )™ s (5 [Maaent] i)

z€R™ >0 z€R™ t>0

m
1/2 1/2
< O Maaremfl Ve s IMaa-camfl Vo = C T sy
j=1

Necessity. Suppose that Ig 4, is bounded from LPUA(R™) x ... x LPmAm(R™) to
Lgx(R™). Define f.(z) = (fi(ex),..., fm(ex)) for € > 0. Then it is easy to show
that

IQ,a,mfa(y) = 5_aIQ,a,mf(5y)- (4)

Thus

_ 1 1/q
loantelins == sw (5 [ llnamfle)liay)
B(z,t)

xeR™ t>0

1 1/q
— g—a—n/q sup (7 / |IQ,a,mf(y)|qdy>
z€Rn >0 M J B(ex et

1 1/q
=TT/ sup / I amf(y)|?dy
zeR™,t>0 ((‘St))\ B(ez,et) | o ( )| >

=g o (n"N/a HIQ,a,rr"beLq»A .

Since Iq a,m is bounded from LPoA . x LPmAm to L9 we have

m
Haamfllzar = eV o qmfel por < Ce* DT L) sy
j=1
m

_ 1 , 1/p;
= et V] s (- /B ( )|fj(€y)!pﬂdy) ’
z,t

j=1 zeR™ >0

/e TT —n/ps 1 \1/pj
— Ogot(n A)/ql‘[5 P sup (tTJ /B( )\fj(y)]pﬂdy) i
ex,et

j=1 zeR™,t>0

] 1 1/pj
= Cet=N/aTT cQi=m/pi gup / s
J’l;[l TER™, >0 ((5t))‘j Blew.et) 1£i(y) )

— Crea-i-(N—)\)/q—(”—)‘)/p H Hf] ||ij,)\j )
j=1
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where C is independent of .

If (n—X\/p < (n—A\)/q+a, then for all f € LPPM x ... x LPmAn we have
HIQ,a,meLq,A =0ase—0.

If (n—X)/p > (n—\)/q+ a, then for all f € LP1M x ... x LPm»*m  we have
1 I0.0mf Lar =0 as € — oo,

Therefore we get (n — \)/p=(n—\)/q+ a.

m 1
Sufficiency. If p; = &' for some i, we take n? = 627%( II HfjHij,)\j>  for any
j=1
B > 0, then applying Lemma 1 and Theorem 4 in [7], we get
{y € Blz.1) : [Io.amflw)] > B}
1 1
< Cl{y € Ba,t) : C[Maaremt(®)]® [Maa—enfly)]? > B}
1

<C {y € B(.’L’,t) : \/E[Mﬂ,a+s,mf(y)] 2> 77}‘

+ ’{y c B(x,t) : \/a[Mﬂ,a—a,mf(y)] > ﬁ/n}‘

< |{y € B(z.t) : Moaremfy) > cn2}| n ’{y € Bz, t) : Ma.a—emfly) > CB2 /n2}\

m ~ 2 m G-
= (5 Il )" + (e TT1AM )]
j=1 Jj=1
m q
= (; 11 Hfjum> -
j=1

Hence, we obtain the following inequality

hSA

1
Hoantlor =swpp sw (|{y e Bl oant)] > 5}
> TER™,t>

)

m
< CTT sl

j=1
This is the conclusion (ii) of Theorem 4.

Necessity. Suppose that Ig o m is bounded from LPLA(R™) x ... x LPmAm(R™) to
W LgA(R™). From equality (4) we get

HIQv%meHWqu)‘ =SupT7T Sup

1 1/q
(5 ] )
7>0 zeR™,t>0 t {yEB(x,t):IQ’a,mfe(y)>‘r}

dy) 1/q

1
=supT sup (/\/
>0 zER™ >0 3 {yEB(x,t):Ig7a,mf(ay)>rsa}
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_n 1 1/q
=€ 9S8upT Sup (—)\ dy)
>0 xeR™t>0 t {yeB(x,et):Ig,aymf(ay)>7'ea}

LA 1
=€ @ q+q sup T sup <7>\ /
>0 zeR™ t>0 (Et) {yEB(m,et):IQ,a,mf(sy)>Tsa}

= e =N/ g oo

dy) 1/q

fHWLfm-

By the boundedness of the operator I 4, from LPA o LPmoAm to W LA we
have

H—’Sl,a,mf||wmA = E(H(n%)mH—fﬂ,a,mfeHWL%A

< CerH N 152 o
j=1

_ i 1 o\ /P
— Ot (n=N)/q H sup (tTJ /B( )|fj(5y)’pjdy> j
x,t

j=1 z€R™t>0

_ L 1 o\ 1/p;
— Ceat(n=N)/q H e"Pi  gup (tTJ /B( ) £ (y)|P? dy) j
ex,et

j=1 z€R™,t>0

_ . ) /s 1 _ 1/p;
— Ceot N T X0 sup ((Etw /B( ) 7 (y)‘pjdy> ’
ex,et

j=1 zeR™,t>0

— Ot (n=A)/q=(n=X)/p H 151l o5 s
j=1

where C' is independent of €.

If (n—X)/p < (n—\)/q+ a, then for all f € LP1M x ... x LPm»*m we have
1 o,a,mfllwper =0 as e — 0.

If (n—MN)/p > (n—\)/q+ «, then for all f € LPM x ... x LPm?m  we have
| Ia,amfllwrar =0 as e — oo.

Therefore we get (n — \)/p=(n—A)/q+ a.
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On Morrey type Spaces and Some Properties
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Abstract. Subspace M2 of the weighted Morrey -type space LD is defined, it is proved that
infinitely differentiable functions are dense in it. An approximation properties of the Poisson
kernel is studied in M2*. A sufficient condition for belonging of the product to the space MP* is
obtained. It is proved that M} is an invariant subspace of a singular integral operator.
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1. Introduction

The concept of Morrey space was introduced by C. Morrey [1] in 1938 in the study of
qualitative properties of the solutions of elliptic type equations with BMO (Bounded Mean
Oscillations) coefficients (see also [2, 3]). This space provides a large class of weak solutions
to the Navier-Stokes system [4]. In the context of fluid dynamics, Morrey-type spaces
have been used to model the fluid flow in case where the vorticity is a singular measure
supported on some sets in R™ [5]. There appeared lately a large number of research works
which considered many problems of the theory of differential equations, potential theory,
maximal and singular operator theory, approximation theory, etc in Morrey-type spaces
(for more details see [2-26]). It should be noted that the matter of approximation in
Morrey-type spaces has only started to be studied recently (see, e.g., [11, 12, 16, 17]),
and many problems in this field are still unsolved. This work is just dedicated to this
field. Subspace MP® of the weighted Morrey -type space Lb“ is defined, it is proved
that infinitely differentiable functions are dense in it. An approximation properties of the
Poisson kernel is studied in M5®. A sufficient condition for belonging of the product to
the space M}"* is obtained. It is proved that M} is an invariant subspace of a singular
integral operator .

*Corresponding author.

http://www.cjamee.org 3 © 2013 CJAMEE All rights reserved.
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2. Needful Information

We will need some facts about the theory of Morrey-type spaces. Let I' be some
rectifiable Jordan curve on the complex plane C. By |M | we denote the linear Lebesgue
measure of the set M C T'. All the constants throughout this paper (can be different in
different places) will be denoted by c.

The expression f (z) ~ g (z), x € M, means

f(x)

glxT

36>0:0< <6t Vre M.

Similar meaning is intended by the expression f (z) ~ g (z), x — a.
By Morrey-Lebesgue space LP** (T'), 0 < a < 1, p > 1, we mean the normed space of
all measurable functions f (-) on I' with the finite norm

L

a—1 p
Hfum,a(r):sgpQer\r /B m!f(i)\p\dﬂ) < +oc.

LP*(T) is a Banach space with LP1 (I') = L, ('), LP"° (T') = L (T'). Similarly we define
the weighted Morrey-Lebesgue space Ly (T') with the weight function yx (-) on I' equipped
with the norm

1oy = 1l ooy - £ € L4 (D).

The inclusion LV (I") € LP>2 (T") is valid for 0 < a3 < ag < 1. Thus, LP-* (") C L, (I"),
Vo € (0, 1], Vp > 1. For T = [—7, w] we will use the notation LP>¢ (—7, 7) = LP>“.

More details on Morrey-type spaces can be found in [2-26].

In the sequel, we will need some auxiliary facts. Recall Minkowski’s (integral) inequal-
ity.

Let (X; Ag; v) and (Y; Ay; i) be measurable spaces with o—finite measures v and p,
respectively. If F'(z; y) is ¥ X u—measurable, then we have

H/F )dv (z

/nF Mo 4 () ,1 < p < +00,
Lp(du

p
19 Ol oy = (/ 90y \”du>

Now let Y = R and p (-) be a Borel measure on R. We have

P 1
</1 dp (y)> "<

where

[ P @@
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</ ( [P y>|pdu<y>>l/pdu (x).
(m% ’ pdu(y)>1/p§

< /X (ﬁ /I IF (3 y>rpdu<y>)1/pdu (2) <

< [ VF @ )y ) 9T € R

Taking sup over I C R, we get

|[ ranae

Thus

| Pl

< / IF @3 )l gy 7 () (1)
Lr>a(dp X

So the Minkowski inequality (1) holds in the Morrey-type space LP** (dpu).
Thus, the following Minkowski’s inequality regarding Morrey type spaces is true.

Statement 1. Let (X; Ay; v) be a measurable space with a o—finite measure v and
(R; B;; 1) be a measurable space with a Borel measure p on o—algebra of Borel sets B of
R. Then, for v X u— measurable function F (x;y), the following analog of Minkowski’s
inequality is valid

\/F v (a < [ IF 5oy ).
Lp > (du)

By St we denote the following singular integral operator

(Srf 27T2/f , Ttel,

where I' C C' is some rectifiable curve on complex plane C. Let w = {z € C : |z| < 1} be
the unit disk on C' and dw = ~ be its boundary. Define the Morrey-Hardy space HY'® of
analytic functions f (z) inside w equipped with the following norm

Hf”Hi’a - oi&gl | f (Teit)HLp»a‘

In what follows, we assume that the function f () periodically continued on the whole
axis R .

We will also use the following concepts. Let I' C C' be some bounded rectifiable curve,
t =t(0), 0 <o <1, be its parametric representation with respect to the arc length o,
and [ be the length of I'. Let du (t) = do, i.e. let u () be a linear measure on I'. Let

Li(r)={rel:|r—t|<r},Tygy(r)={r(0) €l o —s| <r}.

It is absolutely clear that Ty (1) C I'y (7).
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Definition 1. Curve I' is said to be Carleson if 3¢ > 0:

sup o (Ty (1)) < er,¥r > 0.
tel’

Curve T is said to satisfy the chord-arc condition at the point ty =t (sg) € T if there
exists a constant m > 0 independent of ¢ such that |s — so| < m |t (s) —t(so)], Yt (s) € T
I' satisfies a chord-arc condition uniformly on I' if I3m > 0 : |[s — o] < m|t(s) —t(0)],
Vit (s), t(o) € T.

Let’s state the following lemma of [10] which is of independent interest.

Lemma 1. [10] Let T be a bounded rectifiable curve. If the power function |t — to|”, tg € T,
belongs to the space LP»* (I"), 1 < p < 00, 0 < a < 1, then the inequality v > —% holds. If
I' is a Carleson curve, then this condition is also sufficient.

We will extensively use the following theorem of N.Samko [10].

Theorem 1. [10] Let the curve I' satisfy the chord-arc condition and the weight p(-) be
defined by

p(t) = [ It —tul™; {6}7 CTots # 1,0 # 2)
k=1

A singular operator St is bounded in the weighted space Ly “ ('), 1 <p < +00, 0 < a < 1,
if the following inequalities are satisfied

—g<ak<—g+1,k:1,m. (3)
p p

Moreover, if I' is smooth in some neighborhoods of the points ty, k = 1, m, then the validity
of inequalities (3) is necessary for the boundedness of the operator Sp in L * (T').

In what follows, as I we will consider a boundary of unit disk: v = dw. Consider the
weighted space LD (v) =: LU® with the weight p (). In an absolutely similar way to the
non-weighted case, we define the space M5 ® with the weight p(-). Denote by Mf’a the
set of functions whose shifts are continuous in LY%, i.e.

155f = Fllp,asp = 15 ¢ +6) = F Ol ap = 0,0 =0,

where Ss is a shift operator: (S5f) (z) = f (z + J) and we will consider that the function

f(+) (in sequel also) periodically continued to the whole real axis R. It is not difficult to

see that M5 is a linear subspace of L5'®. Denote the closure of M5 ® in Lb® by M.
Consider the following class

e = {f € LB |Tsf — fllya0p = 0,8 — o}.

It is evident that the class Eg’a is a linear subspace of LY'“. Let us denote by M} “ the
closure of Ly ® in L“.
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Let us remember the following properties of Poisson kernel P, (¢):

1 1—r?
P () = — L0<r<l.
() 21 — 2rcos @ + r2 "

(a) sup P.(t) = 0 as |r| = 1;
[t|<é
(b) f|t‘>5 - (t) dt — 0 as |r| — 1 for Vd > 0.

These properties directly follows from the expression for P, (¢). We have

%/_WPT(t) Flt—s) t——/

g%/fawW@~w¢mmwﬁ=

—Tr

H(PT *f) () - f(')Hp,a;p =

P, p

1
= [/t|>5 P@)ft—-)— f(')“p,a;pdt+/t|<6 P@)|ft—-)— f(‘)Hp,a;pdt] '

Regarding the second integral in the right-hand side, we have

1

o7 s B (=) = FOllp,aspdt <

< sup Hf(t - ) - f(’)”p,a;p’ as 0 —0.
[t|<d

To estimate the first integral, consider

1F =) = FOllpasp < W Fllp,ap 1L &=y a0 = 21 llp, a5 -

We have )

— —s)Pds =
Iy =t g [ 15— ds

: /
= sup — |f ()" ds,
5 [BOA'"™ Jisnm,
where (B(7), ={s:t—s e B(\~v}. It is clear that

50| =[(2N),]

”f(t - ')Hp,a;p = ”f”p,a;p'

holds. Therefore

As a result

/|t|>5 Po)If (=) = F (lly.a;pdt <

§2|]pr7a;p/t| Pt 0as | 1.
>

So we have proved the following
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Theorem 2. If f € Mp®, 1 <p < 400 A0 < a < 1, then |Prx f— fll, .., — 0 as
|r] — 1.

From Theorem 2 we immediately get the validity of the following
Theorem 3. Let f € M), 0 < a<1,1<p<+oo. Then it holds

[(Kf)(re) = £ ()]

=0, r—=1-0.
piaip

Similar assertion is true in case of f~ () when r — 1+ 0.

3. Subspace M}«

Let p : [-m, 7] — (0, +00) be some weight function and consider the space M5 “. It
is easy to see that if p € LP*®, then C [—7, 7] C M} * is true. Indeed, let f € C'[—m, 7.
Without loss of generality, we assume that the function f periodically continued on the
whole axis. We have

[f (@ +0) = f @) <Nf(+0) = f ()l = 0,6 = 0.

Consequently
1FC+6) = f Ol oy =1 C+0)=F ) pC)llpa <

<NFC+0) = F Ol e Ol 0 = 0,6 = 0.

Hence, we have f € MP“.
Let us show that the set of infinitely differentiable functions is dense in M3 ®. Consider
the following averaged function

Ce eXp <—25—22> , |t <e,
we (t) = e2—t

0, t| > e,

where

Take Vf € M and consider the convolution f x* g:
“+oo
(Fra))= [ =99

and let

fe () = (we x f) () = (f * we) (B)-
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It is clear that f. is infinitely differentiable on [—7, w]. We have

Hk—fmmpzw[:@A$fC—$%—fﬁ

p,a;p

:H[:LAQU«—@—fous

p7 a; p
Applying Minkowski inequality (1) to this expression, we obtain

+00
1o — £ s/ we (5)[1f (= 5) = £ ()] e s =

p,a;p
—00

[ eI =)= T Ol s <

—&

= |Sl‘1<p Hf( - S) - f(')”p,a;p — 0,6 = 0.
s|<e

Thus, the following theorem is true.

Theorem 4. Let p € L%, 1 < p < 400, 0 < a < 1. Then infinitely differentiable
functions are dense in M} “.

Consider the singular operator S (-):

Sf(t)zl/f(T)dT,tev
Y

™ T—1

Applying Theorem 1 [10] to the operator S we obtain the following result.

Theorem 5. Let the weight p(-) be defined by the expression (2), where I' = ~. Then the
operator S is bounded in LY 1 < p < +o00, 0 < a <1, i.e. the following inequality holds

HSf”p,a;p S c”pr,a;p7vf € Lg’a’

if and only if the following inequalities are fulfilled

—g<ak<—g+1,k:1,m. (4)
P P

Let us show that the subspace M}"“ is an invariant with respect to the operator S. It
is sufficient to prove that the shift operator S is continuous in M} “. So, let f € MbP*
and § € R. Consider the shift operator S:

591 (1) = oy [ 102 e

(51 (1) - i [ Lo

We have

Te 90 — ¢
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fre @) dre™® 1 [ f(&€)dE
2772/ Tel‘;—t _%L E—t
59 (1) - 500 = 5 [ LEL TG e
Y

~(s(r(#) - 1)

Paying attention to Theorem 5, hence we immediately obtain

Consequently

|(sp) (te) = s =<

p,a;p
<els()-s0), , ~0s-o

as f € M. Thus, the following theorem is true.

Theorem 6. Let the weight p be defined by the expression

m

p(t) =] It -t e, (5)

k=1

where {ty}y_17; C v—are different points. If the inequalities (4) hold, then the operator
S boundedly acts in My, 1 <p< +o00,0<a<1.

Remark 1. In previous statements and in their proofs the spaces Ly “, ME® (—m, ) and
LB, MY, are naturally identified, respectively, i.e. Ly® = LD (—m ) = LU (v) &
My = Mp® (=, m) = Mp'® (7).

Consider the following Cauchy integral

R N
ol

Let f € LD®, where the weight p(-) is defined by the expression (5). Applying Holder’s
inequality we obtain

£l = [1foo7 ML, < clfolly ol ]l,.o =

=l fllp,asp 1o g0 (6)

Suppose that the following inequalities are fulfilled
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Then from (6) it follows that f € Lj. As a result, according to the classical facts, the
following Sokhotskii-Plemelj is true

FH€) = %51 O+ (51)(©) € Q

where f1 (£) (respectively, f~ (£)) boundary values of a Cauchy integral (K f)(z) on
inside w (outside w). Paying attention to Theorem 6, form (8) we obtain that if f € M},
then f* € M>® and the following inequality holds.

175 i S €1 g ¥ € ME (©)
Assume |
K, (s) = eies—liz—Cauchy kernel; P, (s) = Rez:zti_ Poisson kernel:

Q. (s) = Imz?_'i —is the conjugate Poisson kernel,

(Re—is a real part, Im—is an imaginary part). We have

18
Ko(s) =5+ 5 (P (9) 1Qu () = 5 + 5 o
Let F'(z) = u(z) + 9 (z) be an analytic function in w. It is clear that F' € Hy* if
and only if u;) € hly®. Paying attention to the relation (10) we arrive at the conclusion
that many of the properties of functions from hfy* transferred to the function from H5 .
For example, VF € H5“ has a.e. on 7 the nontangential boundary values F'*, since,
lim F (re) = F* (e'), a.e. t € [-m, 7]. We have

r—1-0

z € w. (10)

Fr(r)=u"(7)+®7" (r),7 €.
Let all the conditions of Theorem 2 be fulfilled. Then the following representation is true.
U (7‘620) = (PT, * u+) 0),9 (rew) = (PT * u+) @),
and, as a result
F (rew) = (P, xF")(0).
Paying attention to Theorem 2, we obtain the following result.

Theorem 7. Let the weight p () is defined by the expression (5) and the inequality (7)
holds. Then the Sokhotskii-Plemelj formula (8) is valid and for the boundary values the
inequality (9) holds .

Let us prove the following

Theorem 8. Let f () € Lo ﬂM}f’l ANg(-) € MP® and let the weight function p satisfies
the following condition

1
|I|1—a

Then f(-)g(-) € MpP® when 0 < o <1 and p > 1.

ddp > 0:

/pp (t)dt < c|I| VI € |-, 7).
I
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Proof. Let f(-) € Lo MP' and g(-) € MP*, 0 <a <1,p>1 Fora=1itis
evident that M} 1= L, , and the following estimation is true

™

/W [ @) g@®F P (t)dt < c/ lg W p¥ (1) dt = cllgll}, , < +oo.

—Tr —T

So, f()g(-) € MP™ when a = 1.
Consider the case 0 < o < 1. We have

sup (ﬁ Jir@ars o dt>; <

1
1 3
<esp (= [lo@F 2 0)t)" =clll o < +oc.

Let us consider
As=f(+0)g(+6) =gy ap-

For any € > 0 and m > 0 there is a ¢ () € C'[—m; 7] such that [[g (-) =@ (), 4., < 5> 88
g € MP“. We have

As=[f(+0)[g(+6)—p(+0)+e(+0)]=f)g() =)+l a, <
<crllg(-+8) =@+ )y aptlfC+0)e(+8) = FC)eOlpapterllgl) =l asp
where ¢y = || f ()[|;_.- From [|g () — gp(-)||p7a;p < = it follows

lg(+0) =@+ )y, <lg(+0) =g ()l a+

g =2 Ollpa, T e () =+ ), 0,

It is obvious that [|g (- +6) — g ()l 4, = 0, 6 = 0.
Let the weight function p satisfies the following condition

1
Eléo>0:mﬂ/pp(t)dtgcll\éo,VIe [—m; @],
1

where ¢ > 0 is some constant.
It follows from uniformly continuity that for Vm > 0, ¢ > 0 there exists 6; > 0:Vd €

(—51, 51)2

o () = 9+ Dl = 500 (m%/y(t) - «p(t+6>|ppp<t>)” <

1
€ 1 P € 50\ v £ %
< —sup| ——— t < —su (c[‘))p:c— 2m) P .
w (o [#0) < S (el (2r)
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Then the previous inequality implies

Bo< oS (24e@)¥ )17 C+0 0040 = F POl

Thus, it is suffices to prove that for ¢ (-) € C'[—m; 7] it is true
%I_IE%) ”f ( + 5) (:0( + 5) - f () @(')Hp,a;p =0.

We have

1fC+0)e(+0) = FO)eOlpap < 1FCH0)p(+0) =90l a,+
f(')”p,a;p‘

HIFC+0) = FOle Ollpap S erlle+0) =0 (Ol ap +eollf (- +6) =

where c, = |l ()||1_.- Let us take
As () =FC40) = fOllp,asp-
Let ¥ > 0 be an arbitrary number. We have
As () =max {al’ (1), a8 (0}

where

A((521) (f) = sup <|I|1 a/|f (t+9) — (t)|ppp(t)dt>

L|1|<®

Regarding Agl) (f), we have

Q=

A (f) < 2¢5 sup <|I|%/Ipp(t) dt> <

H]<¢

13
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9T N+ = FOl,.

where ¥ = (%)% := Y. It is clear that Jdy > O:

1F(+8) = £ ()., < V2,8 € (=82, 82)

1 o
where we can choose e; = ¥¢ for any €1 > 0. Hence we get A((f) (f) < (%) %,

Now let us take Ag (f) < max{eg, (%2)%}, where g2 = = for any m > 0.
Consequently

)
As < % <cf (24 2¢(2m)) 7 +c¢> 5 € (=33, 05),

[
where d3 = min{d;, d2}. By taking m = <Cf (2+2c(27r))70 +c¢>, we get As < g,
Vo € (—d3,03). It follows that As — 0 as § — 0. «

Acknowledgements

This work was supported by the research program of the National Academy of Sciences
of country-Azerbaijan (Program title: ”Frame theory: wavelet analysis and its applications
to signal processing in seismology and other fields”).

The authors would like to express their profound gratitude to Prof. Bilal Bilalov for
his valuable guidance on writing this article.

References

[1] C.B. Morrey, On the solutions of quasi-linear elliptic partial differential equations,
Trans. Amer. Math. Soc., 43, 1938, 207-226.

[2] A.L. Mazzucato, Decomposition of Besov-Morrey spaces, in ”Harmonic Analysis at
Mount Holyoke”, American Mathematical Society Contemporary Mathematics, 320,
2003, 279-294.

[3] Y. Chen, Regularity of the solution to the Dirichlet problem in Morrey space, J.
Partial Differ. Eq., 15, 2002, 37-46.

[4] P.G. Lemarie-Rieusset, Some remarks on the Navier-Stokes equations in R3, J Math
Phys., 39, 1988, 4108-4118.

5] Y. Giga, T. Miyakawa, Navier-Stokes flow in RS with measures as initial vorticity
and Morrey spaces, Comm. In Partial Differential Equations, 14, 1989, 577-618.

[6] J. Peetre, On the theory of spaces, J. Funct. Anal., 4, 1964, 71-87.



[7]

8]

[9]

[10]

[13]

[14]

[15]

[22]

On Morrey type Spaces and Some Properties 15

C.T. Zorko, Morrey space, Proc. Amer. Math. Soc., 98(4), 1986, 586-592.

N.X. Ky, On approzimation by trigonometric polynomials in L,u -spaces, Studia Sci.
Math. Hungar., 28, 1993, 183-188.

V. Kokilashvili, A. Meskhi, Boundedness of maximal and singular operators in Mor-
rey spaces with variable exponent, Govern. College Univ. Lahore, 72, 2008, 1-11.

N. Samko, Weight Hardy and singular operators in Morrey spaces, J. Math. Anal.
Appl., 35(1), 2009, 183-188.

D.M. Israfilov, N.P. Tozman, Approzimation by polynomials in Morrey—Smirnov
classes, East J. Approx., 14(3), 2008, 255-269.

D.M. Israfilov, N. P. Tozman, Approximation in Morrey—Smirnov classes, Azerbaijan
J. Math., 1(1), 2011, 99-113.

H. Arai, T. Mizuhar, Morrey spaces on spaces of homogeneous type and estimates
for Oy and the Cauchy-Szego projection, Math.Nachr., 185(1), 1997, 5-20.

E. Nakai, The Companato, Morrey and Holder spaces in spaces of homogeneous type,
Studia Math., 176, 2006, 1-19.

D. Yang, Some function spaces relative to Morrey-Companato spaces on metric
spaces, Nagoya Math., 177, 2005, 1-29.

B.T. Bilalov, A.A. Quliyeva, On basicity of exponential systems in Morrey-type
spaces, International Journal of Mathematics, 25(6), 2014, 1450054 (10 pages).

B.T. Bilalov, T.B. Gasymov, A.A. Quliyeva, On solvability of Riemann boundary
value problem in Morrey-Hardy classes, Turkish Journal of Mathematics (accepted).

D.K. Palagachev, L.G. Softova, Singular integral operators, Morrey spaces and fine
reqularity of solutions to PDE’s, Potential Anal., 20, 2004, 237-263.

F. Chiarenza, M.Frasca, Morrey spaces and Hardy-Littlewood maximal function,
Rend. Math. Appl., 7, 1987, 273-279.

G.D. Fario, M.A. Regusa, Interior estimates in Morrey spaces for strong solutions to
nondivergence form equations with discontinuous coefficients, Journal of functional
Analysis, 112, 1993, 241-256.

D. Fan,S. Lu, D. Yang, Boundedness of operators in Morrey spaces on homogeneous
spaces and its applications, Acta Math. Sinica (N.S.), 14, 1998, 625-634.

Y. Komori, S. Shirai, Weighted Morrey spaces and singular integral operators, Math.
Nachr., 289, 2009, 219-231.



16 F.A. Guliyeva, R.H. Abdullayeva, S. Cetin

[23] F.Y. Xiao, SH.Z. Xu, Estimates of singular integrals and multilinear commutators
in weighted Morrey spaces, Journal of Inequalities and Appl., 2012:302, 2012.

[24] 1. Takeshi, S. Enji, S. Yoshihiro, T. Hitoshi, Weighted norm inequalities for multi-
linear fractional operators on Morrey spaces, Studa Math., 205, 2011, 139-170.

[25] 1. Takeshi, Weighted inequalities on Morrey spaces for linear and multilinear frac-
tional integrals with homogeneous kernels, Taiwanese Journal of Math., 18, 2013,
147-185.

[26] Y. Hu, L. Zhang, Y. Wang, Multilinear singular integral operators on generalized
weighted Morrey spaces, Journal of Function Spaces, 2014, 2014, Article ID 325924,
12 pages.

Fatima A. Guliyeva
Institute of Mathematics and Mechanics of NAS of Azerbaijan, Az1141, Baku, Azerbaijan
FE-mail: quliyeva-fatima@mail.ru

Rubaba H. Abdullayeva
Math teacher at the school No. 297, Baku, Azerbaijan
FE-mail: rubab.aliyeva@gmail.com

Seyma Cetin
Yildiz Technical University, Istanbul, Turkey
E-mail: seyymacetin@gmail.com

Received 25 December 2015

Accepted 12 March 2016



Caspian Journal of Applied Mathematics, Ecology and Economics
V. 4, No 1, 2016, July
ISSN  1560-4055
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Abstract. This paper considers double system of exponentials with linear phase in the weighted
space L, , with power weight p () on the segment [r,7]. Under certain conditions on the weight
function p(-) and on the perturbation parameters, the completeness of this system in L, , is
proved. An explicit expression for the biorthogonal system in the case of minimality is derived.
The obtained results generalize all previously known results in this direction.
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1. Introduction

Investigation of many partial differential equation by the application of Fourier method
reduces to perturbed trigonometric system of sines (or cosines) of the form

{sin (nt +a (t)}nen (1)

where « : [0, 7] — R is some function (N is a set of natural numbers). Similar problems
were studied, for example, in the papers [4, 5, 6, 7, 8, 9, 11]. To justify the Fourier method
it is necessary to study the basicity properties (completeness, minimality, basis property,
etc.) of these systems in different functional spaces. Complex versions of these systems
are perturbed system of exponents of the form
{ei(nt+5(t)sign n) } 7 (2)
nez
where §: [—7, 7] — R is some function (Z is the set of integers). Basis properties of the
systems (1) and (2) in corresponding spaces are closely linked, in Lebesgue spaces Lj, they
are well studied by various mathematicians (see, for example [4, 5, 6, 12, 13, 17, 19, 20, 21,
22,23, 24, 25, 26, 27, 10]). The case Lo, = C'[—m, 7] is treated in [38]. In connection with
application to solution of differential equations, the interest in Lebesgues spaces L,.) with

*Corresponding author.
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variable summability power p(-) and in Morrey spaces LP® greatly increased in recent
years. Problems of approximation in these spaces have also begun to be studied and
basicity problems of the systems (1), (2) in L.y are studied in [29, 30], but basicity of the
classical system of exponents with linear phase in Morrey spaces are studied in [33, 34].
Note that study of basicity properties of the systems (1), (2) in weighted spaces Ly, , is
equivalent to the study of analogous properties of the systems (1), (2) with corresponding
degenerate coefficients in the spaces L. For this reason, it can be assumed that the study
of the basicity of trigonometric systems in weighted Lebesgue spaces takes its origin from
the paper of K.Babenko [18]. Later this area was developed in the works [14, 15, 16, 28,
31, 32, 35, 36]. The problem of basicity of the exponential system in the weighted space
Lpy, = Ly, (—m,m),1 < p < 400, is solved in the paper [37]. Such a condition is a
Muckenhaupt condition with respect to the weight function p (-):

(i fron) (el e

where sup is taken over all intervals I C [—7, 7] and |I| is the length of the interval I (see
e.g. [3]).

In the papers [2, 15] the system (2) is considered in the case when 3 (t) = ft, where
B € R is some real parameter and its basicity in L, ,, 1 < p < 400, is studied when p (-)
has the following form

T
p(t)= T It—txl**,
k=—r
where —m1=t_, <t_,1 <..<t,=m.
The class of weights, satisfying the condition (3), is denoted by A,. It is easy to see
that
peEA, e 1<y <p-1, k=—-rr.

It is additionally required in [2] that the condition a—, = «, holds, which means that
degeneration must be present at both ends of the segment [—7, 7]. This effect does not
take place in the paper [15].

In this paper the completeness of the exponential system

{ei (n-l-gsign n)t} (4)
nez ’
in the weighted space L,,,1 < p < 400, where 3 € C is a complex parameter, is
studied. Under certain conditions on the parameter § and the weight function p(-) , the
completeness of the system (4) is established in the space Ly, ,.

2. Preliminaries. Main lemma

Consider the following double system of exponents

{ei[(nwl)tﬂ]; o—il(k+B2)t+72] } 7
’VLEZ+ ;kJEN
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where B = Refr + iImpBx, v = Re~yp + ilm~y,, k = 1,2, are complex parameters,
Zy ={0}UN. We assume that the weight function p () is of the following power form

.
p(t)=II It—tl*,

k=—r

where —m =t_, <t_,11 < ... <tr=0< ... <t =m, {ak}k:_@—; C R are some
numbers. We consider the weighted space Ly ,, 1 <p < 400, with the norm |||, :

11, = ( [ rorew dt) "

—T

It is easy to see that basicity properties of the system (5) in Ly, , are equivalent to basicity
properties of the system

{ei(n+51)t; e*i(k+52)t} (6)

n€ZykeN’

in Ly, ,. We put g (t) = e2(P2=B1t Tt is evident that 35 > 0
0<0<|gt) <6 < +oo, VteE [—m,7].

Multiplying the system (6) to the function g (¢), we immediately obtain from here that the
basicity properties of the system (6) on L, , are equivalent to the basicity properties of
the system (4) on Ly, ,, B = 1 + 2. Thus, the study of basicity properties of the system
(5) on Ly, is reduced to the investigation of corresponding properties with respect to the
system (4) on L, ,.

Let 8 € C be some complex number. We will assume throughout the paper that
(1+2)? is some fixed branch of multivalued analytic function (1 + z)” on the complex
plane with the cut along the semiline (—oo,—1) C R on the real axis and take

B 1
(1+2) T

Analogously, we define a branch z” of a multivalued function z° on C' with the cut
along (—00,0) C R and 27% = Z%.
We will essentially use the following main lemma in the proof of main results.

Lemma 1. [38] Let Refs > —1. Then the following Cauchy integral formulas hold

T e—i(B+m)0 (] 4 i0)P
T (2) 1/ - (+<7) daz{o’ 2l <1,

m 27 ) e? — 2 e (I C P
ek [ (0 o
m )= o o et — z Tl +2)P, |2 <1,
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Consider the following system of functions

B . .
0 (1) = S5 (L+ et Sn_gCngFe ™, ne Zy;

B . .
O, (1) = — 45— Z;t (1+ e”)’B >y C’Tgke’kt, m € N;
where
ok _2r=1)..(v=k+1)
- k! ’
is a binomial coefficient. Accordingly, we denote
el (t) = e(mt2)t ne 7, e, (t) = e (5 ke N.

Assume that Re > —1. The expansion in powers of z of the function (1+ 2)™° JF (2)
that is analytic on |z|] < 1 is

A+ 2P0 (2 = 3 afims”,
n=0

where -

al :/ ei<m+§)t19$ (t)dt.

-7

On the other hand, it follows from Lemma 1 that
(14+2)P Tt (2)=2™, |2 < 1.

Comparing the corresponding coefficients, we arrive at the following equalities

/ et ()03 () dt = S, Ynym € 7.

—T

Expanding the function (1 + z)_ﬁ Jt () at infinity in powers of 27!, we obtain

o
(142 T (2) =Y brwz ™ |2l > 1,
n=1
where
+ " i(m+2)t,9—
bpim = e 2", (t)dt, me Zy, neN.
—T
It is easy to see that

lim (1+2)2JF () =o0.

|z]—o0

On the other hand, again, as follows from Lemma 1, we have

(142)7P 0t @) =0, |z|>1.
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These two expansions imply

/ (M8t~ (1) dt =0, V¥me Z,, Vne N,

—T

The relations -
Jorem (1)
™ —
f—ﬂ" em
can be proved analogously.
As a result, we obtain the validity of the following statement.

(t)dt =0, me N, ne Zy;
(t)dt = 0pm, VYn,meN

+
n
n

Proposition 1. Let Re > —1. Then for all admissible values of indices n and m the
following relations

/7r e (t) 0% (t) dt = G, /7r el (t) 07 (t)dt =0,

hold.

Define the following system of functions

3. Completeness in L, ,

The following lemma on the uniform convergence plays an important role in the study
of the completeness of the exponential system (4) in Ly ,.

Lemma 2. Let —1 < Refs < 0, or B = 0. If ¥ (-) is an arbitrary Hlder function on
[, 7] : B (=) = o (1) = 0, then the series

o x
datel )+ aye, (b)),
n=0 n=1

uniformly converges to v () on [—m, 7], where aif = [T 4 (t) ki (t) p (t) dt.

Proof. Consider the following conjugate problem: find a piecewise analytic function
F (z) inside and outside of the unit circle, which the boundary values on the unit circle
satisfy the following condition

FT(e") + e PE (e") = e_’gtq/} (t), te(—m,m]. (7)

We will solve this problem by the method developed in the monograph F.D. Gakhov [1]
(see page 427). Consider the following multi-valued analytic function in the complex plane

w(z)=(z+1)".
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We carry out cut on the plane z from zero to infinity (—oo) along the negative real axis.
On the plane that have cut in this way, this function will be unique and the incision for it
will be line of the rupture . Denote this branch by

wor () = (2 4 17,

Let us define )
V=5 Ine 2" = Rey = —Ref.
i

A solution of problem (7) is the following Cauchy type integral
Fr(z)=(z+ 11 X]" (2) U7 (2),

z+1
z

Fe= () e,

where
X1 (z) =exp[l'(2)],

I'(z) = 1 /L In[777G (arg T)]d,]_’

211 T—2Z

v (z)

)

_ 1 (D) e(argT)
27Ti/L X (1) (1= 2) I

G(t) = p(t) = ey (1),

L— is a unit circle, which goes around from the point e ™" to the point '™ in the positive
direction.

The fact that F' (z) satisfies the boundary condition (7), follows directly from the Sokhotskii-
Plemelj formulas. Let 0 < Rey < 1. It is clear that the function G (t) satisfies the
Holder condition on the interval [—m, 7]. Moreover, it is easy to verify that the function
777G (arg T) is continuous at a point 7 = —1, and as a result it satisfies a certain Holder
condition on the unit circle. Then according to the results of the monograph F.D.Gakhov
[1] (see page 55) the function X (7) satisfies the Holder condition on L. Denote

o= {emctsie[n-3]).
z=e t e s 5

iy YlargT)
¥ (T)_X+(7-)7-§’

Assume
7€ L.

Let [(z+1)77] " be a branch, holomorphic function (z + 1)~ in the cut along a plane
L_ that takes values (¢t + 1)_] on the left side L_,. So

[(t+ 1)_7]* =@t+1)JonLl,={z=¢€":te[Z |},
then using the results from the monograph of [1] (see page 74), the function W (z) near
the point z = —1 on the contour L can be represented as
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e

\Il(t):[ gp*(—1+0)—0t927 @*(—1—0)]1+<I>(t), for t € Ly; (8)

2i sinym i [(t+ 1))

efi'yrr .
s 1

+®(t), forte L,
(9)

where under [(t+1)77]" we mean the limit of the function [(z +1)7"]", when z tends to
t on the left of L_,|J L, and moreover

¥ (0= [“90T (-1+0) -

o ()= 2

= W7 Y < Ren, (10)

and the function ®* (¢) belongs to the Holder class at the neighborhood of the point
z=—1

Applying the Sokhotskii-Plemelj formula from these representations near the point
z = —1 we have

Fr(t) = (t+ 1), X[ (1) B (t+1)77¢" (t)+271m,/L <7+§§(f<)¢_t>df] _ X+ ) B@* 0+
srse? (140 = G 10 s X R0,

Passing to the limit as t — —1 — 0, and taking into account the relation (10), we obtain

1 enr ctgy
Fr(=1-0)=X;(-1) |=¢" (=1 =0) + ——— ¢* (=1 +0) — (=1-0)| =
(100 = X} (1) 3" (1= 0+ 25 (140 - T (-1 - 0)
N ei'yﬂ e*i’Y“
=X (-1) |=————¢* (-1 40) — ———— * (-1 -0)|.
1 )[2isinfy7r<p( +0) 2isin'y7r80( )}

Similarly, from the expressions (8) and (9) we obtain

1 ctgym —oT
FH(=140) = X (=1) | =" (—1 (1 40) = o (—1—0)| =
(-140) = X (1) | 3¢ (14 0+ T (14 0) - 55T (-1 -0)]
X0 [ 10— el -0
= 1(‘)[2isiwr¢(—+)—2isiwr<ﬂ(——)}

Thus, F* (-1 —-0) = F*(=1+40), i.e. F*(t) is continuous at the point z = —1, and as
a result, it satisfies a certain Holder condition on L. Expanding F'* (2) on z at zero, we
obtain

oo
FT(z) = Zaf{z",
n=0
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where

oi= [ vOR 00 ez,

We have

L Ft(z)z"ldz = {

2mi |z|=r<1

at, n>0,
0, n<O.

Passing to the limit as » — 1 — 0, hence we get
1 7 , - ar, n>0
- + (it ,—int — no — Yy
27T/WF (%) et {0, n < 0.

As, the function F'* (eit) satisfies Holder condition on L, then its Fourier series on classical
system of exponents {emt}n ez uniformly converges to it on [—m, 7], and consequently

o
FT(e") = Za;{emt, te[—mml.
n=0

Now, we investigate the boundary properties of the function F~ (z). Similarly to the
case F'T (z), using the representation (8) - (10), and the Sohotskogo- Plemelj formula, we
obtain

Fr@)=t-] A+ 1)1 Xy (¥ () =t (L+1)1 X7 (¢)

1 _ e’ ctgym _
——o* () (1+t)_7 — " (-1 — (-1 - 1+8) 7 +®(¢ } =
{3 0a0q+ |55 e 140 - M -0 a4 e

o *(t) e ctgy
— x|~ 2L “(~140) — (-1 1+14)7, ()]
|- S 0 - T 1m0+ (e, 0 )
Passing to the limit as ¢t — 1 — 0, we have
3 » _ 90* (_1 o 0) ei’yw . YT .
F(—1-0)=e "X (~1) |- 140) - " (—-1-0)| =
( )=e 1 )[ 2 +2isin’y7r(p (=1+0) 21 sinfwrgo ( )
X (1) [t (L1 40) " (1 0)] =0
= e — _— — — — — = .
! 2 sinym 4 v
- — pr(=1+0) e ctgym
F (=140 =e""X; (-1) |- —-140)— —-1-0
(10 = ey (- [~ g - T 1)

P ctgym o %
=X (-1) 57 " (=1+0) —¢" (=1 -0)] =0.

Thus, F~ (-1 —-0) = F~ (-=1+0) = 0, and as a result, F'~ () satisfies Holder condition
on L. Similarly to the case F'* (t) , it is proved that the series

00

— _—int
E a, € ,
n=1
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uniformly converges to F~ (¢) on [—m,@]. Then from the boundary condition (7) it
follows that the biorthogonal series

o0 o0
D atel )+ aye, (t),
n=0 n=1

uniformly converges to ¢ (t) on [—7, 7]. <

Using the representation (8), (9) and the expression of the functions F'* () we establish
the validity of the following lemma.

Lemma 3. Let 0 < Ref3 < 1 and ¢ (-) be an arbitrary Holder function on [—m,7]. Then

the series
o0 (oo}
afel )+ aye, (b),
n=0 n=1

where i
ay = [ @) hy (&) p(t)dt,

—T

uniformly converges to 1 (-) on every compact G C (—m,7), and if ‘1 + e"trReﬁ €Ly,
converges to it in Ly ,, and the following inequality holds

—1<04k<‘13, k=—-7T. (11)
q

Indeed, the first part follows from the fact that in this case the functions F'* (eit)
are Holder functions on each compact G C (—m, 7). And under fulfilling the inequality
(11) the system of exponents {emt}n ¢y forms a basis for Ly, and from the inclusion
|1+ eit‘_ReB € Ly pfollows that F* (e) € Ly ,.

The following theorem follows directly from this lemma.

Theorem 1. Let p € Ly and the parameter B satisfy one of the following conditions:
i)~Rep € Upy (k,k + 1);
i) —B € Zs;
i11) ‘1 + eitrReﬁ € Ly, and the following inequalities hold
—1<ar< Q,k‘: —7,T.
q

Then the system (4) is complete in Ly, ,, for Vp > 1, if p € Ly.

Indeed, let us consider the case 1), the case i1) proves similarly. Let, for example,
—Ref € (1,2),ie. =2 < Reff < —1 = Refl <0, where = 5+ 1. Consider the system

{ez‘(n+§)t; e—z‘(n+§)t}

N (12)
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Presenting this system in the form of

{ez’(n—1+1+§)t; e—i(n+§)t}

neN ’

t

i

and multiplying it by e *2", we get the following system

ey,

where 3 = 8+ 1, as a result, as it follows from Lemma 2, the corresponding biorthogonal
series of an arbitrary Holder function f € C[—a,n] : f(—m) = f(x) = 0 uniformly
converges to it on [—m,7]. Denote the partial sums of this series by S, (f), m € N.
Consequently

15 =S Dl = [ 150 =S () OF p(0)dt <

g/ﬂp(t)dtmax £ (8) = S (F) (DI — 0, m — 0.

—r [—m,7]

Since the set of such functions is dense in L, ,, hence, we obtain the completeness of the
system (13), and at the same time of the system (12) in L, ,. From the completeness of
the system (12) follows the completeness of the system (4) in L, ,. The remaining cases
are proved by mathematical induction. Case iii) directly follows from the Lemma 3.
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A Remark on the Levelling Algorithm for the Approxi-
mation by Sums of Two Compositions

A.Kh. Asgarova, V.E. Ismailov*

Abstract. Let X be compact subset of the d-dimensional Euclidean space and C(X) be the space
of continuous functions on X. In [6], the second author, under suitable conditions, showed that
the Diliberto-Straus levelling algorithm holds for a subspace of C(X) consisting of sums of two
compositions. In the proof, he substantially used the theory of bolts and bolt functionals. In
the current paper, we prove the result differently, by implementing Golomb’s and also Light and
Cheney’s ideas.

Key Words and Phrases: uniform approximation, levelling algorithm, best approximation op-

erator, central proximity map.
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1. Introduction

Assume F is a Banach space and X and Y are closed subspaces of E. In addition, as-
sume A and B are best approximation operators acting from E onto X and Y respectively.
There are many papers devoted to methods of computing the distance to a given element
z € F from X 4+ Y. In this paper, we consider a method called the levelling algorithm.
This method can be described as follows: Starting with z; = z compute zo = 21 — Az,
23 = 29 — Bz, 24 = z3 — Az, and so forth. Obviously, z — z, € X + Y and the sequence
{l|zn ||} is nonincreasing. J. von Neumann [17] was the first to prove that in Hilbert
space setting the sequence {||z,||}5°; converges to the error of approximation from X +Y.
But for other Banach spaces, the convergence of the algorithm depends on certain addi-
tional conditions. The general result of Golomb [5] (see also Light and Cheney [13, p.57])
states that in the above Banach space setting the sequence {||zy||}52; converges in norm
to the error of approximation from X + Y provided that the sum X + Y is closed and the
equalities

|z = Az 42| = |z — Az —z||, ||z = Bz+yl =|lz— Bz —yl, (1)

hold for all z € E, x € X and y € Y. Note that best approximation operators with the
property (1) are called central proximity maps (see [13]).

*Corresponding author.
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In 1951, Diliberto and Straus [3] considered the levelling algorithm in the space of
continuous functions. They proved that for the problem of uniform approximation of
a bivariate function defined on a unit square by sums of univariate functions, the se-
quence produced by the levelling algorithm converges to the desired quantity. In this
paper, we generalize Diliberto-Straus’s result to linear superpositions consisting of two
summands. More precisely, we consider the levelling algorithm in the problem of ap-
proximating from the set of sums of superpositions, which contains functions of the form
f(s(z))+g(p(x)),where s(x) and p(z) are fixed continuous mappings and f and g are vari-
able univariate continuous functions on the images of s and p, respectively. Under suitable
assumptions, we prove that the sequence produced by the levelling algorithm converges
to the error of approximation. It should be noted that using the idea of bolts (for this
terminology see [2, 4, 7, 9, 10, 11, 12]) and methods of Functional Analysis, the second
author [6] proved the convergence of the algorithm in the setting considered in this paper.
The method of the proof presented here is different and quite short. It is mainly based on
the above result of Golomb [5] and ideas of Light and Cheney [13].

2. Levelling algorithm for the sum of two compositions

Let @ be a compact subset of the space R?. Fix two continuous maps s : Q — R,
p:  — R and consider the following spaces

Dy = {f(s(x)): feCR)},
Dy = {g(p(z)): g€ C(R)},
D = D+ Ds.

Note that the space D, in particular cases, turn into sums of univariate functions,
sums of two ridge functions, sums of two radial functions, etc. The literature abounds
with the use of ridge functions (see, e.g., [2, 7, 8, 15, 18, 20]) and radial functions (see, e.g.,
[4, 14, 16] and a great deal of references therein). Ridge functions and radial functions are
defined as multivariate functions of the form g(a-x) and g(||x — al|) respectively, where
a € R? is a fixed vector, x € R? is the variable, a - x is the usual inner product, |- is the
norm induced by this inner product and ¢ is a univariate function.

We are going to deal with the problem of approximating a continuous function h :
@ — R using functions from the space D. By s(Q) and p(Q) we will denote the images of
@ under the mappings s and p respectively. Define the following operators

1
F:C(Q) — D1, (Fh)(a)= 5 | max h(z) + ?618 h(z) |, forallac€ s(Q),
s(z)=a s(z)=a

and

¢ CQ) D, (GW)(B) = 1 | max h(x) + min h(x) |, for all be p(@).
po=b  p)=b
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In the sequel, we need that the above max and min functions be continuous. For this
reason, we will chose the functions s(z) and p(z) from the certain class of functions defined
below.

Definition 1. We say that a function f € C(Q) belongs to the class M(Q), if for any
two points x and y with f(x) = f(y) and any sequence {x,}5°; tending to x, there exist a
sequence {yi}72, tending to y and a subsequence {xy, }7°, such that f(yi) = f(xn,), for
alk=1,2, ..

Note that the class M(Q) strictly depends on the considered set ). That is, a contin-
uous function f : @ — R may be in M(Q), but for many subsets P C @, it may happen
that the restriction of f to P is not in M(P). For example, let K be the unit square in
R? and K7 = [0,1] x [0, 3] U [0, 4] x [0,1]. Clearly, the coordinate function f(z,y) = =z is
in M(K), but not in M(K}). Indeed, for the sequence {(3 + 57, 3)}o2; C K1, which
tends to (3, 3), we cannot find a sequence {(zy,yx)}3>; C K tending to (3,1) such that
{21 }5°, is a subsequence of {3 + %H}%ozl.

Let f be a fixed continuous function on a compact set Q@ C R%. For each continuous
function h : ) — R consider the following max and min functions

r(a) = max h(z) and u(a) = min h(z), a € f(Q). (2)
fae)ga fch)ga

When these functions inherit continuity properties of the given f? It turns out that if
f € M(Q), then the functions in (2) are continuous for all h € C(Q).

Lemma 1. Let Q be a compact set in R? and f € M(Q). Then the functions r(a) and
u(a) are continuous for each function h € C(Q).

Proof. Suppose the contrary. Suppose that f € M(Q), but one of the functions r(a)
and u(a) is not continuous. Without loss of generality we may assume that r(a) is not
continuous on the image of f. Let r(a) be discontinuous at a point ag € f(Q). Then there
exists a number ¢ > 0 and a sequence {a,}>>; C f(Q) tending to ag, such that

r(an) = r(ao)| > ¢, (3)

for all n = 1,2, .... Since the function A is continuous on (), there exist points z; € @,
k=0,1,2,..., such that h(zy) = r(ax), f(zx) = ak, for k =0,1,2,.... Thus the inequality
(3) can be written as

[h(xn) = h(z0)| > &, (4)

foralln = 1,2, .... Since @ is compact, the sequence {x,, }°2 ; has a converging subsequence.
Without loss of generality assume that {z,}22 itself converges to a point yo € Q. Then
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f(xn) = f(yo), as n — oo. But by the assumption, we also have f(x,) — f(zo), as
n — oo. Therefore, f(yo) = f(zo) = ap. Note that xy and yo cannot be the same point,
for the equality o = yo violates the condition (4). By the definition of the class M(Q),
we must have a subsequence z,, — yo and a sequence 2z — xo such that

f(xnk) = f(2k),

for all k =1,2,.... Since f(xy,) = an,, k =1,2,..., and on each level set {x € Q : f(x) =
an, }, the function h takes its maximum value at z,, , we obtain that

h(ze) < h(zn,), kb =1,2, ...

Taking the limit in the last inequality as k£ — oo, gives us the new inequality

h(zg) < h(yo)- (5)

Recall that on the level set {z € Q : f(x) = ap}, the function h takes its maximum
at z9. Thus from (5) we conclude that h(xo) = h(yo). This last equality contradicts the
choice of the positive ¢ in (4), since h(x,) — h(yo), as n — oo. Hence the function r is
continuous on f(Q). By the same way one can prove that u is continuous on f(Q). <

The following theorem plays a key role in the proof of our main result (Theorem 2).

Theorem 1. Let the continuous mappings s : Q — R, p: Q@ — R be in the class M(Q).
Then the operators F' and G are best approximation operators onto the spaces D1 and Do
respectively, both enjoying the properties of centrality and non-expansiveness.

Proof. We prove this theorem for the operator F. A proof for G can be carried out by
the same way.

Clearly, on the level set s(z) = a, the constant (Fh)(a) is a best approximation to
h, among all constants. Varying over a € s(Q), we obtain a best approximating function
Fh:s(Q) — R, which is, due to Lemma 1, in the space Dj.

Now let us prove that the operator F' is central. In other words, we must prove that
for any functions h(x) € C(Q) and f(s(z)) € Dy,

|h = Fh— fl| = |[h—Fh+ f]. (6)
Put u = h — Fh. There exists a point zg € (Q such that

lu+ fIl = |u(zo) + f(s(z0))]-

First assume that |u(zo) + f(s(zo))| = w(zo)+ f(s(zo)). Note that F'u = 0. This means
that

— — mi , for all a € s(Q). 7
r;leaéc u(z) ggg u(z), for all a € s(Q) (7)

s(z)=a s(z)=a
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Let

min u(z) = u(z1). (8)
s(z)=s(z0)

From (7) and (8) it follows that

—u(z1) > u(xg).

Taking the last inequality and the equality s(x1) = s(xg) into account we may write

lu=fll = f(s(z1)) —u(z1) = f(s(x0)) + ulo) = [lu+ f]- (9)

Changing in (9) the function f to —f gives the reverse inequality |u + f]| > |u— f] .
Thus (6) holds.
Note that if |u(zg) + f(s(xo))| = —(u(zo) + f(s(x0))), then by replacing Eq (8) by

gle%{ u(z) = u(zr). (10)
s(z)=s(z0)

we will derive from (7) and (10) that w(z1) > —u(xo). This inequality is then used to
obtain the estimation

[u—fll = =(f(s(z1) — ul@1)) = —=(f(s(z0)) + ulzo)) = |lu+ [,

which in turn yields (6). The centrality has been proven.

Now we prove that the operator F'is non-expansive. First note that it is nondecreasing.
That is, if hi(z) < ha(z), then Fhy(s(z)) < Fha(s(x)) for all z € Q. Besides, F'(h+¢) =
Fh + ¢, for any real number c. Put ¢ = ||hy — hgl|. Then for any z € @, we can write

ho(x) —c < hi(x) < ho(x) 4+ ¢
and further
Fhy(s(z)) — ¢ < Fhy(s(x)) < Fha(s(x)) + c.
From the last inequality we obtain that
[Fhi(s(x)) — Fho(s(z))|| < ¢ = [lhy — ho| .
Thus we see that F' is non-expansive. <«
Consider the iteration

hi(z) = h(zx), hap = hapn—1 — Fhap—1, hont1 = hap — Ghop,n = 1,2, ...

Our main result is the following theorem.
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Theorem 2. Assume s,p € M(Q) and D is closed in C(Q). Then ||hy,|| converges to the
error of approzimation E(h).

Proof of Theorem 2 easily follows from Theorem 1 and the result of Golomb [5]: Let
FE be a Banach space and X and Y be closed subspaces of E. In addition, let the sum
X +Y be closed in E. If A and B are central proximity maps (see Introduction), then for
an element z € E the sequence produced by the levelling algorithm z; = 2z, 20 = 21 — Az,
23 = 29 — Bz, 24 = 23 — Azs, ..., converges in norm to the distance dist(z, X +Y).

Remark 1. Theorem 2 in a more general form involving any compact Hausdorff space
X and closed subalgebras of C'(X) will appear in [1].

Remark 2. A version of Theorem 2 was proved by the second author differently in
[6]. He did not consider the classes M(Q) and assumed directly that the functions r(a)
and u(a) are continuous for each function h € C(Q).

Remark 3. We do not yet know if the Diliberto and Straus algorithm converges
without the closedness assumption on the subspace D. Note that this problem was posed
in various settings in several works (see, e.g., [18, 19, 20]).

References

[1] A.Kh. Asgarova, V.E. Ismailov, On the Diliberto-Straus algorithm for the uniform
approximation by a sum of two algebras, Proc. Indian Acad. Sci. Math. Sci. (to

appear).

[2] D. Braess, A. Pinkus, Interpolation by ridge functions, J. Approx. Theory, 73, 1993,
218-236.

[3] S.P. Diliberto, E.G. Straus, On the approzimation of a function of several variables
by the sum of functions of fewer variables, Pacific J. Math., 1, 1951, 195-210.

[4] N. Dyn, W.A. Light, E:W. Cheney, Interpolation by piecewise-linear radial basis
functions, J. Approx. Theory, 59, 1989, 202-223.

[5] M. Golomb, Approxzimation by functions of fewer variables, On numerical approx-
imation. Proceedings of a Symposium. Madison 1959. Edited by R.E.Langer. The
University of Wisconsin Press, 275-327.

[6] V.E. Ismailov, Alternating algorithm for the approximation by sums of two compo-
sitions and ridge functions, Proc. IMM NAS of Azerbaijan, 41(1), 2015, 146-152.

[7] V.E. Ismailov, A. Pinkus, Interpolation on lines by ridge functions, J. Approx. The-
ory, 175 (2013), 91-113.

[8] V.E. Ismailov, A review of some results on ridge function approximation, Azerb. J.
Math., 3(1), 2013, 3-51.



36 A Kh. Asgarova, V.E. Ismailov

[9] V.E. Ismailov, A note on the representation of continuous functions by linear super-
positions, Expositiones Mathematicae, 30, 2012, 96-101.

[10] V.E. Ismailov, On the representation by linear superpositions, J. Approx. Theory,
151, 2008, 113-125.

[11] S.Ya. Khavinson, Best approximation by linear superpositions (approximate nomog-
raphy), Translated from the Russian manuscript by D. Khavinson. Translations of
Mathematical Monographs, 159. American Mathematical Society, Providence, RI,
1997, 175 p.

[12] W.A. Light, E-W. Cheney, On the approzimation of a bivariate function by the sum
of univariate functions, J. Approx. Theory, 29, 1980, 305-322.

[13] W.A. Light, E.-W. Cheney, Approzimation theory in tensor product spaces, Lecture
Notes in Mathematics, 1169. Springer-Verlag, Berlin, 1985, 157 pp.

[14] W.A. Light, Some aspects of radial basis function approrimation, Approximation
theory, spline functions and applications, NATO ASI Series, 356, 1992, 163-190.

[15] V.E. Maiorov, On best approximation by ridge functions, J. Approx. Theory, 99,
1999, 68-94.

[16] V.E. Maiorov, On best approximation of classes by radial functions, J. Approx. The-
ory, 120, 2003, 36-70.

[17] J. von Neumann, Functional Operators. II. The Geometry of Orthogonal Spaces.
Princeton University Press, 1950, 107 pp. (This is a reprint of mimeographed lecture
notes first distributed in 1933).

[18] A. Pinkus, Ridge Functions, Cambridge Tracts in Mathematics, 205. Cambridge
University Press, Cambridge, 2015, 218 pp.

[19] A. Pinkus, The alternating algorithm in a uniformly conver and uniformly smooth
Banach space, J. Math. Anal. Appl., 421, 2015, 747-753.

[20] A. Pinkus, Approxzimating by ridge functions, in: Surface Fitting and Multiresolution
Methods, (A.Le Méhauté, C.Rabut and L.L.Schumaker, eds), Vanderbilt Univ.Press
(Nashville), 1997, 279-292.

Aida Kh. Asgarova
Institute of Mathematics and Mechanics of NAS of Azerbaijan, Az1141, Baku, Azerbaijan
E-mail: aidaasgarova@gmail.com

Vugar E. Ismailov
Institute of Mathematics and Mechanics of NAS of Azerbaijan, Az1141, Baku, Azerbaijan
E-mail: vugaris@mail.ru

Received 12 October 2015
Accepted 5 April 2016



Caspian Journal of Applied Mathematics, Ecology and Economics
V. 4, No 1, 2016, July
ISSN  1560-4055

On the Equivalence of Completeness of a System of Pow-
ers and Trivial Solvability of Homogeneous Riemann Prob-

lem

T.Z. Garayev*, A. Jabrailova

Abstract. Double system of powers with degenerate coefficients is considered in this work. Some
weighted Smirnov classes are introduced and conjugation problem for them is formulated. Equiva-
lence of the completeness of a double system of powers in a weighted Lebesgue space and the trivial
solvability of the corresponding homogeneous conjugation problem in weighted Smirnov classes is
proved.
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1. Introduction

Consider the following system of powers:
{ATM " ()" () A~ (w )" (1)},50- (1)

where A% (1) = |AT (t)] i@ (® and ¢ (t) are complex-valued functions on the interval [a, b]
with the degenerate coefficients w® (-):

BE

I

e
wE ) =[]t -t
=1

where {tli} C (a,b), {Bli} C R are some sets (R is the real axis).

Very special cases of the system (1) arise when considering spectral problems of the the-
ory of differential operators. As a typical example, we can mention so-called Kostyuchenko
system {ei“"t sin nt}n>1, where a € C' is a complex parameter (C' is the complex plane).
Many researches have been dedicated to the basis properties of this system (see, e.g., [1-6]).
Final results on the basis properties of this system (completeness, minimality, basicity)

*Corresponding author.
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have been obtained in [5]. Theoretical foundations for the study of basis properties of
the systems like (1) have been laid by J.L. Walsh [7]. [8] and [9] also treated the above
mentioned problems. A special case of the system (1) with ¢ (t) = e was considered in
[10,11], where basicity criteria for the exponential system with degenerate coefficients in
L, have been obtained.

In the present work, we study the completeness of the system (1) in the weighted space

Ly,,=L,,(a,b), 1<p<4oo, with the weight p : [a, b] = (0, +00).

2. Needful Information

Before stating our main result, we make the following assumptions.
1) |[A% (t)|;|¢' (t)| are measurable on (a,b) and the following condition holds:

supvmi{ |A* (t)‘il J|A” (t)|jEl |’ (t)|i1} < +00.
(a,b)

2) I' = p{[a,b]} is a simple closed (¢ (a) = ¢ (b)) rectifiable Jordan curve. I is either a
Radon curve (i.e. the angle 6y (¢ (t)) between the tangent line to I" at the point ¢ = ¢ (t)
and the real axis is a function of bounded variation on [a,b]), or a piecewise Lyapunov
curve.

For definiteness, we will assume that when the point ¢ = ¢ (¢) runs across the curve
I" as t increases, the internal domain ntI" stays on the left side.

To state our theorem, we have to introduce weighted Smirnov classes of analytic func-
tions.

Let D = intT', and E; (D) be a usual Smirnov class of analytic functions in D. Let w (7)
be some weight function onI' and Ly, (I') be a weighted Lebesgue class of p-summable

functions onI":
def

Lo {1+ [17 1) ] <400},

By f* (1) we denote the non-tangential boundary values of the function f (z) € Fy (D).

Introduce
def

Epw (D)= {fe€E(D): fT(r)€ Ly, (T)}.

Let’s consider the following conjugation problem in the classes Ey+ ,+ (D):

Fr(n)+G(r)F (r)=g(r), T€T, (2)
whereF; (7) is a complex conjugation, g (7) € Ly, (I') is some function, and G (7) is a
given function. g (7) and G (7) are called the free term and the coefficient of the problem
(2), respectively. By the solution of the problem (2) we mean a pair of analytic functions
F1 (2) and F (2) in D, which belong to the classes E,+ ,+ (D) and E,- ,- (D), respectively,
and whose boundary values F;" (1) and F, (7) satisfy the equality (2) almost everywhere
on I
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Further, denote by ¢ = 1 (¢) the inverse of the function ¢ = ¢ (t) defined on
M {¢(a) = (b)}. The point 9 = ¢ (a) = ¢ (b) is considered as two different “stuck-
together” endpoints ¢f = ¢ (a) and ¢, = ¢ (b). Then, it is quite natural to assume that

U (pg) = aand ¢ (o) =0
3. t-Besselian systems
Consider the following homogeneous conjugation problem:
Fr(r)-G (T)ﬁ =0 ae. onT, (3)
where the coefficient G (7) is defined by the formula

G- A W)W (W (0) 7 (1 ()
A= (W (@) w (b () @ (0 (9)

The following theorem is true.

Theorem 1. Let p : [a,b] — (0,400) be some weight function, the coefficients AT (t)
satisfy the conditions 1), 2,) and w* € L, ,(a,b), where p € (1,+00) is some number.
Then the system (1) is complete in L, ,(a,b) only when the homogeneous conjugation

problem (3) has only the trivial solution in the classes E, ,+ (D), % + % =1, where

p= () = |w= W ()] o' (W (), €.

Proof. The completeness of the system (1) in Ly, (a,b) is equivalent to saying that
every function f (t) € Lg, (a,b), ]l) + % =1, is equal to zero almost everywhere with

Jy AT (Ot (09" (1) £ (0 p(t) de =0, n
JPAT (W) ()@ () F(t) p(t)dt =0, n > 0.

From the first of (4) we have

b
/ A (5w () F (1) o™ () p () dt = / A (4 () w* (6 () %

a N

xF (@ (@) [¢ @ ()] 2 (9) p dp = /rFl () ¢"dp = 0, (5)

where
Fi(p)=A" (W (@) w @ (@) [¢ @ @)] T F@ @) p ().

It is not difficult to conclude from the conditions of the theorem that Fj (¢) € L (T).
Then, due to the results of [12], the equalities (5) are equivalent to the existence of the
function Fy € Ey (D) such that Fif (¢) = Fy () a.e. on T,

It is not difficult to see that Fy (¢) € L, ,+ ('), where p* = |w™|™? p'~7. Consequently,
by definition, the function F} (z) belongs to the class E, ,+ (D).
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Similarly, from the second of (4) we have

where

Fa () = A= (@ (@) @ @) [¢' @ )] (@ @) p (@ ().
Proceeding as above, we arrive at the conclusion that there exists the function Fj (z) €
E; (D) such that Fy (p) = Fa (¢) a.e. on I, where Fy () is a non-tangential boundary
value of Fy(z) on I'. From F(p) € L, ,- (), p~ = |w™| ?p'79, it follows that the
function F3 (z) belongs to the class E, ,- (D). Expressmg the function f (¢) in terms of
Fi (¢) and F5 (¢), we have

Ff (0) =G (@) Fy (), p €T,

where

Glp) = AT (@ () w' (¢ () ¢ (¥ ()
A= (P (p))w™ (W () ¢ (¥ ()

Thus, if the system (1) is not complete in L, , (a, b), then the homogeneous conjugation
problem (3) is non-trivially solvable in the classes E, ,+ (D).
Now suppose to the contrary that the problem (3) is non-trivially solvable in the classes

E, ,+ (D). From the definition of the classes E, ,+ (D) and from F; (z) € Ey(D), i =1,2,

it follows that
/ Et (p) ¢"dp = 0,n > 0.
r

Taking into account the expression for the function G (1), we have

Fi" (9)¢' (¥ (¢)) _ Fy (9)¢' (¢ (¢))
AT (W (@) wt (@)W (p)  A™ @ (p)w™ (P () p

Denoting the last expression by f (), we obtain

(¥ (9)

Similarly we have
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From the conditions of the theorem, by the definition of the classes E), ,+ (D) it follows
that the function f (¢ (t)) belongs to the space L, (a,b). It is absolutely clear that this
function is different from zero. Then, the previous relations imply that the system (1) is
not complete in Ly, , (a,b). <

Remark 1. One of the results obtained by Smirnov implies that if the domain D belongs to
the Smirnov class and p* =1, p > 1, then the definition of the classes E, ,+ is equivalent
to the classical definition for the classes Ey.

1]
2]

3]
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[12]
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Azerbaijan in the Context of the Consumer Confidence
Index

L. Mammadova, N. Samigulina*

Abstract. An article analyses the Consumer Confidence Index that is observed in the context of
Azerbaijan economy. It has been studied the connection between the changes in oil prices (Azeri
Light) and the Index value.

Key Words and Phrases: the consumer confidence index, Azerbaijan economy, regression equa-
tion, time-series analysis, trend, forecast, Azeri light, oil prices.

The Consumer Confidence Index as an economic indicator shows the degree of op-
timism for the current period which can be computed using a certain methodology of
measurement the consumer’s activities on saving and spending [1]. There are three well-
known methodologies — of Michigan University, ABC News/Money Magazine and The
Conference Board. We will figure out the most common features of these indices.

The Consumer Confidence Index provides information about stages of economic cycles,
the inflection points which show the change to the positive or negative trend. It’s a very
sensitive index, which can predict the upcoming recession on a very early stage. In theory,
if the country is on stage of economic growth, the level of consumption increases, as
the consumers spend more money and even buy elastic goods such as luxury goods etc.
This feature found realization in index: because the consumers are optimistic, they spend
more, and have positive expectations about economy, what has the direct connection to
the index. And vice-versa, if there is a certain tension in economy, when, for example,
the exchange rate of national currency dropped, or the world economic crisis occurred, or
the prices for the goods started growing — this all influences the consumers’ spirits and
they start saving more than consume, and if they face the choice, whether to buy or not
to buy a certain thing which may seem important, they would rather prefer to postpone
this type of purchase, and keep these money as savings. This influences the index, which
changes the dynamics from positive to the negative.

It’s interesting to find a relation of this index not only to the economic growth, but
also to other indicators. It can be a GDP value, unemployment level, the inflation rate.

In our study we took a model of connection between Azeri Light oil prices and the
Index itself for Azerbaijan. We have the following data by the end of the month for

*Corresponding author.
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Azeri Light oil prices (USD/barrel): September 2013 —112,22 [2]; March, 2014 -109,64%

[3]; September 2014 — 97,483 [4]; December 2014 — 61,41$ [5]; 57,27% in March, 2015 [9],

50,06% in September, 2015 [10], 38,23% in December 2015 [11], 41,41$ in March 2016 [12].
Let’s put the data we have in table form:

Periods Month, year Azeri Light Price,
$/barrel

1 September 2013 112,22

2 March 2014 109,64

3 September 2014 97,48

4 December 2014 61,41

5 March 2015 57,27

6 September 2015 50,06

7 December 2015 38,23

8 March 2016 41,41

We have the following values of Index for Azerbaijan: for September 2013 and March
2014 - 25,85 units respectively, and 26,35 [6, p.17]; for September 2014 - 25 [7, p.16]. For
December 2014 - 23.8 [8, p.10]. The data in table form will be represented as:

t, period Month, year Consumer Confidence
Index

1 September 2013 25,85

2 March 2014 26,35

3 September 2014 25

4 December 2014 23,8

Let’s try to build a time-series regression model (which is close to the simple linear
regression model):

Yt = 507ﬁlzt>ut7t = 17”7

where y; denotes Consumer Confidence Index, z;-the price for Azeri Light crude oil; u; is
a disturbance (error term); Sy, 41 are model parameters.
Let’s build a table using the data we have for 4 periods (¢t = 1,4):

t 2t Yt

1 112,22 25,85
2 109,64 26,35
3 97,48 25

4 61,41 23,8

Now we will use the data we have to obtain OLS estimators. So, we need the following
auxiliary table:
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t 2t Yt z: y? Yt * 2

1 112,22 25,85 12593,33 | 668,2225 | 2900,887
2 109,64 26,35 12020,93 | 694,3225 | 2889,014
3 97,48 25 9502,35 625 2437

4 61,41 23,8 3771,188 | 566,44 | 1461,558
Sum 380,75 101 37887,8 2553,985 | 9688,459

First, let’s calculate the correlation coefficient and check, whether the data we have,
can be approximated by the simple linear regression. The formula looks like this:

ny xy— Ty .
VI a2 — (a2« (n Yy — X y)?)]

For the model we use z; as x, and yt as y. Formula will change the look and the applied
calculations will be (using the previous table data):

Y2 — DAY Yt o

Tziye = =

VIS 2 = (202« (X9 — (S w)?)]

4 % 9688, 459 — 380, 75 x 101
_ =0, 95067.
/T4 * 37887,8 — (380, 75)2]  [4 2553, 985 — 1012]

Tay

The correlation coefficient value that we obtained (0,95) shows that there is a strong
direct (positive) connection between two variables y; and z;.

The coefficient of determination R? can be calculated from the coefficient of correlation.
It is equal to:

R? = (1,,,,)? = 0,95067% = 0,9038.

This coefficient shows that the variation in dependent variable (Consumer Confidence
Index) can be explained by the variation in the explanatory variable (Azeri Light oil price)
for 90%. It is highly fitting the simple linear regression model.

Let’s return to OLS estimations of by and b;. The results of the table we will put in
our system of equations:

nBo+ Bz =t
Bodoz+ By 2 =2y * 2
Let’s put the data we have in our model:
450 + 380, 753 = 101,
380, 755y + 37887, 831 = 9688, 459.

We can use Cramer’s rule. We have the following matrices:
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7 4 380,75 | v — 101
~ 380,75 37887,8|" ©  |9688,459|
Mathematically, det(Z) = 6580,637; det(By) = 137787; det(S1) = 298,086. So, 5y =
Cclfei((ﬁzo)) = 209382504; 1 using the same analogue equals to 0,045297435.
So, the model that we obtain looks like this:

yr = 20, 9382504 + 0, 045297435 * 2 + uy; t = L, n.

Using the above model, we can make a certain forecast. Let’s fill the table with the
results we know:

t, period 2t Yt

1 112,22 25,85
2 109,64 26,35
3 97,48 25

4 61,41 23,8
5 57,27 -

6 50,06 -

7 38,23 -

8 41,41 -

We will put the price of Azeri Light crude oil for a period ¢t = 5 to obtain the Consumer
Confidence Index for this period:

yi=5 = 20, 9382504 + 0, 045297435 * 57,27 ~ 23, 53243085.
For the periods ¢ = 1,8 the results will be the following (analogical calculations):
Yr=6 ~ 23,20583565; yi—7 ~ 22,66996585; yi—s ~ 22,814012.

Finally, we obtain the table and a corresponding graph:

Periods, t Azeri Light price, $/barrel Consumer Confidence
Index

1 112,22 25,85

2 109,64 26,35

3 97,48 25

4 61,41 23,8

5 57,27 23,53

6 50,06 23,21

7 38,23 22,67

8 41,41 22,81

As we can see, the Index started to increase in the current period. It shows that the
recession in our economy has finished and the economic growth is about to start again.
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In conclusion, we would like to point out that the economy of our country still has
the connection with the dynamics of the World oil prices. There’s a need to say that this
connection is getting weaker from year to year, so, in future we say that our country will
overcome this barrier and will choose non-oil sector as the base of development.
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1. Introduction

The theory of fuzzy measures and fuzzy integrals was introduced by Sugeno [15]. The
properties and applications of the Sugeno integral have been studied by many authors,
including Ralescu and Adams [9] in the study of several equivalent definitions of fuzzy
integrals, Romén-Flores et al. [13] and Wang and Klir [16], among others. Many authors
generalized the Sugeno integral by using some other operators to replace the special oper-
ators A and/or V [17, 3, 4]. In [14] Sudrez and Gil presented two families of fuzzy integrals,
the so-called seminormed fuzzy integrals and semiconormed fuzzy integrals.

The study of inequalities for Sugeno integral was initiated by Romén-flores et al.
[10, 11, 12] and then followed by the authors [1, 2, 8]. Recently Ouyang et al. [1] proved a
general Minkowski type inequality for comonotone functions and arbitrary fuzzy measure-
based Sugeno integrals and then they provided the inverse of this inequality for the same
conditions [8]. In [7], Chebyshev type inequality for seminormed fuzzy integrals and a
related inequality for semiconormed fuzzy integral were proposed in a rather general form
by Ouyang and Mesiar.

Theorem 1. Let (X, F,u) be a fuzzy measure space and f,g: X — [0, 1] two comonotone
measurable functions. Let x : [0,1]2 — [0,1] be continuous and nondecreasing in both
arguments. If the seminorm T satisfies

*Corresponding author.
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T(axb,c) > (T(a,c)xb)V (axT(b,c)),

then
/ f*gduz/ fdu*/ gdp
T, A T,A T,A

) )

holds for any A € F.

Theorem 2. Let(X,F,u) be a fuzzy measure space and f,g: X — [0,1] two comonotone
measurable functions. Let x : [0,1]> — [0,1] be continuous and nondecreasing in both
arguments. If the semiconorm S satisfies

S(axb,c) < (S(a,c)xb) A (a*xS(b,c)),

then
/ f*gdp < / fdu*/ gdp
S,A S,A 5,A
holds for any A € F.

This paper is organized as follows: In Section 2 some preliminaries and summarization
of some previous known results are given. Section 8 proposes general Minkowski type
inequalities for semiconormed fuzzy integrals. Section 4 includes a revers inequality for
this type of integrals. Section § contains a short conclusion.

2. Preliminaries

In this section, we recall some basic definitions and previous results that will be used in
the next sections. Let X be a non-empty set, F be a g-algebra of subsets of X. Throughout
this paper, all considered subsets are supposed to belong to F.

Definition 1 (Sugeno [15]). A set function p: F — [0,1] is called a fuzzy measure if the
following properties are satisfied:

(FM1) (0) =0 and pu(X) =1

(FM2) A C B implies u(A) < u(B)

(FM3) A,, — A implies u(Ay,) — u(A).

When p is a fuzzy measure, the triple (X,F, ) is called a fuzzy measure space.

Let (X,F, i) be a fuzzy measure space, and Fy(X) = {f|f : X — [0, 1] is measurable
with respect to F}. In what follows, all considered functions belong to 1 (X). For any
a € [0, 1], we will denote the set {x € X|f(z) > a} by F, and {z € X|f(z) > a} by Fs.
Clearly, both Fi, and Fy are non-increasing with respect to «, i.e., o < 8 implies F,, 2 Fjp
and F5 2 Fjp.

Definition 2 (Sugeno [15]). Let (X,F,u) be a fuzzy measure space and A € F. The
Sugeno integral of f over A with respect to the fuzzy measure u, is defined by

frin=\ (@nuan ).
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When A=X, then

]ifduzj[fdu: \ (@A p(F).

a€(0,1]
Notice that Ralescu and Adams (see [9]) extended the range of fuzzy measures and the

Sugeno integrals from [0, 1] to [0, oo]. But we only deal with the original fuzzy measure
and the Sugeno integrals which was introduced by Sugeno in 1974.

Note that in the above definition, A is just the prototypical t-norm minimum and V
the prototypical t-conorm maximum. A t-conorm [6] is a function S : [0, 1] x [0, 1] — [0, 1]
satisfying the following condition:

(S1) S(z, 0) = S(0, z) = = Vzel0, 1].

(S2) Vx1,x2,y1,y2 in [0, 1], if 21 < x9, y1 < yo then S(z1, y1) < S(x2, y2).

(S3) S(z, y) = S(y, z).

(54) S(S(z, ), 2) = S(z, Sy, 2)).

A t-norm [6] is a function T": [0, 1] x [0,1] — [0, 1] satisfying the following condition:

(T1) T'(z, 1) = T(1, ) = = Vzel0, 1].

(T2) Va1, x2,y1,y2 in [0, 1], if 1 < 29, y1 < yo then T'(z1, y1) < T(x2, Y2)-

(T3) T(x, y) = T(y, =)

(T4) T(T(z, y),2) = T(z, T(y, 2).

A binary operator S (T') on [0, 1] is called a t-semiconorm (t-seminorm) [14] if it satisfies
the above conditions (S1) and(S2) ((T1) and (T2)). Using the concepts of t-seminorm and
t-semiconorm, Sudrez and Gil proposed two families of fuzzy integrals:

Definition 3. Let S be a t-semiconorm, then the semiconormed fuzzy integral of f over
A with respect to S and the fuzzy measure p is defined by

fadp=N\ S(o,u(ANFy)).

5,4 a€l0, 1]

Definition 4. Let T be a t-seminorm, then the seminormed fuzzy integral of f over A
with respect to T and the fuzzy measure u is defined by

fadp="\/ T(o,u(ANFy,)).

A agl0,1]

It is easy to see that the Sugeno integral is a special seminormed fuzzy integral. More-
over, Kandel and Byatt (see [5]) showed another expression of the Sugeno integral as
follows:

f fdu=" A (avuanFa).
A a€l0, 1]
So the semiconormed fuzzy integrals also generalized the concept of the Sugeno integral.
Note that if [ , fdu = a, then S(a, p(AN Fy)) > a for all a € [0, 1] and, for € > 0 there
exists e such that S(ae, u(ANF5.)) <a+e.

In [1] Agahi et al. proved the following inequality for the Sugeno integral (with respect

to a fuzzy measure in the sense of Ralescu and Adams [9]):
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Theorem 3. Let f,g € F+(X) and p be an arbitrary fuzzy measure such that JCA f*gdu
is finite. Let x : [0,00)% — [0,00) be continuous and nondecreasing in both arguments and
bounded from below by maximum. If f, g are comonotone, then the inequality

(][(f*g du ][fsdu %* ][gsduf- (1)

holds for all 0 < s < co.

Theorem 4 (Ouyang et al. [8]). Let f,g € F+(X) and p be an arbitrary fuzzy measure
such that , fdu and §, gdp are finite. Let x : [0,00)% — [0,00) be continuous and nonde-
creasing in both arguments and bounded from above by minimum. If f, g are comonotone,

then the inequality
; 1 1
(f(f*g du ][fsdu * ][Agsdu)- (2)

holds for all 0 < s < o0.
It should be pointed out that Inequalities (1) and (2) also hold for the original Sugeno
integral.

3. Minkowski type inequality

In this section, we prove the Minkowski type inequality for the semiconormed fuzzy
integrals.

Theorem 5. Let (X, F,pu) be a fuzzy measure space and f,g: X — [0,1] be two comono-
tone measurable functions. Let % : [0,1]2 — [0, 1] be continuous and non-decreasing in both
arguments. If the semiconorm S satisfies

S(axb,c) < (S(a,c)xb) A (axS(b,c)), (3)
then the inequality

1

(/SA(f*g)salH)i < (/gAdeuf*(/SAgde)S (4)

holds for any A € F and for all 0 < s < 0.

Proof. Let [y, f°dp = a and [g , g°dp = b, then for any ¢ > 0, there exist a. and
b: such that u(A N F—) = a; and p( ; );) = by, where S(as,a1) < a+ ¢ and
Qg ) S e ) S

S(be,b1) < b+ e. The fact of H—— r C F—— U G—— and the comonotonicity of

(ac)sx(be)s (ac)s (be) L
f,g imply that ,u(AﬂHW) < ay V by, where F( ={z| f(z) > ac} = {z |

Qe



General Minkowski type and Related Inequalities 53
1
fo(x) > ac}, GW: {z|g(x) >bs} ={x|g°(x) > b} and HW: {z|fxg>
e) S ag)s ) s

11
ag b} ={x | (f*g)*(x) > a. *b.}. Hence

/ (fxg9)’dp= inf S(a,u(ANH-))
S,A

a€l0,1] ot
< S(ae *beyaq V by)
= S(ac *beya1) V S(as x b, by)
[S(ac,a1) *be] V [as % S(be, b1)]
<[(a+¢€)*b] V[as* (b+¢€)]
<(ate)x(b+e),

IN

whence [ ,(f * g)%dp < (a% * b%)s follows from the continuity of x and the arbitrariness
of . It follows that

1
s

Sdu)® < at bt = Sdu)s Sdu)*.
(f Groran <atsn=( [ pan'«([ o)

)

Example 1. Let X = [0,1] and the fuzzy measure u be the Lebesgue measure. Let x and
S be defined as *(z,y) = x+y —xy and S(z,y) = x+y — zy. Let f(x) ==z, g(x) = %
and s = 2. A straightforward calculus shows that

Pdu= | du= it S(apee 0.1)]a* > a))
S, X S,.X a€l0,1]

— inf S(a.(1—
ot (o, (1 = V)
— 0.6151.

Also we have

1 . 1
/SXQQd’u:/SXZld'u: inf S(oz,,u([O,Z)))

i 8 a€l0,1]
inf S(0, )
= 1 o, —
a€l0,1] 4

=0.25

2, _ 1 2
/SX(f*g) du—/S’X4(w+1) dp

)

= inf S(ap({r € 0,1]] 3z +1)? > a})

a€lg,1]

= inf S(o,p({ze€[0,1]]|z>2Va—1}))

a€lf,1]
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= inf S(o,2-2Va)

a€[4,}

= 0.780145.

Therefore,

0.883259 = </5,X(f*g)2d“); . (/g,fodﬂ)%*<[97X92d“)é

= 0.784283 x 0.5 = 0.8921415

Notice that if the semiconormed S is mazimum (i.e. for the sugeno integral) and * is
bounded from below by maximum. Then S dominated by x. Thus the following result
holds.

Corollary 1. Let f,g : X — [0,1] be two comonotone measurable functions. And let
x: [0,1]% — [0,1] be continuous and non-decreasing in both arguments and bounded from
below by mazimum. Then the inequality

(fearan) < (f paw) «(f )

holds for any A € F and for all 0 < s < 0.

Corollary 2 (Ouyang and Mesiar [7]). Let(X,F,u) be a fuzzy measure space and f,g
X — [0,1] be two comonotone measurable functions. Let % : [0,1]% — [0,1] be continuous
and non-decreasing in both arguments. If the semiconorm S satisfies

S(axb,c) < (S(a,c)xb) A (a*S(b,c))

/S’Af*gd,ué (/SAfd,u>*</SAgdu)

) )

then

for any A € F.

Theorem 6. Let (X, F, ) be a fuzzy measures space and f,g : X — [0,1] be two comono-
tone measurable functions. Let % : [0,1]2 — [0,1] be continuous and non-decreasing in both
arguments and ¢ : [0,1] — [0,1] be a continuous and strictly increasing function such that
@ commutes whit . If the semiconorm S satisfies

S(axb,c) < (S(a,c)xb) A (axS(b,c)),

then

G ered <o ([ etnan = o ([ etod  6)

S,A S,A S,A
holds for any A € F.
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Proof. Since ¢ commutes with x, so we have

/ o(f % g)dpt = / (o) * o)) dp. (6)
A A

) 57

If f, g are comonotone functions and ¢ is continuous and strictly increasing function, then
©(f) and ¢(g) are also comonotone. From (6) and using the Corollary 2, we have

/S (P ol < / o(f)dp) * /S el

)

= ol /S D)= /S elo)w)

where ¢ commutes with x. Hence (5) is valid.

4. A related inequality

In this section, we prove a related inequality for the Minkowski’s inequality in semi-
conormed fuzzy integrals.

Theorem 7. Let (X, F, ) be a fuzzy measure space and f,g: X — [0, 1] be two comono-
tone measurable functions. Let  : [0, 1]> — [0, 1] be continuous and nondecreasing in
both arguments. If the semiconorm S satisfies

S(axb,c) > (S(a,c)xb) V (axS(b,c)), (7)

then the inequality

1 1 1
frg)du)” > / fodu) ™ * / gdu)” 8
(rroran) = ([ roan) ([ o) ®
holds for any A € F and for all 0 < s < 0.

Proof. Let [y 4 fPdpu=a, [¢,9°dp=>0and [¢ ,(fxg)*du = c. Then for all o € [0, 1]
we have S(a, u(AN F—)) > a, S(a, u(ANG—)) > b and S(a, u(AN H-—)) > ¢, where

H+={z]|(f*xg)(x) > a%}. Hence for any ¢ > 0, there exist a., b. and c. = a. x b such

that ,u(AﬂF( )%) =a, ,u(AﬂG(b ) = by and ,u(AﬂH( );) = c1, where S(ce, 1) < c+e.

=

VA

(Thus a. > a, be > b, S(as,a1) > a and S(be,b1) Zsb). The fact of HW D
ae)sx(be)s

F( 1 N G(b 1 and the comonotonicity of f, g imply that (AN HW) > a1 Ab

Hence e

c+e>S(c, a)

— S0z +be, p(AN H——
(e b AN T

)
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v
»n U

(ae * beyar A by

(ae x beya1) A S(ag *be, by)
S(ae,ar) *b:) A (ag * S(be, b1))
a*b:) A (as xb)

a*b) A (axb)

a*b.

(
(

(AVARAVARLY,

Hence ¢ > a blfollolws from the arbitrariness of . Consequently from the continuity of x
we have ¢ > (as * bs)®. This implies
1

(/S,A(f*;q)sdu)i > (L’Afsdu)i*(/gAgsdu>s~

)

Example 2. Let A = [0,1] and p be the Lebesgue measure. Let x be the usual product
and S be the mazimum. Let f(z) = 2%, g(z) = 1 and s = 3. A straightforward calculus
shows that
f%d,u :/ xdp = inf (aVu(An{z|z>a}l))
S,A S,A a€l0,1]
= inf (aV(l—a))

a€l0,1]
— 05,
/ Ld / L= inf (avuano, )
g2dy = —ap = 1 a Vv u s 5
S,A 5,4 2 a€l0,1] 2
=0.5

and we have

1
/(f*g)édu—/ Sxdp
S,A 5,4 2

1
= inf (aVuAn{zel0,1]| -z > a}))
a€l0,1] 2

— inf (aV(l-2
ag[im(a ( @))

= 0.33333.

0.11111 = (/S7X(f*g)§dM>2 > ( ox f%d,u>2* (/S7Xgédu)2
=0.25 . 0.25 = 0.0625.

Therefore,

If in the Theorem 7 we assume s = 1, then we get the Chebyshev type inequality for the
semiconormed fuzzy integrals.
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Corollary 3. Let (X, F,p) be a fuzzy measure space and f,g: X — [0, 1] be two comono-
tone measurable functions. Let % : [0, 1]> — [0, 1] be continuous and non-decreasing in
both arguments. If the semiconorm S satisfies

S(a*b,c) > (S(a,c)*xb)V (a*xS(b,c)),

[q,A(f*g)dMZ/S,Afd“*[qudu

holds for any A € F and for all 0 < s < 0.

then the inequality

If x bounded from above by maximum, then x is dominated by maximum. Thus
Corollary 4.4 gives us a general Minkowski type inequality for the Sugeno integral which
appears in [8].

Corollary 4. Let f,g : X — [0,1] be two comonotone measurable functions. And let
*: [0, 1]2 — [0, 1] be continuous and non-decreasing in both arguments and bounded from
above by minimum. Then the inequality

(J[(f*g du ][fsdu * ]{‘gsduf

holds for any A € F and for all 0 < s < 0.

5. Conclusion

We have proved general Minkowski type inequalities for semiconormed fuzzy integrals
on an abstract fuzzy measure space (X, F, ) based on a product like operator * and an
inequality relevant for it. The semiconormed fuzzy integrals generalize the Sugeno integral,
so it remains that when the following inequality

1

(/S’A(f*g)sdu)s = (/SA J“alM)g * (/SvAgsdu)s
holds.
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Parabolic Fractional Integral Operators with Rough Ker-
nels in Parabolic Local Generalized Morrey Spaces

A.S. Balakishiyev *, Sh.A. Muradova, N.Z. Orucov

Abstract. Let P be a real n x n matrix, whose all the eigenvalues have positive real part, A, = t*,
t > 0, v = trP is the homogeneous dimension on R™ and 2 is an A;-homogeneous of degree zero
function, integrable to a power s > 1 on the unit sphere generated by the corresponding parabolic
metric. We study the parabolic fractional integral operator Igya, 0 < a < v with rough kernels

in the parabolic local generalized Morrey space LM, {@o} (R™). We find conditions on the pair

Py, P
(¢1,¢2) for the boundedness of the operator I} , from the space LM;ZZ)I}: p(R™) to another one
LM(;{’Q;“;P(R"), l1<p<q<oo,1/p—1/q¢=a/y, and from the space LMl{zfl}P(R”) to the weak
space WLM;}‘/Z];P(R"), 1<qg<oo,1—-1/g=a/y.

Key Words and Phrases: parabolic fractional integral, parabolic local generalized Morrey space.

2010 Mathematics Subject Classifications: 42B20, 42B25, 42B35

1. Introduction

The boundedness of classical operators of the real analysis, such as the fractional
integral operators, from one weighted Lebesgue space to another one is well studied by
now, and there are well known various applications of such results in partial differential
equations. Besides Lebesgue spaces, Morrey spaces, both the classical ones (the idea od
their definition having appeared in [13]) and generalized ones, also play an important role
in the theory of partial differential equations.

In this paper, we find conditions for the boundedness of the parabolic fractional integral
operators with rough kernel from a parabolic local generalized Morrey space to another
one, including also the case of weak boundedness.

Note that we deal not exactly with the parabolic metric, but with a general anisotropic
metric p of generalized homogeneity, the parabolic metric being its particular case, but we
keep the term ” parabolic in the title and text of the paper, following the existing tradition,
see for instance [4].

*Corresponding author.

http://www.cjamee.org 59 © 2013 CJAMEE All rights reserved.
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For z € R"™ and r > 0, we denote the open ball centered at x of radius r by B(x,r),

its complement by CB(x, r) and |B(z,r)| will stand for the Lebesgue measure of B(x,r).
Let P be a real n x n matrix, whose all the eigenvalues have positive real part. Let
Ay =t (t>0), and set
v = trP.

Then, there exists a quasi-distance p associated with P such that (see [5])

(a) p(Awx) =tp(x), t>0, forevery xe€R";
(b) p(0) =0, p(z) =p(=2)=>0

and  p(z —y) < k(p(z — 2) + p(y — 2));
(¢) dx = p"~tdo(w)dp, where p=p(z),w=A

p—ISC

and do(w)is a measure on the unit ellipsoid S, = {w : p(w) = 1}.

Then, {R", p,dx} becomes a space of homogeneous type in the sense of Coifman-Weiss
(see [5]) and a homogeneous group in the sense of Folland-Stein (see [7]).
In the standard parabolic case Py = diag(1,...,1,2) we have

2|2 4+ /|2 * + 22
P(!E):\/| | 2’ | oz = (2, zp).

The balls E(z,7) = {y € R": p(z — y) < r} with respect to the quasidistance p are
ellipsoids. For its Lebesgue measure one has

|E(z, 7)) = vpr”,

where v, is the volume of the unit ellipsoid. By ‘e (x,r) = R" \ E(z,r) we denote the
complement of £(z,r).

Everywhere in the sequel A < B means that A < C'B with some positive constant C
independent of appropriate quantities. If A < B and B < A, we write A ~ B and say
that A and B are equivalent.

1.1. Parabolic local generalized Morrey spaces
In the doctoral thesis [8], 1994 by Guliyev (see, also [9], [1]-[3]) introduced the local
Morrey-type space LMyg ., given by

1 atye = N NNy | 1y 0 00)

where w is a positive measurable function defined on (0,00). If § = oo, it denotes
LM, = LMpoo . In [8] Guliyev intensively studied the classical operators in the lo-
cal Morrey-type space LM,yg,, (see also the book [9] (1999)), where these results were
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presented for the case when the underlying space is the Heisenberg group or a homo-
geneous group, respectively. Note that, the generalized local (central) Morrey spaces

LM, ,(R") = LM% (R") introduced by Guliyev in [8] (see also, [9], [1]-[3])-
We define the parabolic local Morrey space LM, y p(R™) via the norm

1/p
wmu%xpzam<r*/" |ﬂwvm> < o0,
A >0 £(0,0)

where 1 <p<ooand 0 <\ <.
If A =0, then LM, o p(R") = L,(R"); if X\ = «y, then LM, , p(R") = Loo(R"); if A <0
or A > v, then LM, y p = ©, where O is the set of all functions equivalent to 0 on R".
We also denote by W LM, y p(R™) the weak parabolic Morrey space of functions f €
W L¢(R™) for which

Ifllwen, = Stggf%\\fHWLP(a’(o,r)) < 00,
where WL, (£(0,7)) denotes the weak L,-space of measurable functions f for which
[ fllwz, o) = suptity € £0,7) : [F(y)] > .
Note that W L,(R") = W LM, p(R"),

LMy p(R") C WEMp p(RY) and [flwpa, o < 1l -

If P =1, then LM, \(R") = LM, » ;(R") is the local Morrey space.
We introduce the parabolic local generalized Morrey spaces following the known ideas
of defining local generalized Morrey spaces ([8, 11, 12] etc).

Definition 1. Let ¢(x,r) be a positive measurable function on R x (0,00) and 1 < p < co.
The space LM, , p = LM, , p(R"™), called the parabolic local generalized Morrey space, is
defined by the norm

_1
1fllLaty 0 = iggw(Oat)_l €0, 7 1 f L0,
Definition 2. Let ¢(x,r) be a positive measurable function on R™ x (0,00) and 1 < p < oo.
The space W LM, , p = WLM,, , p(R"), called the weak parabolic local generalized Morrey
space, is defined by the norm

_1
I fllwLn, . p = igg@(oat)_l £, D)7 [ fllwr,E0.)-

If P =1, then LM, ,(R") = LM, , 1(R") and W LM, ,(R") = WLM, , (R") are the
generalized local Morrey space and the weak generalized local Morrey space, respectively.
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Definition 3. Let ¢(x,r) be a positive measurable function on R x (0,00) and 1 < p < cc.

For any fixed xog € R™ we denote by LM;:;%, = LMIE’TP(),]},(R") the parabolic generalized local

Morrey space, the space of all functions f € L;)OC(R") with finite quasinorm

1510 gt = 10+ Hiat

Also by WLM;:DO}D = WLM;?%D(R”) we denote the weak generalized Morrey space of all

functions f € WL%,OC(R”) for which

”f”WLM;iE{L = ||f(zo+ )lwLm,, p < 0.

According to this definition, we recover the space LM, ;[7;1/:\0} (R™) under the choice ¢(0,7) =
A=y
e

LM LR = LML (R™) L

plaor)=r P

Let S, = {w € R" : p(w) = 1} be the unit p-sphere (ellipsoid) in R™ (n > 2) equipped
with the normalized Lebesgue surface measure do and €2 be A;-homogeneous of degree
zero, i.e. Q(Aiz) = Q(x), x € R, t > 0. The parabolic fractional integral I{;af by with
rough kernels, 0 < a < v, of a function f € LI°°(R") is defined by

Py — [ 22 —y) f)
i) = [ S0y

We prove the boundedness of the parabolic integral operator 157 o, With rough kernel

from one parabolic local generalized Morrey space LM, ;7201}: p(R™) to another one LM q{zoz}: p(R™),

l<p<qg<oo, 1/p—1/qg = a/y, and from the space LMfﬂ;ol}P(Rn) to the weak space
WLMt;{foOz}:P(Rn)a 1<g¢g<oo,1-1/g=a/y.

2. Preliminaries

Let v be a weight on (0,00). We denote by L ,(0,00) the space of all functions g(t),
t > 0 with finite norm

1911 Loc . (0,00) = €ss sup v(t)|g(t)]
t>0

and write Lo (0,00) = Lo 1(0,00). Let (0, 00) be the set of all Lebesgue-measurable
functions on (0,00) and 2™ (0, c0) its subset of all nonnegative functions. By 97(0, co;1)
we denote the cone of all functions in 9" (0, c0) non-decreasing on (0, c0) and introduce
also the set

A= {@ € MT(0,00;1) :t£%1+g0(t) = 0}.
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Let u be a non-negative continuous function on (0,00). We define the supremal operator
Sy on g € M(0,00) by

(Sug)(®) = [lugllLoc(t00)> ¢ € (0,00).
The following theorem was proved in [2].

Theorem 1. Let v1, v be non-negative measurable functions satisfying 0 < [[v1|| 1 t,00) <
oo for any t > 0 and let u be a continuous non-negative function on (0,00). Then the
operator Sy, is bounded from Lo 4, (0,00) 0 Log ., (0,00) on the cone A if and only if

R (s | B Q)

We are going to use the following statement on the boundedness of the weighted Hardy
operator

Hg(t) = /too g(s)w(s)ds, 0 <t < o0,

where w is a fixed function non-negative and measurable on (0, c0).
The following theorem in the case w = 1 was proved in [3].

Theorem 2. Let v1, vo and w be positive almost everywhere and measurable functions on
(0,00). The inequality

ess sup va(t)Hg(t) < Cess sup vy (t)g(t) (2)
>0 >0

holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and only if

o
d
B :=ess Supvg(t)/ _wis)ds < 0. (3)
>0 , esssupvi(T)
s<T<00

Moreover, if C* is the minimal value of C in (2), then C* = B.

Remark 1. In (2) and (3) it is assumed that = =0 and 0 - co = 0.

3. Parabolic fractional integral operator with rough kernels in the

spaces LM;:;’}

In [10] was proved the (p, p)-boundedness of the operator M& and the (p, ¢)-boundedness
of the operator Mg;a.

Theorem 1. [10] Let Q € Ly(S,), 1 < s < oo, be As-homogeneous of degree zero. Then
the operator MY is bounded in the space Ly(R™), p > s'.
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Theorem 2. [10] Suppose that 0 < o < 7 and the function Q € L _~ (S,), is As-
Yy

homogeneous of degree zero. Let 1 < p < % and 1/p —1/q = a/7y. Then the fractional
integration operator IY is bounded from L,(R™) to Ly(R™) for p > 1 and from L1(R™) to
WLyR") forp=1.

The following lemma is valid.

Lemma 1. Suppose that x9 € R", 0 < o < 7 and the function Q € L_~ (S,), is As-
y—o

homogeneous of degree zero. Let 1 < p < I, and % = % — % Then for all f € L;)OC there
hold the inequalities

o o0 _,_1
VE ol oy S 70 /% 1l odt, p> 1
T

and
ol _b_
VE ol eoony S 74 /k Ul endt, p=1. 0

Proof. For a given ball £ = E(xg, ) f, we represent f as
f=h+Fn AW =FWxwel), )= FW)Xegye©). >0,

and have
11 o fllLye) < HE afillzy @) + HE 0 folln, e

Since fi1 € L,(R™), by the boundedness of Ig, . from L,(R™) to Ly(R™) it follows that
1G5 o fillzye) < & 0 filln,mey < ClAlL @ = Clfllz, cxe)-

Observe that the conditions x € £, y € C(Zk:E ) imply

3k
— )< —_qy) <= —).
2kp(:ﬂo y) < p(r—y) < 5 p(xo — )

We then get

[f )12z — y)|
p(zo—yyr e

o dt
)Nz — —d
DI )| /,,@O_y)tw—a y
dt

W foe
/ /k M0 =y
<L

dt
L wloE iy

15 o fo)] < 2770, /
(2k€)

By Fubini’s theorem we have

/ |f()[(z —
Care) P(T0— Y)Y
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Applying Hélder’s inequality with 1/p + (v — «) /v + (ap —7)/vp = 1 taken into account,
we get

[ Uolee—y,

Corey plmo —y)1 =@

o0 a1 dt
S 1 N tetann 196 = 9)l__etanny 18000 7F i
dt
<
N/m 1 eta0 557
Moreover, for all p € [1,00) the inequality
v [ dt
VE o fallie) S i / WMty 5o @)

is valid. Thus

¥

v [ dt
11 o fllny©) S NNz, ne) + 7 11| (e o)) 537
2kr tq+

On the other hand,

k1 o dt
lyiase) = v e [ =5

v [ dt
e 3)

IN

Thus

v [° dt
VB o flle S i / et 7

By Fubini’s theorem and the Minkowski inequality, we get

dt o\ *
et < ([| [ [ 1rwiee-mga]")’
r JE(xo
dt
»HQC =yl ) dy—7—
/ri /S(zo,t) () trl-a
x dt
57“‘1/2T||f||L1 E(zo,t) W

v [ dt
< _ar
< ra /W ||f||Lp(5(xo,t))t%+1.

Finally, in the case p = 1 by the weak (1, ¢)-boundedness of I{;a and the inequality
(3) it follows that

11 afillwrye) < My afillwr,@ny S 1l e
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v [° dt
— 1 laore) S 77 / M leteony (4)

Then from (2) and (4) we get the inequality (1).

Theorem 3. Suppose that xo € R", 0 < a < v and the function @ € L _~ (S,) is As-
y—a

homogeneous of degree zero. Let 1 <p < 21, 1 =1_ %, and the pair (p1,@2) satisfy the

a’q T p
condition

t<T<00
1
tq+1

oo ess inf 1 (xo, 7')7-%
/ dt < C po(xo, 1), (5)

where C' does not depend on xo and r. Then the operator Islzj,a s bounded from LM{%}

Pp1,P
to LM§¢O}P for p>1 and from LM{xO}P to WLML;{;}P forp=1.

Proof. By Lemma 1 and Theorem 2 with va(r) = @a(xg, 7)1, vi(r) = gol(xo,r)*lr_%
and w(r) = "7 we have for p>1

dt

I8 01t S 220, [ Wt 57
r> T

0
S Slipwl(xoa ) | fll oy = 1 IMy0,
'

and for p=1

_ © dt
It S sp22(0 ) s etony
r q

S S sup o120, ™) T Fll o) = I Iass o
>
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Atomic Decomposition in a Direct Sum of Banach Spaces
and Their Application to Discontinuous Differential Op-
erators

T.B. Gasymov*, Ch.M. Hashimov

Abstract. An atomic decomposition is considered in Banach space. A method for constructing
an atomic decomposition of Banach space, proceeding from atomic decomposition of subspaces
is presented. Some relations between them are established. The proposed method is used in the
study of the frame properties of systems of eigenfunctions and associated functions of discontinuous
differential operators.
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1. Introduction

One of the commonly used methods for solving differential equations is the method
of separation of variables (Fourier method). This method yields the appropriate spectral
problem (usually with respect to the space variables). To justify the method is very impor-
tant the question of the expansion of functions of a certain class on eigenfunctions of the
spectral problem. That is why many mathematicians have been paying so much attention
lately to the study of frame properties (such as completeness, minimality, basicity, atomic
decomposition) of the systems of special functions, mostly eigenfunctions and associated
functions of differential operators. Various methods have been developed for establishing
these properties. For more information we refer the reader to [1, 2, 3, 4, 5, 6, 7, 8, 9].
In case of discontinuous differential operator, there arise the systems of eigenfunctions
that cannot be treated for frameness by the earlier methods. To shed some light on this
situation, we consider the following model spectral problem for second order discontinuous
differential operator

_y// (:L') =y (:L') y T € (_17 0) U (07 1) ) (1)
with the boundary conditions
y(—1) =y (1) = 0;y (-0) =y (+0), (2)

*Corresponding author.
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y' (=0) =y (+0) = Amy (0).

This spectral problem has two sets of eigenfunctions [9]:

uV) (z) = sinmna,z € [—-1, 1],n € N,

n

and .
a® (z) = sin wn +0 (E)l, x€[-1,0],
—sinmnz +0 (L), z€[0,1], neN.

Such spectral problems arise when solving the problem of a loaded string fixed at both ends
with a load placed in the middle of the string by the Fourier method [10, 11]. The use of

this method requires the study of basis properties of the double system {u&l);»a&?)} N in
ne

corresponding spaces of functions (usually in the Lebesgue or Sobolev spaces). Of course,

it should be started with the basis properties of the system {ug); ug)} N which is the
ne

principal part of the asymptotics of the system {ug); aﬁ?’} N where
ne

W2 sintnz, x € [-1,0),
" | —sinmnz, z€[0,1].

This is usually followed by the application of various perturbation methods. This approach

is well studied (see, e.g., the articles [5, 6, 7, 8, 9, 13, 14, 15, 16] and the monographs

[12,17, 18, 19, 20, 21, 22, 23]). On the other hand, it is not difficult to see that the principal

part {ug); ug)} N is not a standard (in other words, classical) system. It turns out
ne

that the form of the system {usll); ug)} N is not special, i.e. it can be derived from the
n

general case. The general approach to thege systems allows introducing a new approach for
constructing bases with a lot of applications in the spectral theory of differential operators.
It should be noted that some problems of an atomic decomposition and frames with respect
to the specific systems have been previously studied in [27, 28, 29, 30, 31].

In this work we consider an abstract approach to the above problem. We consider
a direct expansion of a Banach space with respect to subspaces. We offer a method for
constructing an atomic decomposition for a space proceeding from atomic decomposition
for subspaces.

2. Notation and needful information

We will use the standard notation. N will be a set of all positive integers; L [M] will
denote the linear span of the set M and M will stand for the closure of M; X* will denote
a space conjugate to X; L (X7, X5) will be a space of linear bounded operators from X3
to Xy with L (X,X) = L(X); Dr will denote a domain of the operator 7' and Ry will
be the range of T'; KerT will stand for the kernel of the operator T'; < z, f >= f (x) will
denote the value of the functional f at the point x; Banach space will be referred to as
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B-space; || - || x will denote a norm in X; < will mean “if and only if”; 1:n = {1;...;n};
0;; will be the Kronecker symbol.

We will also use the concept of the space of coefficients. We define it as follows. Let
7 = {zp},eny € X be a non-degenerate system in a B-space X, ie. z, # 0, Vn € N.
Define

o0
Kz = {{)‘n}nEN : the series Z Ann 1S convergent in X} .

n=1

Introduce the norm in J#z:

, where X = {Mtnen -

m
E Ann
n=1

With respect to the usual operations of addition and multiplication by a complex number,
JHz is a B- space. Take VA € #%z and consider the operator T': %z — X:

A1, =5

TX=> A@n, A= {A}pen -

n=1

Denote by {e,},cy C #7 a canonical system in £z, where e, = {0nk} - It is absolutely
clear that Te,, = x,, VYn € N. The following statement is true.

Statement 1. Space of coefficients A is a B-space with the canonical basis {e,},cn-

Moreover, the system I forms a basis for X < T' performs an isomorphism between
and X.

Let’s recall some concepts and facts from the frames theory . First, let us give a
definition of atomic decomposition in Banach spaces.

Definition 1. Let X be a B-space and J# be a B- space of the sequences of scalars. Let
{fiteen C X, {grtpeny C X*. Then ({gk}ren ;3 {frtpen ) s an atomic decomposition
of X with respect to &, if :

(i) {9k ([)Ipen € X, Vf € X;

(ii) IA, B > 0:A||f | x < | {or (Nienll» < Bllflx . V€ X;

(i) f =35y 9x (f) fo, VfeX.

The concept of the frame is a generalization of the concept of an atomic decomposition.

Definition 2. Let X be a B-space and % be a B-space of the sequences of scalars. Let
{9k}ren C X* and be a bounded operator. Then ({gi} ey 3 S) forms a Banach frame
for X with respect to &, if:

(1) {gr (f)ipen € X, Vf € X;

(it) 34, B > 0:A| flly < [[{ox (Nhpenlle < BIflx . V€ X;

(iii) S [{gx () een] = f, Vf€X.

It is true the following
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Proposition 1. Let X be a B-space and & a B-space of the sequences of scalars with
canonical basis {0y}, cn- Let {gp}tpen € X* and S € L(%;;X). Then the following
statements are equivalent:

(i) ({9k}ren 5 S) is a Banach frame for X with respect to X ;

(i5) ({9 een 5 {S (Ok)}een) is an atomic decomposition of X with respect to J .

More information about the above facts can be found in [17, 18, 19, 20, 21, 22, 23, 24].
In the sequel, we will use the following construction and some obvious facts. Let the

following direct sum hold
X=X1®... 5 X,

where X;, ¢ = 1, m, are some B-spaces. For convenience, we will represent the elements
of the space X in the form of a vector

reX & x= (11,72, ...,TH),

where zp € Xi, k = 1,m. The norm in X will be defined by the formula

m

2
> lill,.
i=1

Then we have X* = X7 @& ... @ X}, (see [13]), and for ¥ € X* and = € X it holds

[zl x =

m
<$,79>:Z<$i,79i>,
i=1

where ¥ = (¢4, ..., ¥,) and

19| x =

> il
=1
(@)

Let some system {un } N C X, be given for every ¢ € 1 : m. Consider the following
ne

system in the space X :

y Yn o

W =10,...,0u?0,..0]|,i=T m; neN.
W

(2

Let the pair ({u?n}i:m-neN;{ﬁi"}izm;neN) be an atomic decomposition of X with
respect to the space of coefficients %, i.e. Vx € X has a decomposition of the form

r=3"3 i (@)l (3)

i=1 n=1

moreover, the following inequality holds

All{Oin (@)} < ll2llx < BI{0in (2)}] 5 - (4)
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Suppose
D = (19@% -79(’”)) € X*,

in Y Yan

where 7952) € X;,Vk € 1:m. We have (. = (21,...,Tm)): Yin (x) =D 1y 7952) (xg), =
1, m; n € N. Take Vk € 1 : m, and let

We have
Din (azg) — gk (k) .

mn

Then from (4) we obtain

Al o], < e, < [0 @0},

Paying attention to the decomposition (3), we obtain

m

22 = (0,0 0,24, 0,.,0) = > [ 0,00, > 0% (a) ul?,0,...,0 | =
i n=1

=1 =

i

= (Z I8 (@) ul®, oo SO0 () u®, ST 0 () ) ) =
n=1 n=1 n=1

> (k) (z) . xh 7= k,
;ﬂm (xk) Up” = { 0, ’L?é k. (5)

As a result, we obtain that

S <) R ©)

is an atomic decomposition of X} with respect to the space of coefficients 2", for every
kel:m.
Accept the following

Definition 3. The pair ({un} : {5n}> (un € X AU, € X*) is called an atomic decom-
position of X with respect to ™, if the following conditions are fulfilled:
z){gn (:E)} exX™, VrelX,;
i) 3A; B >0 AH . H
i) > . { (:E)} o
i) = 0" U () Up, VreX.

<oy < B|{d@}]
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The following theorem is true.

Theorem 1. i) Let the pair <{u?n}i:1',}h; neN {192'”}2-:1-7;;1; neN

) be an atomic decomposi-

tion of X with respect to &, where ¥;, = (195711); ...;ﬁgnm)) eX*, 1€l:m; ne N. Then
the relation (5) holds and system (6) is an atomic decomposition of Xy, with respect to ¥ .

ii) Let the pair (6) be an atomic decomposition of Xy, for every k € 1 : m with respect to
A and the relation (5) holds. Then ({ﬁn} 7{un}> is an atomic decomposition of Xwith
respect to K™ in the sense of Definition 3.

3. Main results

Let the following direct sum hold

X = X1 Fod Xom,

where X}, k= 1, m—are some B-spaces. Consider the system {ui}, .y C Xi, i =1, m;
and form

Uip = (ailuln;ai2u2n; '-';aimumn)y 1= 17 m;n e N.

Let
A=(a;j) i,j=1,m; A =detA.

We will need the following easy-to-prove lemma.

Lemma 1. Let ({u,};{9,}) be an atomic decomposition of X with respect to & and
T € L(X) be some automorphism. Then ({Tun} ; {(T*)_1 ﬁn}> is also an atomic de-
composition of X with respect to & .

Let T;; : X; — X be some operators. Consider the system

m
ZaijTijwz‘ =y, J=1m, (7)
i=1

where y; € X;, j = 1, m are the given, and z; € X;, ¢ = 1, m are the sought ele-
ments. Assume that the spaces X, k=1, m, are pairwise isomorphic and Tj; performs
a corresponding isomorphism. Besides, assume that the following conditions are satisfied:
a) Ty =1;, Tij = Tﬁl, T Tij = Ty, Vi,j = 1,m, where I; is the identity operator in
X;.
Applying the operator Tj; = T; 1_]-1 to the j-th equation in the system (7), we obtain
the following system

m
E aijTnz, = Thy;, j=1,m.
i—1
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Let 2; = Thxs, y; = Thyj. It is clear that z;, §; € Xq1. As a result, we obtain the
following system of linear equations in the space Xi:

m
Zaiji‘i =4, J=1m.
i=1
If the determinant of this system A = det (a;;) # 0, then it is clear that this system is
uniquely solvable with respect to the unknowns Z;. Then the system (7) is also uniquely
solvable.
The following lemma is true.

Lemma 2. Let the operators T;; : X; — X perform an isomorphism between X; and X,
the conditions a) be satisfied and A # 0. Then the system (7) is uniquely solvable for
VYye X, y=(y1, ---, Ym) and, moreover, IM > 0:

zllx <Myl (8)
where © = (X1, ..., Tp).

The validity of the estimate (8) follows immediately from the following representation
for the solution of the system (7):

m
T = E bij iy, © =1, m,
i=1

where b;; are the elements of the inverse matrix AL

Consider the operator 7' : X — X defined by the matrix (aijﬂj)szl. Let all the
conditions of Lemma 2 be satisfied. It follows from this lemma that KerT = {0}, Rp =
X, and the estimate (8) means 7" € L (X). Then it follows from Banach’s theorem on the

inverse operator that 7" is an automorphism in X. So the following theorem is true.

Theorem 2. Let T;; € L(X;, X;) be an isomorphism, the conditions a) be satisfied
and A # 0. Then the operator T : X — X defined by the matrix (aisz‘j)ijzl is an
automorphism in X = X1 ® ... ® Xy

The following theorem is true.

Theorem 3. Let the direct sum X = Xi4..4+X,, hold, the pair ({u;,}en s {0 nen)
be an atomic decomposition of X;, i = 1,m; with respect to &, T;; € L(X;;X;) be an
isomorphism and Tijuiy, = wjn, Vn € N, fori # j. Let det (a,-j)ij:m # 0, and operators
Tij5i,7 = 1,m; satisfy the condition o) and the operator T' € L (X) defined by the matriz
; 0 ) N :
(aijTij); j—177 - Then the pair <{{Tum}n€N} o {{(T ) 19in}n€N}i:17m>’ is also

i=1m
an atomic decomposition of X with respect to ™.
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