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Abstract. In the present paper, the hypersingular integral operator is approximated by a sequence
of operators of the special form and is obtained the estimate of the convergence rate in Holder
spaces.
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1. Introduction

An active development of numerical methods for solving hypersingular integral equa-
tions is of considerable interest in modern numerical analysis. This is due to the fact that
hypersingular integral equations have numerous applications in acoustics, aerodynamics,
fluid mechanics, electrodynamics, elasticity, fracture mechanics, geophysics and etc. (see
[4, 5,10, 13, 15, 20, 22, 23, 26, 27]). Therefore the construction and justification of numer-
ical schemes for approximate solutions of hypersingular integral equations is a topical issue
and numerous works [3-9,11,12,14,16-19,21-25, 27-31] are devoted to their development.
In the present paper hypersingular integral operator In the present paper hypersingular

integral operator
1
(S(o)¢) (1) = / o (1) ir
i Sy |7 —

is approximated by a sequences of operators of the form

(59%) (1) = S o (0 ("), temo

in the unit circle 79 = {t € C': [t| = 1}, where T,it) =e .t k=0,2n60=% necN,

oz,(fn) (t) — are continuous functions in vy, k =0,2n—1, n € N.
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-1
It should be noted that, the determination of the inverse operator [57(10) } is equivalent
to the study of the equation

2n—1

S o e(n?) =1, tew
k=0

at the points Tét) , Tl(t), ...,7'2(;)71, because solving the resulting system of linear algebraic

equations with respect to <<p (Tét)> , © (Tl(t)) ) <7'2(Q_1)>, we obtain the function

()= (To(t))-

Note that, for the singular integral operators with Cauchy kernel and Hilbert kernel
similar approximations and its applications to the singular integral equations are given in
the papers [1] and [2], analogous approximations for hypersingular integral operators with

Cauchy kernel are given in [3].

2. Hypersingular integral operator

Consider the following integral

/b Mclav , o € (a,b) (1)
a ‘x_‘r0|

where the function g (x) is defined in the interval [a,b]. If we define this integral similar
to the Cauchy integral, even if g = 1, we get the divergent integral:

To—€ 1 b 1
lim (/ Wdaz +/ dw) = lim (—2lne+1In(zg —a) (b —xp)) = oc.
a - 0 x

e—0+ o+e |.%' — 1‘0’ e—0+

Therefore, using the idea of Hadamard finite part integral [15], we will define the
integral (1) as follows:

Definition 1. If a finite limit

Tro—€ b
lim (/ g(x)de +/ glwde (xo)ln»s)
e—04+ a |1: — :L'0| zote |:L‘ — 1‘0’

exists, then the value of this limit is referred to as the hypersingular integral of the function
o) xo € (a,b) on [a,b] and is denoted by ff 9() g

|x—x0|”’ |z—zo|

Now consider the integral
T)dT
/ &7 te Y0, (2)

Y0 ‘7— - t‘

where the function ¢ (t) is defined in the unit circleyy = {t € C': |t| = 1}.
From the definition 1.1 for the hypersingular integral on interval, we define the integral
(2) as follows.
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Definition 2. If a finite limit

5, (] £2 <non)

exists, then the value of this limit is referred to as the hypersingular integral of the function
|T( t)‘ t € v¢ on the circleyy and is denoted by f - )tIT where y. = {1 €y : [T —t| > &}.

From definitions 1.1 and 1.2, it follows that if t = €0, zq € (—,7) , then

/ M: lim /W+2Z‘t¢(t)1ng =
70 ’T—t‘ e—0+ e ’T—t‘

zo+27—4(e) i) ;i ]
= lim (/ ' M + 2ie"™ ¢ (e lzo)lna) =

e=0+ \ Jao+o(e) e — eol

e=0+ \ S x)/(zo—5(e), 2o +6())  |T — Tol

-/ P i dr | i (¢0) . (e - (e) = | T e

o |em _ @ZIO‘ e—0+ |€ix _ eimg| )

r — X

eia: _ eixo

-dx + 2’0 (e ch0) In 5) =

—Tr
where 0 (¢) = 2arcsin 5.

Equation (3) shows that, by means of change of variables ¢ = €' the hypersingular
integral on a circle is reduced to hypersingular integral on an interval.

We will calculate the hypersingular integral f ‘T t| t = €0 € ~. We have

dr / jetT
T _ i Ty 2itlne | =
[ro =t =0t ( [wo—m,z0-+1]/(zo—e, zo-+e) €7 — €70 )

Z'eiz
= lim / T 7dr + 2itlne | =
e—=0+ [xo—m,z0+7]/(z0—¢, T0+€) 2 ‘Sln 5 ] ‘

o+ _
— 2it- lim </ Cos(xxo)+ln5> — 2it- (Ind — 2), (4)
X

e—0+ ote  2sin TR0

where 0 (¢) = 2arcsin § ~ ¢ as € — 04. From equation (4) it follows that,

/W :/ Mcﬁ'—i—(lrﬂl 2) 2itp (). (5)
Y0 | ’ 70

T—t |7 — ¢t

Let Hy (70), 0 < a < 1 be the space of Holder continuous functions with exponent «
in ~g, i.e. the space of the functions which satisfies the following condition

3C' >0 Viq, to € Yo : ‘(p(tl)—go(tg)lfc-’tl—tﬂa
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with the norm
el = llelloo + H (¢ @)

where

lp(t) = o (t2)]

=max |¢ (t)|, H (¢;a) = su
el = maxli (0] i) =sup { =2

: ti,ta €70, T 75152}.

From equation (5) it follows that, if ¢ € H, (7o) then hypersingular integral f
exists for all t € g
Consider the hypersingular integral operator:

(595 0- 4 £

Theorem 1. Hypersingular integral operator S is bounded from the space H, (70) into
the space Ho—c (70) for all0 < a <1 and 0 <e < a.

\T tl

Proof. From equation (5) it follows that, it is sufficient to prove the stated theorem
for the following operator:

Y0

i |7 — ¢t

Let ¢ € Hy (70). Then

”TSOH —maX 1/ dT < l / MWT‘
0 |T*t| Tl T
1
=z o |7 _( ! )a"”‘ <Ci-H(pa) <ol (6)

where C] — constant Which only depends on a.
Estimate the difference (T'p) (t1) — (T'¢) (t2) for any two points t1, ta € v9, t1 # to.
If [t; — to| > 3, then from inequality (6) it follows that,

[(T'p) (t1) — (T'p) (t2)| < 2C1 - [lpall <4C1 - [lpall - [t1 —ta]. (7)

Consider the case [t; —ta] < % We plot the circle centered at the ¢; with radius § =
2 - |t1 — ta]. This circle and 7 intersect at two points, which we will denote by a and b.
Denote by [ the part of 79 which is inside of this circle .

Represent the difference (T'¢) (t1) — (T'¢) (t2) as follows:

@wm%¢MWg:;[“Q_fmm_;lwﬁ_ﬁmw+

+—
|’7’*t1| |T*t2|

™

1 o(1)—@(t1) @(1)—@(t2) -
’YO\l{ }d
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_ L fe(m)—et), 1 [e(r)—¢(t) 1/ plta) () , o
), | —t1] ;|7 —te] T S\l |7 — t1]
+1/ o (F) — o (ta)] | — LI A A A

- T) — — T = .
i Joou " L [P R Py 12T 3T

From the condition ¢ € H, (70), 6 = 2 - |[t1 — t2| we have the following estimate

H (p; d
<t /!w !|d|< (3 ) \T\l_a_
T Sl =t
2H (p;a) [0 dr 4H (p; o _
< 2 (e )/ S (05 ) N — o] < IIfH by — o]
™ (r/2) TQ 28
Absolutely analogously
H (p; d
| < & /I@ —p(ts !,d|_ (3 ) IT\HY_
— ta m T =t
2H (p; 38/2 dr 6H (p; 6 _
< (¢ )/ - (5 ) = o] < H;PH = o] F.
T 0 (r/2) T 287

We estimate the integral Jsas follows:

/ dr / dr
e o I = 1]

T _
< 4H (p;a) - [t — 2| - lnm <O lelly - [t — 12|77,

lp (t2) — ¢ (t1)]

< H (p;0) - [t1 — ta]®
v

|J5] <

where Cs — constant which only depends on a and «.
Now turn to the estimate of the integral Jy.

1
| Ja| = =

™

7| <

JLEC Ry
Yo\l

|7 —t1] - |7 — ta

(8)

<Hlo)| [ izl | Ho) il | ]
T o\ [T =t - =t T ™ qo\L [T = ta] - | — o]0
H(p;a)- |t —t —ty |t
_ (SO’OZ) ’ 1 2| |7__t1‘a72 T_tl |dT|
n o\l 2

Since for any 7 € v\l , the following inequality is holds

1
r—til < 5l =t
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then we have

H Q) - tl—tQ _ _
7 < O] [ o2 ar) < Oy ol -
o

where C3 - constant which only depends on « and .
Comparing obtained estimates for Jy, Ja, J3 andJy, from equation (8) and inequality
(7) it follows the validity of the theorem. This completes the proof of the theorem.

3. Approximation of hypersingular integral operator

Consider the sequences of operators

n—1 (t) —
1 ® (TQk—l-l) @ (t) . »
(s09) (1) = = > =5 AT+ (Ind—2)2itp (1), t€vo, n=1,2,.,
k=0 ‘72k+1 - ‘
where T]E,t) =Mt AT]gt) = (7’,521 Tk(B1> nd = =2ie" . t. 0, k=0,2n, 6 = o
It is clear that, operators 57(1 ), n =1,2,.. is bounded from the space H, (7p) into the
space Hy (7o) for all 0 < a < 1.
Theorem 2. For any ¢ € H, (), 0 < a < 1, the following estimate holds
1 1
0p - 50g| < ABUEY gy =12, (9)

where Cy — constant which only depends on «.

Proof. From equation (5) it follows that, for all ¢t € g

(570) (0= (s) )] = | [ EP = ar - 57 () 00

‘ ) ; 2k-+1

<
Tok+1 —

1 - e (T — (1)
SWZ/T“) . (|3_Zo’()d7_ <2fzt+)1)_t A | = ka (10)

=0 2k T2k+2

Estimate the difference I, k = 0, n — 1. For the difference Iywe have

- e (n") — o)
e /ré”fé“ W dr| + ‘ <)71'(3t ‘ ar?| <
1

dr A | g

< H (p; . < 22
> (90704) /r(gt>7'2<t) |T . t’l_a + ‘Tl(t) B t‘l—a - npo

H (p;0),
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where Cs — constant which depends on a. Analogously it follows that,

Cs
In71<n7-H(90;0<)-

For I, k =1, n — 2 we have

t t
i <7—2(k:)+1> —e) ¢ (Ték)H) e
Ik < /(z) ® dr — ATy |+
To, T |T - t‘ )’7‘ ’
2k "2k+2 2k+1
(t)
e (r) =T
/ ( 2k+1) dr| — IS) +Ili2)'
78070 ‘T - t|
2k "2k+2

Estimate for the difference I ,E,l) as follows:

(1)
dr AToriq
< ‘¢(72k+1> s”(t)" /m o Jr—t| ‘ (1) ‘
Tok Tok+2 Tokt1 — t

- () “ ! .

< H (p;0) - ‘Tzk—f—l - t‘ ' /(t) ®) | — t| +® t‘ s
Tok Tok42 2k+1 B
(t)
) —t| = |7 — 1]

. (t) a-l HT%—H ‘ ‘

< H (¢;0) - ’TQk—i—l —t ’/m ® [T — i .
Tok T2k+2

Since for all 7 € T(t)’i'2(k) 4o the following inequality holds

t t t t .0 T 1| @
HTQ(k)—i—l —t‘ — |7’—t|‘ < ‘T_TZ(k)+1‘ < ‘7’2(]2 _TQ(k)—i—l‘ :2s1n5 <= ;7|T—t| > 5‘7—2(19)—&-1 —t‘,

then from inequality (11) we get the following estimate:

2 -2
H 7 . (t) ¢
I,” < 2n2H(‘P’ a) - ‘T2k+1 - t‘
Now turn to the estimate of the integral IIS).
t 1) |¢
@) o(1)—¢ (7'2(/2+1> ‘T - 72(k)+1
7 < / dr| < H (p; ) - / —dr| <
EOMO! |7 — 1] MOMO; |7 — 1]
2k T2k+2 2k T2k+2

< H(p;a)- ‘7'2(/? - 72(tk)+1

:|

a |dT| T |d|
'/u) ) |T—t|SH((p;a)'n /(t) o Jr—t
Tok T2k+4-2 T

2k T
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Comparing obtained estimates for I, k = 0, n — 1, from inequality (10) it follows the

following inequality:

2

. H(W [205 +”z‘:

k=1

(2 2 ’T2k+1 t

a=2 @ |dT|
— 12
i 7070 T — t\) ] (12)

Since
2 (2k +1)7|*
2n

d
z/ = 9 < Gttt y),
MOMO! r—t| 70\<T§t572(t>) |7 —t]

sin

)7'219+1

2k T2k+2

then from inequality (12) it follows the estimate (9). This completes the proof of the
theorem.
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Abstract. In the present work it is considered perturbed system of exponential functions with
piecewise continuous phase. Special cases of this system form systems of eigenfunctios of model
first order discontinuous ordinary differential operators. Sufficient conditions on the jumps of phase
function, which guarantee the basisness of the system in generalized Lebesgue spaces are provided.
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1. Introduction

When solving the PDEs of mixed type by Fourier method there frequently appear
systems of sines and cosines of the following form

{cos (n + a) t}neZ+ ) (1)

{sin(n+a)t},cn, (2)

where « is a real number (here, thereafter N is the set of all natural numbers, Z; =
{0} UN). Justification of the Fourier method requires to study the basicity properties
of such systems in some function spaces. Some examples of such equations and concrete
systems of trigonometric-type functions that appear after applying Fourier method can
be found, for example, in [1, 2, 3, 4]. The basicity properties of the systems (1) and (2)
are well studied in Lebesgue and Sobolev spaces, as well as, in their weighted settings
[5,6,7,8,9, 10, 11, 12, 27, 28, 29, 30, 31].

During the last two decades, non-standard function spaces became an extremely pop-
ular subject because of their appearance in modern problems of analysis and qualitative
theory of PDEs. Introduction of Lebesgue spaces with variable exponents at the end of last
century and variety of extraordinary results obtained therein were the main motivation

*Corresponding author.
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and the inception of this new tendency in analysis. We only mention the monograph [13]
and the comprehensive bibliography therein, where thoroughly treatment of these issues
can be found.

In the present work it is considered the perturbed I system of exponentials with a
piecewise continuous phase. Particular cases of these systems are eigenfunctions of model,
discontinuous, ordinary differential operators of the first order. Sufficient conditions are
obtained for phase jumps, in the course of which this system forms a basis in generalized
Lebesgue spaces.

Notice that, similar problems for the double system of exponents with complex-valued
coefficients in Lebesgue spaces with variable exponent were earlier studied in [15, 16, 17,
18, 19]. The basicity properties of the systems (1) and (2) in classical Lebesgue spaces
were studied in [20, 24].

2. Preliminaries

We use the following standard denotations: Z—the set of all integers; R—the set
of all real numbers; C'—complex plane; (*)—complex conjugate of (.); d,r—Kronecker
delta; x4 (-) —the indicator function of the set A. w = {z € C : |z| < 1} — the unit disc;
Ow={z € C: |z| = 1} — the unit circle.

Let p: [-m, 7] — [1,+00) —be a Lebesgue measurable function. We denote by % the
set of all Lebesgue measurable functions on [—m, 7] . Set

L0 | 0P

and

L={f €L I,(f) < +oo}.
If p© = sup vrai} p(t) < +oo, then £ is a linear space with respect to pointwise linear

—T,T
operations. .Z is a Banach space with respect to the norm

def (!
11,0 2 1nf{)\ S 0:1, <A> < 1},

and we denote it by Ly.). Set

p(:

d
WL éf{p:p(—w) =p(m);3C >0, Vit,tp€[-mm|:|ti —to| <1=

= |p(t1) —p(t2)] < M}

Throughout the paper g (-) denotes the conjugate function of p (-) , that is, ﬁ + ﬁ

1. Let p~ = inf vrai p (t). The following generalized Holder’s inequality holds

-7,
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[ 1 ®aldr<e i) 1l ol

—T
where ¢ (p7;pT) =1+ p% —_
To get the main results we will need the following facts concerning the basicity in
generalized Lebesgue spaces Ly, (0, ) of the following single-folded exponentional system,
which were obtained in [32]:

v (t) = a(t)e™ — b(t)e™ ™, n € N,

where a (t) = |a (t)| €*®), b(t) = |b(t)| e?Pare some complex-valued functions on [0, 7].
It will be assumed that the functions a (-) and b (+) are subjected to the following conditions
i)-iv):

i) a1 () 3 541 () € Lo (0,7);

ii) a (-) ; B (-) are piecewise continuous functions on (0, 7), with {#x},cn and {7%},cn
as their jump points, respectively. Assume that the set {5} = {t} J {7x} may have just
one limit point §p € (0,7) and the function 0 (t) = 5 (t) — « (¢) has a finite left and right
limits at the point . 3 3

i) Y02 |k (8k)| < 400, where h(8) = 0 (5, —0) — 6 (8, +0) is the jump of the
function 6 (-) at point §. i

iv) The jumps {Bz} satisfy (hé‘j':) + p(é_)) ¢ Z,Vie N.

From iii) it follows that there exists r € N, such that
27 = 27

() <M <0y

k=7 .

Enumerate the elements of the set {5;}] in increasing order and denote it by {s;}] :0 <
$1 < ... < s; < m. Denote the jumps corresponding to them by {h(s;)}]:

h(si)=pB(si—0)—p(si+0)+a(s;i+0)—a(s;—0),i=1,r.
Assume that for some ng it follows

BO0)—a(0) _ 1

—+2(npg—1) < < + 2ny. 3
b TS T S ) )
By iv) define the integers n;,7 = 1,7 as follows
1 h(sz) 1 .
- < +n;—ni1 < —=,t=1,r. 4

We have the following main result:

Theorem 1. Let the coefficient functions a(-) and b(-) satisfy i)-w), the integers {n;}]
are defined as in (3), (4). Assume that
B(m) — a(r) 1

Tt (5)




On Basicity of Perturbed Exponential System 109

If
1 . Blm) —afm) 1 "
o) +2n, < p. < o) +2(n,; + 1), (6)

then the system {vn},cn forms a basis in Ly (0,m) . If

B(m) — a(r) < ——— + 2n,m,

p(m)
then the system {vn},cn is not complete but minimal in Ly (0,7); If
B(m) — a(r) > ——— + 2(n, + 1),
(7) = a(m) >~ + 2n, + 1
then the system {vn},cn is complete but is not minimal in Ly (0, 7).

3. Main Results

Consider the following system of exponentials:

©on (0) = exp[i (nf — sgnna (0))], n==+1,+2,..., (7)
where « (0) is a piecewise continuous odd function on [—m, 7|, that is a(—0) = —a (),
VO € [—m,m]. Let the set {¢}]" is the set of jump points of the function a () o ( ),
which may have just one limit point ¢y € (0, 7). Assume that the function « (@) has finite
left and right limits attyg. Furthermore, let

> oty +0) — a(t — 0)] < +oo. (8)
k=1
Assume that v o i )
alti=0)-alti+0) , 1 . i =T, 00, 9)
m p (L)

for any integer k.
Let for some integer ng it follows

7r 1 m

Denote by r the integer, for which

_m<a(tk_0)_a(tk+0)<q(tk)’

Enumerate the elements of the set {¢;}, ¢=1,r in increasing order and denote the new
set by {t;}]: 0 <t <.. <t <m. Define the integers n;, i =1, as follows:

k =7, 3. (11)

1 ti—0)—a(t; +0 1
— <a(l ) —altit )+m—ni71<7,
p(t:) ™ q(t:)

i=T,7. (12)
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Theorem 2. Let a(t) be a real, piecewise continuous, odd function on [—m, 7|, of which
Jumps satisfy (8)-(10). The integers n;, i = 1,7 are defined as in (10) - (12). In addition,
let .

T
Then to be a basis of the system of exponentials (7) in Ly, (—m,m) it is sufficient that

T T

"2 (™) 2p (m)

If a(m) < —#(W) + (nr + %)7‘(‘ then the system (7) is not complete, but minimal in
Ly, (=m,m); if a(m) > —5m T (ny + 1) then the system (7) is complete but is not

+<nr+;>7r<a(7r)<— + (e 4+ 1) (13)

minimal in Ly (=7, ).

Before proving the theorem we give some direct consequences of Theorem 1.
Let a(-) be a piecewise continuous function on [0, 7] of which jumps satisfies the
conditions (8), (9).

Corollary 1. Let for some integer ng

+(no—1)m<a(0)< + no, (14)

_T _T
2p (0) 2p (0)
holds, the integer n, is defined as in (14), (12) , and it is assumed that « (1) # — 5 T

. If
(n, +1)m

T < a(m)

T ™
2p () 2p ()
then the system sin(nt —a(t)), n = 1,00, forms a basis in Ly (0,7); if a(m) <
—5p(my T M, then the system sin(nt —a(t)), n = 1,00 is not complete but mini-
mal in Ly, (0,7) ; if o (m) > —% + (ny + 1) m, then it is complete, but is not minimal
in Ly, (0,m).

For the case of cosine system we have the following

Corollary 2. Let « (+) be a piecewise continuous function on [0, 7] of which jumps satisfy
(8), (9) , and for some ny € Z it holds

T 1 T 1
- T 2 1
2p(0)+<no 2>7T<Ot(0)<2p(0)+<n0+2>ﬂ' (15)
The integer n, is defined as in (15), (12) and it is assumed that o (7) # —
If

#(Trﬁ'(”r +3) .
T

“3 () + <nr + ;) T < o(m) Zp%) (nr + g) U

then the system cos (nt — a(t)), n = 1,00, forms a basis in Ly (0,7); if o (m) < —%—i—

(nr + %) 7, then the system cos(nt —a(t)), n = 1,00 is not complete but minimal in
Lyy (0,m); if a(m) > —% + (ny + 3) m, then it is complete but is not minimal in
Ly (0, 7).
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Proof of Theorem 3.1. Let us prove the sufficiency. First of all let us show that the
system of exponentials (7) is complete in Ly  (—m,m) under the conditions of Theorem 2.

Assume the contrary. Then there exists a nonzero function f(0) € Lg, (—m, ), Wl-) +

=1, such that
q()

! f(0)expli(nd — sgnna (0))]dd =0, n==1,£2, .. (16)

From here we have
ST f(0)cos(nd —a(0))do+ i [T f(0)sin(nd —a(0))dd =0,
f_ﬂf(G)c s(nf —a(0))do — i [T_f(0)sin(nd —a(6))dd =0.
By summing up we get

Jo [ (0) cos (nf — o (0)) dO+
=y [f( )+ f(=0)] cos(nf —a(6))dd, n=1,00.

Since under (13), as it follows from Corollary 2, the cosine system is complete in L, (0, ),
we get that

Offﬂf )cos (nf — a(6)) db
9))

+ Jo f (=0) cos (—nf — o (—0)) df

f(0)=—F(=0).
Since the function f (6) is odd , by (16) we have

fﬂf(@)sm(n@—oz(@))d@z(), n=1o00,
Jo £ () sin(nf —a(0))dd =0, n=1,0c.

Under the condition (13), as it follows from Corollary 1, the sine system is complete in
Ly, (0,7), from here we get that f (0) = 0, which proves the completeness of the system
of exponentials (7) in Ly , (=, ).

Under the conditions of Theorem 2, as it follows from Corollary 1 and 2, the system
sin (nt — a (t)) and cos (nt —a(t)) n = 1,00, forms a basis in Ly, (0,7). Let hj, (1) and
RS, (t), m = 1,00, are biorthogonal with these systems, respectively:

f07r sin (nt -G (t)) hfn (t) dt = nm
o cos (nt — a(t)) he, () dt = Spm,

n,m = 1,00, dnm, is Kronecker delta. Define the following system of functions:
17, , -
ha (6) = 5 [hlcm (0) — isgnnhi, (0)] , n=+1,+2, .. (17)

where

oo R (0),  0€(0,m),
Il (9)_{ he, (=0), 0€(-m,0),

. he (0),  0€(0,m),
Bt (=), 0 € (~7,0).
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Now we show that this system is biorthogonal with the system (7). Indeed, we have

(Ym, hn) =

= i /_7r [A\Cnl 0) — isgnnillsnl (0)] [cos (Ml — sgnma (0)) + isin (m — sgnma (0))] df =

1 ™ R - ™ “
=1 / cos (mf — sgnma (0)) hi, (0) df — isgnn/ cos (mb — sgnma (0)) i, (0) do+
sgnn

-l-% / sin (mf — sgnma (9)) iLICnI (0) do + 7 / sin (mé — sgnmac (0)) B\Snl (0)do =

=11 (n,m)+ Iz (n,m) + I3 (n,m) + I4 (n,m) .
Since ﬁfn‘ (0), cos(mb — «(0)) are even functions, and ﬁfn‘ (0) , sin(mb — « (0)) are odd
functions on (—m, ), from here we get that I (n,m) = I3 (n,m) =0, n,m = +1,£2, ...
So, we have

(@m,hn) =11 (n,m) + Iy (n,m) = % /OTF cos (mf — sgnma (0)) hi, (0) do+

2

It is clear that hy, (0) € Ly (—m,m), n = £1,4+2,... Hence the minimality of the
system (7) was proved.
Now take any function 1 (t) € Ly, (=, 7). Consider the following series:

429 / sin (m# — sgnma (0)) hiy, (6) df = dnm.
0

> ¥ () hy, () dtellr?—sgmnel@)] (18)
n=-oo

n#0

We show that this series converges to the function v (¢) in L, (-, 7). Let Sy (0) be
truncated sum of the series (18). Then

™

N
14(0) = S (D), ., = || (0) — > ¥ (t) hn (t) dt exp [i (nf — sgnno (0))]
n=-—-N

—T

n;O

Lp()
N ) - A
= || (0) — Z 1 {/_ ¥ (t) hiy, (t) dt cos (nf — sgnna (0)) +
n=-N "
n#0
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+i /_7r P (t) iL‘Cn| (t) dtsin (nf — sgnna (0))—isgnn /_7r ¥ (t) ﬁfn‘ (t) dt cos (nf — sgnna (6)) +

Lpe)

+sgnn /_7r P (t) lAz‘snl (t) dtsin (nf — sgnna (0))}

N ” )
= ||y (t) — Z i {/ ¥ (1) hiy,; (t) dt cos (nf — sgnna (0)) +
n=-N -

n#0

Ly

+sgnn /_7r W (t) ﬁfnl (t) dtsin (nf — sgnna (9))}

N

w(O)—Z;{/Ww(t)E%(t)dtcos(nH—a(H))+

n=1

" B 0 desi o) — ooyt Lo -
+ [ o @) drsin o - a )} Lp()—”:b(ﬁ) L0 (-0) + 1 (~0)

N s
_Z;{/o (W (t) + ¢ (=t)) hs (t)dt cos (nf —a(0)) +

+ /0 (6 (£) + ¢ (=) iy (B) dt sin (00— (0)) } » <
1 N
<z @O +9(=0) - Z/ 5 (W (1) + 9 (=) by, (t) di cos (nf — a(6)) +
n=170 Lp( (=)
1 N
+5 @) =¥ (=0)) - Z/O 5 W) =9 (=) by, (t) disin (nf — o (0)) =
n=1 Lp(~)(_7r77r)
N T
= ||¢ (0) + 1 (—0) — Z/O (1 (t) + 10 (=) hy, (t) dt cos (nf — o (0)) +
n=1 Lp(')(O,ﬂ')
N T
+ |9 (0) = (=0) — Z/O (1 (t) = (=1)) hy, (t) dtsin (nf — o (0)) — 0,
n=1 LP(A) (0,m)
as N — oo.

It proves that the series (18) converges to the function ¢ (6) in Ly, (—m, ). Hence,
under the condition (13) the system (7) forms a basis in L, (=, ).
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Now let us prove the necessity part of the theorem. Consider the case o (7) < —ﬁﬂ) +

(n + 1) 7. As in this case the system cos(nf —a(6)) n = 1,00, is not complete in

Ly, (0,7), there exists a nontrivial function ¢ (6) € Lg , (0,7), 4+ ﬁ = 1, such that

) p()

/Oww(e)cos(nﬁ—a(ﬁ))dﬁ—o, n=1,00.

Introduce the following function:

Since cos (nt — a (t)), is odd function on (—m, ), but f(6) is even, we get that
f(0) er0=s9mmalgg — 0 n=+1,+2, ..,

which shows that the system (7) is not complete in Ly, , (—m, ).

Now, consider the case of «(7) > —5p T (np +1)m. In this case by Corollary
1 the system sin(nf —a(f)), n = 1,00, is not minimal. We show that the system
of exponentials (7) is not minimal as well. If it is not, there is a system of functions

hn (0) € Ly (—m,m), n==1,£2,..., such that

/ o (0) /MO39m0 gy — 5 nom = 1,42, ...

—Tr

Define the following system of functions:
hy (0) = = [hn (=0) = hn (0)], n =1

We have for any integers n,m > 1:

I (n, m) = / hfn (9) (n9 — (9)) df = _% hin (0) e*i(n9fa(9))d9+
0 iJo
L[ ; L —i(no—a(~0))
+— [ k), (@) expli(nd —a(0))]dd = —— he (—6) e~im0=a(=0) gg
2i Jo 2 J_,
1 (™ . 0 , 0 '
+? e (0) einf—a(0)) 4o — / h,, (0) el(nf—a(9)) 4o _ h,, (—6) pi(nf—a(0) 39 _
i Jo . .

™

- / h,, (—0) ™=@ qg / h,, (0) "0=@)gg — / h,, (0) =) qg_
0 0

—T
m

_/ h,, (—0) einf—a(9)) g9 — Srm +/ B (0) - o—i(n—a(6)) 79 — P
0

—T

Hence we got a contradiction. This completes the proof of Theorem 2.
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A Mixed Problem for a Class of Nonlinear Tymoshenko
Systems
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Abstract. In this paper a mixed problem for semilinear systems of equations describing the
oscillations of a thin-walled bar is considered. Reducing the problem under consideration to a
differential equation, a theorem on local solvability is proved.
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Let us consider the bars described by a system of two differential equations in the
domain @ = [0,T] x [0, ]

ElYyzpes + pAytt - pAe‘gtt = fl (t, z,y, 9) (1)
ECw0sp0e — GClyy — pAeyy + p (I + Ae?) by = fo (t,x,y,0)

with boundary conditions

0(0,t)=0, 0(, t) =0, 0,,(0,t)=0, 6Ox(,t)=0

v 0 =), (@0) =) } (3)

where 0 < 2 < [,0 <t <T,1 > 0,T > 0 are given numbers, y (x,t) is a transverse
displacement, 0 (z,t) is an angle of cross-section of the bar, E is the Young’s modulus, I
is a polar moment of inertia of the cross section with respect to its center of gravity, p is
a density of the material of the bar, A is a cross-sectional area, e is a distance from center
of gravity to center of torsion, C,, is a sectorial moment of inertia of the cross section, G
is a shear modulus, C' is a geometric rigidity of free torsion, EC,, is a stiffness of bending
torsion, GC is a stiffness of free torsion. Here, fi and fy are functions depending on ¢, =, y
and 6 (see e.g. [1, 2] ).

http://www.cjamee.org 118 © 2013 CJAMEE All rights reserved.
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The system of equations (1), (2) can be written as follows
Rwy + Sw+ Nw = F(t, =, y, 0), (4)

w (0) = wo, wy (0) = wy (5)

where

B pA —pAe [ EI* 0 (0 0
R_<—pAe p(I—i—Aez))’S_( 0 EC,0* V= 0 —GCo? )’

e (5 ) ()= (50)

Let us consider the functional space . = Ly (0,1) x L2(0,1) with a scalar product:

I
<w1, w2> = <w1, w2>%ﬁ ~Cu <yl’ 3/2>L2(0,1) + <01’ 92>L2(0,1) ’

where
w' = (yi,Hi) e, i1=12.

Let us define ﬁg and ﬁg in the following way:
ﬁgz{u . ue€ H? u(0) = u(l) =0},
Hy={u: uwe H, u0)=u(l)= uy(0) = uz(l) = 0}.

Denote by 7 the space H3 x HZ, and by 7% the space Hj x Hg.
Let the operator L be defined in the space J7:

D(L) = .

E(I+A€e?) 94 eEC, 9*
Lw=R 1Sw= pA w0 Ll 0rt L where w = ( Zé ) € D(L).

ECy 0%
p Ozt pl 9zt

We also define the linear operator L; as follows:

D (Ly) = 4.
7eG[C 822 y
-1 i —
Liw=R C’w:[O _GZICE)QQ]w, where w-(a)eD(Ll)E%ﬁ.

We define the nonlinear operator G(.) in the following way

Gt w) = ( g1(t, z,w) ))

ga(t, z,w)
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where o2
I+ Ae e
gl(t,.’E,UJ) pA fl(txy70)+ﬁf2(taxay70)7

g2 (t,z,w) = p—elfl (t,z,y,0) + pllfQ (t,z,y,0).
Then the problem (4), (5) can be written in the form
wy + Lw + Lyw = G(t, w), (6)
w (0) = wp, w' (0) = w. (7)
Lemma 1. L is a positive self-adjoint operator in J€.

Proof. Let w' = (3%,0%) € D(L).

Lol (E(I+Ae2) . €EC,., ¢eE EC ECy 5 )

pA Yzxax p[ TTITT? 7yma}x:c

Hence we obtain that

E (I + Ae?
<L’LU1, ’LU2> = L <(+e)yéxmp + cECy ealcmx:m > +
Cu pA pl
L»(0,1)
+ <6Eyal:a:mc EC 9;5050937 9 > -
P pl Lo(0,1)
E (I + Ae?)
= W <yggx7 yxg:>L2 0 1) + <0;17 y923x>L2(0’1) +
el EC,
oV (Yazr O22) L0 T 7 pl <991”“ O2n) 120 ®)

Similarly we obtain that

E (I + Ae? eECy, 22 EC

E (I + Ae?
(', Lw?) = 2 << A >y§m+eEC e>
Cuw pA pl .
2(071)

eE EC
pl L2(0,1)

CE(I+A) e
T T pCeA e ) o

<yalca:a 0§x> L2(0,1) +
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el 1 2 Ecw 1 2
—{—7 <911" y$$>L2(0,1) + 710[ <9$$7 09317>L2(0,1) . (9)

Comparing (8) and (9), we obtain that
<Lw1, w2> = <w1, Lw2> .

On the other hand, the operator L is invertible.
Indeed, let h = (h;, ha) € . Consider the equation

Lw=h, w=/(y,0) € D(L). (10)

Equation (10) has the following form

2
%%ﬁxmx + %ax:ﬁxx = Iy, 11
el EC’we —h ( )
7ymcxa: + “pl Yawzxz — 102
Hence we obtain that
{ %uxmxx = h1 — eho, (12)
Y(0) =y (1) = Y2z (0) = yzz (1) = 0.

The problem (11) has a unique solution y € E[\é. Similarly we obtain that the problem
(11) has a unique solution

w = (y,60), where y, HEP}%, i.e. weA.

From the definition of L and from the scalar product in 7, we get that

EI (I+ Ae?)

2eE ECy
<Lw, w> = W ||y:m?”iQ(0,1) +

(Yaws boz) 1,00,1) T e ||9m||%2(0,1) - (13)

Using the Holder’s and Young’s inequality, we obtain that

1 Cw 2 1 2 Cw 2
12€ (Yo, Oa)| = 2 <e\/ Ciwym; \/ I(ng> <e Cu HymHLg + T HQMHLQ : (14)
From (13) and (14) we obtain that
(Lw, w) > 0.

Thus, L is a positive self-adjoint operator.

Lemma 2. Linear operator L1 is subjected to the operator L3,
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Proof. From the definition of L it follows that

(e 4+ 1)G?C? [?
p212

29 2
4 dr < cH L%w‘

2
0z2 ra

2
[ Lw|% =

i.e. L is subjected to the operator L3,

Applying the general theory of nonlinear hyperbolic differential equations, we obtain.

T?eorem 1. Let L be a positive self-adjoint operator and L1 is subjected to the operator
Lz. Suppose that G (t, w) acts from [0,T] x JA4 to A and satisfies the local Lipschitz
condition, i.e. if for any t1,te € [0, T] and w!, w? € 74

16ty w') =G (tas w?)l]p < e ([l e 0%l]) > [Ita = tel + [ = w?]] 4,

Then for any wg € J4, w1 € H there exists T, such that the problem (6), (7) has a
unique solution
we C([0,7],2,)nC*([0,T'] 7).

If ooz 18 the length of the mazimum interval of existence of solutions, then one of the
following alternatives is fulfilled

)l 7y, -0 [0/ O] + [ 4] =+o0

or
1) Tz = T'-
Note that if wy € 74 and wy € FA4,
then

we C([0,T],,)nCH[0,T'] , 74) N C*([0,T'] , ).

Lemma 3. Let
fi(t,2,y,0) € CH([0,T] x [0,1) x R?).

Then G (t, w) = < glg’i’zg ) acts from A to € and satisfies the local Lipschitz
2\, &4,
condition.

Proof. Let t; € [0,T] , w' = (y*,0") € 5 . Then
|G (. wh) =G (12 )|, <
< CH fl (tlvxaylvel) - f2 (t251:7y2’02)H22(0’l) + CH f2 (t25$ay2502) Hig(o,l)’

where c:mam{”’;‘f#,%} , on the other hand
Hfl (tlax7y1701) - f2 (t27$7927€2)||iz(07l) =
1) r1 2
:/ / fl.ti+rt—t). v +7 (2 —y"), 00 +7 (02— 0")) dr| da|ti —to] +
o IJo
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2 2
’yl — y2’ dx+

LT =),y +T (P =y, 0 7 (0°—0"))dr

2 2
0 — 6| d <

(e —t).y 7 (% —yt), 0t +7 (62— 6Y))dr

< Sup“flt (’51:3775777)\ + ’flt (tlﬂx7§777)| + ‘flt (tlawvéan)’]x
0<tLT
x € [0,]
€] <o
In| <7

l l
X[l |t1 — ta +/0 ‘yl (z) — 12 (:r)‘de —I—/O ‘91 (z) — 62 (:E)}zdx]

Hence we obtain that

| 1 (t1, 2,90, 0") = fo (t2>$7112>92)”iz(0,1) <

2 2
=€ (Hylijl’ 1“;2017 }QQHﬁﬂl) *[ltr = t2| + [ y' — y2HL2(O,Z)+ | 6"~ GQHLZ(O,Z)] <
2
< ('l 102l ) - Lt = 22 + || 0! = w?]% ),
where
0= eyl @1+ 17 @)
_ 1 2
rl_me()l‘e )‘—i—‘@ (a;)‘

Using Lemmas 1-3 from the Theorem 1, we obtain the following result:

Theorem 2. Let
fi(t,2,y,0) € CH([0,T] x [0,1) x R?).

Then for any yo, 6y € f/I\g, y1, 01 € Lo (0,1) there exists T' > 0 , such that the problem
(1) -(3) has a unique solution (y,0), where

—

y,0 € C'([0,T"], Ly(0,1)) N C([0,T'] , HY).

Moreover, if Tmae is the length of the maximum interval of existence of solutions, then
one of the following alternatives is fulfilled

Olime7,,,—0 [Ilyt( W2 Laoy + 106 Loon + 1y )N +||9(
“+00
or

i) Tnae = T
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On Embedding Theorem in Variable Lebesgue
Spaces with Mixed Norm

K.H. Safarova*, E.V. Sadygov

Abstract. In this paper, we study theorem on continuously embedding between variable exponent
Lebesgue spaces with mixed norm. In particular, we found a criterion characterizing the embedding
between variable exponent Lebesgue spaces with mixed norm.
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1. Introduction

It is well known that the variable Lebesgue space in the literature for the first time was
studied by Orlicz [11] in 1931. In [11], Holder’s inequality for variable discrete Lebesgue
space was proved. Orlicz also considered the variable Lebesgue space on the real line, and
proved the Holder inequality in this setting. However, this paper is essentially the only
contribution of Orlicz to the study of the variable Lebesgue spaces (see also [8]). The next
step in the development of the variable Lebesgue spaces came two decades later in the work
of Nakano [9] and [10]. Somewhat later, a more explicit version of such spaces, namely
modular function spaces, were investigated by Musielak and others Polish mathematicians
(see [7]). In particular, the variable Lebesgue spaces were objects of interest during the last
two decades(see [4, 5]). The further investigation of these spaces being undertaken in [6,
13, 14] and e.t.c. The study of these spaces has been stimulated by problems of elasticity,
fluid dynamics, calculus of variations and differential equations with non-standard growth
conditions (see [4, 12, 15]).

In this paper, we study theorem on continuously embedding between variable exponent
Lebesgue spaces with mixed norm. In particular, we found a criterion characterizing the
embedding between variable exponent Lebesgue spaces with mixed norm.

The paper is organized as follows. Section 2 contains some preliminaries along with
the standard ingredients used in the proofs. The main results are stated and proved in
Section 3.

*Corresponding author.

http://www.cjamee.org 125 © 2013 CJAMEE All rights reserved.
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2. Preliminaries

Let R™ be the n-dimensional Euclidean space of points x = (1, ..., ) and let Q be a
Lebesgue measurable subset in R™. Suppose that p(z) = (p1 (1,...,2n),p2 (0,22,...,2,),
coyPn (0,...,0,2,)) is a vector function defined on R™ with Lebesgue measurable compo-
nents p; (:C(i)) , such that 1 < p;(z)) < oo and 2 = (0,...,0,24,...,2,) (i=1,...,n).
Further in this paper all sets and functions are supposed to be Lebesgue measurable
and 2V = z, (W = (0,...,0,2,). Throughout this paper p, = ess inf p; (a:(i)), D; =

z() eRn
€ss sup p; (x(i)) , g, = essinfyg; ( (')) , §; = esssupgq; (x(i)) and p, (x(”)) = pp (x,). We
z() eRn - m@)e]R“ ()R
denote by p’(z) = (p} (z),p5 (= (2)) yeesDh (:z:(”))) the conjugate exponent vector-function
delﬁned by1 . .
— n 3 — y —

(@) + /() =1,z €eR" ie. o (q:(i)) + o (ac(i)) =1,i:=1,...,n.

By Ly, (2),2, (R") we denote the space of all measurable functions on R™ such that for

some A1 >0

p1(z)
Ilyplf(x%"' 7xn) = / (‘f)\(lx)) d.]?l < 0.
R

The expression

1f1lz

p1(), 2y (

p1(7)
®) = [ fllpy(),2y =Inf { A >0 /('f(f)') dey <1

R

is the norm in Ly, () », (R™) with respect to the variable z1. It is obvious that the result
is a function of variables @2, ..., Zn, i.e. [[fllp,(), 20 = Ifllpi(), 20 (T2, 20) -
Further, by L(pl(x) p2(2®)), 21,2 (R™) we denote the space of all measurable functions

on R™ such that for some Ay > 0

@)

(T2, ..., 2n p2(
I p, f(x3,..., 2 / <Hf’p1 2 )) dxg < 00.
R

The expression

HfHL(pl(x),m(x@)))»x1,12 (R") = H Hprl(.)’xl Hp2(')7$2

pa(2®)
= inf q pu > /(’f‘pl (w2 x”)) drz < 1
R

is the norm in L(pl(x) P (), 21, 3 (R™). It is obvious that the result is a function of

variables s, ..., Ty.
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Definition 1. By Ly, (R") = L(p1 (2,92 (22).....pn (n) (R™) we denote the space of measur-
able functions f on R™ such that for some Ay, > 0

pn(l’n)
Lnp, f :/ p2()7)\2 Pn=1(), Zn-1 dx, < oo.
R n

The expression

171 gy = [ WA r 01 =

Pn(Tn)
([ e (22)
=infdv>0: / pa(), 2 Po-1()2n1 dr, <1
v
R

defines a norm in Ly, (R™).

Remark 1. Let p(z) = (p1,...,pn) =P > 1, ie. 1 <p; (x(i)) =pi=const,i=1,...,n.
It s well known that usually Lebesgue spaces with mixed norm was introduced and studied
in [3]. The variable Lebesgue spaces with mized norm was introduced and studied in [1]
and [2].

Suppose that 2 C R" is a measurable set and f : 2 — R. The norm in the space

Lp(z) (2) is defines as
||f”Lp(z)(Q) = ”fXQHLp(Z)(]Rn)?

where xq(z) is a characteristic function of a set €.

Remark 2. Let p(x) = (p1,...,pn) =P > 1, i.e. 1 <p; (a:(i)) =pi=const,i=1,...,n.
Then Ly (R™) coincides with the usual mized norm Lebesgue spaces.

Remark 3. Let p; (z1,...,2,) = D2 (.T(Q)) = ... = pn (:c(")) = p(zn), t.e. p(x) =
(p(7n), .-y p(xn)) . Then Ly (R™) = Ly, (R™).

Now we introduce a analog of generalized Holder inequality in variable Lebesgue space
with mixed norm.

Lemma 1. Let p(z) = (p1(®),...,pn(z0)), a(z) = (¢ (l‘), ooy qn (2n)) and r(z) =
(ri(x),...,rn (zyn)). Suppose that 1 < p, < pi ( ()) < g (:c <q; < oo and
1 1 1
) p ) 4 (0)
Then the inequality

1=1,...,n.

n

19l @) < H (Ai + Bi + ||x0..,

o) I @ ol o
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holds for any f € Lq@w)(2), g € Ly (), where Qy; = {a: eN: p; (a:(i)) < q; (x(i))},

(D)
L o (2D = g (2 _ pi (z1)
Qo {x ceQ: p; (:U ) qz( )} A, = xselgl)l Qz( (4)) and
(@) = (2@
B; = sup qz(x ) pz(ac )
zeQy; qi (x(z))
Remark 4. Note that in the case p1 (x) = pa (x(2)) =...=pp(zn) =1, Theorem Lemma

2.1 was proved in [1]. The proof of Lemma 2.1 is similar, but with some modifications

(see [2]).

3. Main results

Now we introduce an embedding theorem between variable Lebesgue spaces with mixed
norm.
Theorem 1. Let p(z) = (p1(x),...,pn (¥2)), a(z) = (¢1(2),...,qn (zn)) and r(z) =
(r1i(z),...,mn (¥5)) . Suppose that 1 < p. < p; (ac(’)) < q (:L‘(’)) < q; < oo and satisfy

. 1 1 .
condition — = — — —,i=1,...,n.

75 (gj(l)) Di (33(7')) q; (l’(l)) ’

Then the following conditions are equivalent
a) Lq(z) (Q) — L (z) (Q) ;
b) |1HL H HXQHT1(~),x1 . '|‘7.n(_)7mn < 0.

Proof. The implication b) = a) immediately implies from Lemma 2.1. Indeed, if we
take g = 1 in Lemma 2.1 we proved this implication. The proof of implication a) = b) is
similar to the case p1 (z1,...,%,) = p2 (3:(2)) =...=py (a:(”)) = p(xy,) (see [5]).

Now we introduce some particular case of Theorem 3.1.

Let ={z€eR": —0<a;<x;<b<o0,i=12,...,n}.

Corollary 1. [2] Letx € I, and let p(x) = (p1(z),...,pn (xp)) and q(x) = (q1(x), ..., qn (zn))
be a vector-functions such that 1 < p, < pi (a:(i)) <gq (.%‘(i)) < q; < oco. Suppose that satisfy
the following conditions

e [ ) = () s 11
bn
A= [ @ n) =i 20))) da < .

Then Lg(gy (I) = Lp(zy (I) and the inequality

n

1y < TT1B: i a7 1l

=1
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1A - qi (2©) pLy for Bi (pi,q:) > 1
holds, where B; (pi, ¢;) = 5 + zi, 8 = es;g)nf o (x(i)) and y; = ;7 for By (pin i) < 1.
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Global Bifurcation for Half-linearizable Sturm-Liouville
Problems with Spectral Parameter in the Boundary Con-
dition

G.M. Mamedova

Abstract. We consider half-linearizable Sturm-Liouville problems with spectral parameter in the
boundary condition. We study the structure of the set of bifurcation points and the behaviour of
global sets of solutions of this problem bifurcating from the points of the line of trivial solutions.

Key Words and Phrases: half-linearizable Sturm-Liouville problems, half-eigenvalue, half-
eigenfunction, bifurcation point, global sets of solutions.
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1. Introduction

In the present paper, we continue the study [2] of the boundary value problem

Uy) = — (p()y) + a(@)y = Xr(@)y + h(z,y.9,\), © € (0,7), (1)
boy(0) = doy'(0), (2)
(a1 A+ b1)y(m) = (a1 + d1)y'(m), (3)

where ) is a real parameter, the functions p € C1[0,7], ¢, € C°[0, 7], and by, do, a1, by, c1, dy
are real numbers such that |bg| + |do| > 0 and

ardy — biep > 0. (4)

We also assume that p and r are strictly positive on [0,7]. The nonlinear term h has
a representation h = ay™ + By~ + g, where a, 3 are the continuous functions on [0, 7],
yT = max {y,0}, y~ = max {—y,0}, and g is a continuous function on [0, 7] xR, satisfying
the condition:

g(w,u,s,\) = o(|ul + [s]), (5)

near (u, s) = (0,0), uniformly in z € [0, 7] and in A € A, for every bounded interval A C R.

http://www.cjamee.org 130 © 2013 CJAMEE All rights reserved.
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The purpose of this paper is to study the structure of the set of bifurcation points on
real axis and more accurately describe the structure and behaviour of bifurcation branches
of solutions of problem (1)-(3).

In nonlinear analysis an important role is played bifurcation theory of nonlinear eigen-
value problems. The study of nonlinear eigenvalue problems has an applied interest since
problems of this type arise in the theory of vibrations, thermal convection theory, hydro-
dynamics, the theory of critical modes of operation of nuclear and chemical reactors, the
theory of critical loads and the theory of elasticity (see, for example, [7, 9, 10]).

Bifurcation problems for nonlinear Sturm-Liouville problems when the spectral pa-
rameter is not involved in the boundary conditions was considered by many authors (see
[2, 3, 6, 12, 13, 15]). In these papers prove the existence of global continua of nontrivial
solutions in R x C! corresponding to the usual nodal properties and emanating from bi-
furcation points or bifurcation intervals (in R x {0} which we identify with R) surrounding
the eigenvalues of the corresponding linear problem. It should be noted that in a recent
paper [1] of the first author obtained similar results for nonlinear eigenvalue problems for
ordinary differential equations of fourth order.

In [3] was also studied problem (1)-(3) in the case of a; = ¢; = 0 where shown that for
this problem possessing different linearizations as y — 0% and y — 0™, the half-eigenvalues
of the half-linear problem (1)-(3) with a; = ¢; = 0 and g = 0 correspond to bifurcation
points in a global sense.

Problem (1)-(3) in a more general case (i.e. when the nonlinear term h is of the form
h = f+ g, f being continuous and satisfying the condition |f(z,u,s,\)| < Mlu| in a
neighborhood of v = s = 0, uniformly in € [0,7] and in A € A) was considered in
[2]. In this paper prove the existence of global continua of nontrivial solutions in R x C*
emanating from bifurcation intervals surrounding the eigenvalues of the linear problem
obtained from (1)-(3) by setting h = 0.

In [5] Browne uses the Priifer angle techniques for half-eigenvalue problem (1)-(3)
with g = 0 obtain the existence of two sequences of half-eigenvalues which are different
according to the sign of the corresponding half-eigenfunctions in a neighborhood of 0. He
studies also oscillatory properties of the corresponding half-eigenfunctions, but in the case
c1 # 0 could not accurately determine the serial numbers of the half-eigenfunctions which
have the same number of zeros in the interval (0,1). And it is prevents to detailed study
of global bifurcation of solutions of problem (1)-(3) in the case ¢; # 0.

By applying the results of works [2, 5, 8, 11] (in the case of ¢; # 0 for additional
restrictions on the functions a(z) and S(z)) we update the oscillatory properties of corre-
sponding half-linear problem (1)-(3) with g = 0, and show that the set of bifurcation points
of problem (1)-(3) consists of all half-eigenvalues of problem (1)-(3) with ¢ = 0. Using
the approximation technique from [3] and combining it with the global bifurcation results
in [2, 8, 11] we prove the existence of global sets of solutions emanating from bifurcation
points which are similar to those obtained in [3].



132 G.M. Mamedova,

2. Preliminary

Along with problem (1)-(3), we consider the following boundary value problem

Uy) = Mr(x)y + a(x)y™ + B(z)y~, = € (0,7),
boy(0) = doy/'(0), (6)
(a1 A +b1)y(m) = (1A + d1)y'(7),

The problem (6) is non-linear, but is positively homogeneous (in the sense that if y is a
solution of this problem, then ay is also a solution for all & > 0) and linear in the cones
y > 0 and y < 0. Hence nonlinear eigenvalue problems of this type called ”half-linear” by
Berestycki [3].

The following definitions are given by Berestycki [3] (see also [14]). We say that A is a
half-eigenvalue of problem (6) if there exists a nontrivial solution (A,yy) of this problem;
the function y) be called a half-eigenfunction. In this situation, the set {(\,tyy) : t > 0} is
a half-line of nontrivial solutions of problem (6). The number A is said to be simple if all
solutions (A, v) of (6) with v and y,, having the same sign in a deleted neighborhood of 0,
are on this half-line. There may exist another half-line of solutions {(\,vy) : ¢ > 0}, but
then we say that X is simple if vy and y) have different signs in a deleted neighborhood of
0, and all solutions (A, v) of problem (6) lie on these two half-lines.

From now on v will denote an element of { 4+, — } that is, either v = 4 or v = —.

Half-linear problem (6) in the case |ai| + |c1] > 0 was investigated in [5], where the
author shows that for each v there exists infinitely increasing sequence {)\Z}Zozl, of real and
simple half-eigenvalues of this problem. The corresponding half-eigenfunctions yj (), k =
12, ..., have the following properties:

(i) vy{ > 0 in a deleted neighborhood of 0;

(i) if ¢; = 0, then function y}(z), k € N, has exactly k£ — 1 simple nodal zeros in (0, 7);

(iii) if ¢; # 0, then y/ () has exactly k£ — 1 simple nodal zeros for £ < N, and exactly
k — 2 simple nodal zeros for k > N} in the interval (0,7), where a positive integer N§
is determined from the inequality 'u?\f((])fl < —CC% < ,u?v(o); ui, k € N, is the kth half-
eigenvalue of equation (1) with the boundary conditions (2) and y(7) = 0 (by a nodal zero
we mean the function changes sign at the zero and at a simple nodal zero, the derivative
of the function is nonzero).

For ¢; # 0 let Ny be an integer such that 7n,—; < —% < 7Tn,, Where 7, £ € N, is
the kth eigenvalue of the Sturm-Liouville equation ¢(y) = Ar(z)y, = € (0,7), with the
boundary conditions (2) and y(m) = 0; here we take 79 = — c0.

We also consider the following eigenvalue problem

U(y) = Ar(z)y, x € (0,7),
boy(0) = doy'(0), (7)
(@A +b1)y(m) = (1A + d1)y' (7).

It is known [4] that the eigenvalues of problem (7) are real, simple, and form an infinitely
increasing sequence {yy}32 ;. The corresponding eigenfunctions vy (x), k =1, 2, ..., have
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the following oscillation properties : (a) if ¢; = 0, then vg(x), k € N, has exactly k — 1
simple nodal zeros in (0, 7); (b) if ¢; # 0, then vg(z) has exactly k — 1 simple nodal zeros
for k < Ny, and exactly k — 2 simple nodal zeros for k& > Ny in the interval (0, 7).

Should be noted that in [5] for the case ¢; # 0 is not given the connection between the
natural numbers N§, v € {+, —} and Ny. Therefore, in this case, applying the global
bifurcation result from [2] (see [2, Theorem 3.4]), it is impossible to study the structure
of all the bifurcation branches of the solutions of problem (1)-(3).

3. Global bifurcation of solutions of problem (1)-(3)

Let E be the Banach space of all continuously differentiable functions on [0, 7] which
satisfy the boundary condition (2). E is equipped with its usual norm ||y||; = m[ax] ly(x)|+
ze(0

)

m[%x] ly'(z)|. Let S; be the set of functions y € E which have exactly k — 1 simple nodal
xe|0,m

zeros in (0, 7) and which are positive near x = 0, and set S, = —S,j, and Sy = S,j us, .
The sets S,j and S, are disjoint and open in . We say that (),0) is a bifurcation point
of (1)-(3) with respect to the set R x S/, k € N, if in every small neighborhood of this
point there is a solution to this problem which is contained in R x S}.

Let Jx = [A —%,)\k—i-%], ke€N. For ¢c; =0 let I, = Ji, k €N, and for ¢; # 0 let

7 { Ik, if k # N,
’ Ano — 25, Ang 41 + 22], if k= No,

where M = max {|a(z)| + |3(z)|}, 7o = min 7(z) and J, =
x€[0,n] z€[0,m]

It is obvious that

Ju, if k < No,
Jii1, if k> No.

la()y™ () + B(2)y~ (2)| < My(z)|, = € [0,7].

Hence for the boundary value problem (1)-(3) the assertions of section 3 of the work [2] is
true. Therefore, for this problem have the following results.

Lemma 1. The set of bifurcation points of problem (1)-(3) is nonempty.

Lemma 2. If (\,0) is a bifurcation point of (1)-(3), then X\ is an half-eigenvalue of
problem (6).

Proof. Let (Ay,yn) € R x E, y, # 0, be a sequence of solutions of problem (1)-(3)

converging to (A,0). Let v, = H;’ﬁ Then dividing (1)-(3) by ||yn||1 and setting
Yn(2) 9@, yn (@), Yn (), An)

and g,(v) =

vp(z) =
" [ynll1 |1
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we have

{ U(vn) (@) = Anvn(2) + a(@)vy (2) + B(x)v, () + gn(2), 2 € (0,7), (8)
Un € BC)\ ,

where denote by BC) the set of boundary conditions (2)-(3). Since {v,} - is bounded
in C'[0, 7], a, B are bounded in C°[0, 7], and g, — 0 in C°[0, 7] (by (5)), it follows from
(8) that {v,}°%, is bounded in C?[0, 7]. Therefore, by the Arzela-Ascoli theorem, we may

n=1
assume that v, — v in C'[0, 7], |[v|/; = 1, and thus also v, — v in C?[0,7] by equation

(8). Consequently, by passing to the limit as n — oo in (8) we obtain

{ () (z) = M(z) + a(z)vt(z) + B(z)v (x),z € (0,7),
v € BC) .

The proof of this lemma is complete.
As an immediate consequence of Lemmas 3.1, 3.2 and [2, Corollary 3.1], we obtain the
following result.

Lemma 3. The set of bifurcation points of problem (1)-(3) with respect to Rx.S} nonempty.

Lemma 4. If (X,0) is a bifurcation point of (1)-(3) with respect to R x S}, k € N, then
A € Ii;; moreover, A = N[ if k < No, A = X[ 1 if k> No, and either A = X, or A = Ay 4
if k= Np.

We define the positive numbers v, kK € NU {0}, as follows:
’yk:/\kJrl—)\k, k eN, 'yo:min{'yk c k EN}.

It is known (see [4]) that lim ~; = + occ.
k—o0

Throughout what follows, for ¢; # 0 we shall assume that the following condition
fulfilled:

M < %rm/o. 9)
Then for any k,m € N (k # m), we have
Je OV T = 0. (10)
Hence it follows by Lemmas 3.3, 3.4 and [2, Theorem 3.5] that
Lemma 5. For each k € N the following relation hold:
v € Jk.

Corollary 1. If k' > k > 1, then

Vs A for each Vv e {+, —}.
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Now we introduce the approximate problem

U(y) = Mr(x)y + a(@)||yllfyt + B(@)llyllfy~+
+g(x,y,9/,\), x € (0,m), (11)
(A y) € BCy,

where ¢ € (0,1]. This type of problem has been considered in [1-3, 6, 11, 13].
For each y € E we define the function g(y) € C0, 7| as follows:

9)(2) = a(z)y™(z) + B()y ™ (x), = € [0,7].

Since a(z),(z) € C[0,x], the map § : E — C[0,n] is continuous and satisfies the
condition

HgW)lleo < M|yl (12)

Problem (11) can be rewritten in the following equivalent form:

{ Uy) = dr(x)y + g(|Iyll5y) + g(z, v, 9/, A), = € (0,7), (13)

)
()‘a y) € BC/\
By (12), for each fixed € € (0, 1]

Hg(lylliv)lleo = o(llyll) as [ly[lL — 0.

Hence the assertion of [2, Theorem 2.2] holds for (13) (that is, for problem (11)): for
each k£ € N and each v there exists an unbounded continuum C’/,’C’,6 of solutions of problem
(13) such that

(A, 0) € C . € (R X TY) U{(Ag, 0)}. (14)
We define the positive numbers 7y and &g as follows:
- Y% M
=\ - A o= — — —.
Y0 No+1 No> 00 4 20

Lemma 6. There exits og € (0,1) such that for any € € (0,1) the problem (11) has no
solution (A, w) satisfying the conditions oy < dist{\, Jp} < 2dp, k € {No, No+1}, w € SKo
and ||w||1 < o9.

Proof. To prove this statement, assume the contrary. Then for any o € (0,1) there
exit ¢, € (0,1) such that problem (13) with € = &, has a nontrivial solution (A, v)
satisfying the conditions

do < dist{ Ay, Jx} < 209, k € {No, No + 1}, v,y € S]VVO and ||vs|]1 < 0.

Let {on}32, C (0,1) be a sequence such that lim o, = 0. Then for each n € N

n—oo
problem (13) with € = ¢, (e, = €4,,) has a solution (A, v,) = (As,, Vs, ) such that

200 < dist{\n, Jr} < 260, k € {No, No + 1}, v, € S¥, and ||va]]1 < oy
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Let wy,(z) = Tgnﬁ)l Then by (13) we have

Toall (15)
A, Un) € BC,.
Hence it follows from (15) that the sequence {(\,,w,)}%; is bounded in R x C?[0,7].
Then there exists a subsequence { (A, , wn,)}22, converging to (X, @) in R x E. Moreover,
we may assume that ||v,,,[|]™ — 7 as s — oo for some 7 € [0,1]. By (15) some subsequence
{( Moy wn,)}22, also converges to (X, ) in R x C2[0,7]. In addition, dy < dist{\, Jp} <
200, k € {No, No + 1}, [|w]| = 1, w € S§, and

D) = Mr(x)d + 7 olz)wt + 7 B(x)w~, = € (0,7),
{ (A, ) € BC). (16)

{ Uwn) = Ar(@)wy + §(]|on][§7w,) + LE0nb0dn) -y (0, 1),
(

Since S, = S%, U dSY, and [[@|| = 1 it follows from the proof of Lemma 1 in [3, p. 379
that @ € S, . Problem (16) is of the same form as (6) so Lemma 3.5 shows that A €
JIny U JINy+1 in contradiction with the inequality dp < dist{\, Ji} < 2do, k € {No, No+1}.
The proof is complete.

Lemma 7. For each v the points (A ,0) and (\Y, . ,0) are bifurcation points of (1)-(3)
with respect to the set R x S§ .

Proof. Let o € (0,00) is an arbitrary fixed number. Since CF; . is connected, it
follows by (14) and Lemma 3.6 that for each € € (0,1) problem (11) has a solution (g, ye)
such that A\; € [An, — 7‘0 — 00, ANy + 5 My 8o], ye € S %, and [[yel[1 = o.

Let {e,}72, be a sequence such that TLILH;O en, = 0. Then for each n € N problem (11)

with € = &, has a solution (., e, ) such that A, € Ag = [An, — o — 00, ANp + & M + do],
Ye, € Sy, and [[ye, |1 = 0. Using the above argument we can show that there ex1sts a
subsequence {\c,,_, ¥e,. }32, converging to (As, yo) in Rx C?[0, w]. Note that ||y, ||7™* —

as s — o0. In addition, A\; € Ao, |[ys|[1 = o, Yo € S%, and

U(yo) = Moo + a(@)yt + B(x)ys + 9(2, Yo, Y, As), x € (0,m),
(Am ya) € BC)\ .

which implies that (As, y,) solves (1)-(3).

Thus we have shown that for each v and each o, 0 < ¢ < 09, problem (1)-(3) has
a solution (Ag,ys) such that [|ys[|1 = o, Ay € Ag and y, € S%; . Hence it follows that
interval Ag x {0} contains at least one bifurcation point of problem (1)-(3) with respect to
Rx SY;,- Therefore, by virtue of Lemmas 3.2, 3.4 and 3.5, (A, 0) is the unique bifurcation
point in Jy, x {0} C Ag x {0} of (1)-(3) with respect to R x S% .

In a similar way, one can show that (An,4+1,0) is the unique bifurcation point in
INo+1 x {0} of (1)-(3) with respect to R x S, . The proof is complete.

If c; =01let T = SY, ke N, if ¢; #0 let

v { St i k<N,
Bl Sy, if k> No.
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We denote by £ the closure in R x E of the set of nontrivial solutions of problem (1)-(3)
and by £} the closure in R x E of the set of all solutions (A, y) of (1)-(3) with y € T}/.

The next result describes the structure and behaviour of global sets of solutions of
problem (1)-(3) bifurcating from the line of trivial solutions.

Theorem 1. For each k € N and each v there exists an unbounded continuum of solutions

of problem (1)-(3), D} such that (A;,0) € D} C (R x TY) U{(A\] x 0)}.

Proof. For each £ € N and each v let denote by f)}; the union of all components
ﬁZ’A of £ emanating from the bifurcation points (A, 0) € I x {0} of problem (1)-(3) with
respect to R x S}/. Let D] = 75; U (I x 0). Note that the set D} is connected in R x E,
but @,’g my not be connected. Then it follows by [2, Theorem 3.4] that for each k € N and
each v, the set D} is unbounded in R x E and lies in (R x S}) U (I;; x 0).

Let ¢; = 0. Then by Lemma 3.2 we have £ N (R x {0}) C {(A\},0)}. We define
Dy = DyNLY. Then it follows by the above argument that D7 is an unbounded component
of £ and (A\[,0) € ©] C (R x S;) U{(\] x0)}.

Let ¢1 # 0. Then it follows from Lemma 3.2 that

LN (R x{0}) Cc {(A;,0)}, if k< No,
LEN (R x {0}) € {(A{41,0)}, if k> No,

Lo N (R x{0}) € {(Ak,0), (ANg11,0)}-

We define ©7 v =D;nLl, ke N By Lemma 3.7 the set ”D” has the representation
@1”\] —@N 1U®N o such that (A%, )6@” 1 and (A% 41, )GD
Now we define the set Dy, keN, as follows

v if k< No,
D%, 1, if k= No,
DXy 0 if k= No+1,
DY, ifk>Ny+1.

It is then readily verified that D7 for £ # Ny, No + 1, is an unbounded component of £}
and (A},0) € ©] € (R x T}) U {(A},0)}. Moreover, it follows by [8, Theorem 2.1], [11,
Theorem 1] that the set DY contains (A\Y, ,0) and is either unbounded in R X E or meets
(AR 41, 0) through R x S%, . (It also shows that a similar result holds for D%, ,,.) Hence it
follows that, if DY is bounded in R x E, then D%, ,; will also be bounded in R x F, which
contradicts the unboundedness of the set D o = DR, N LY, = DR, UDR, 41+ Therefore,
N, and DY, . are both unbounded in R x E. The proof is complete.

If in the case ¢; # 0 not satisfied condition (9), then it follows from the relation

lnn v, = + 0o that there exists ko € N such that e > M for k> ko. Now we define the

number ko € N as follows: kg = max {N;, NJ , ko}. Then from Theorem 3.1 implies the
folllowing result which describes the bifurcation structure of problem (1)-(3) for k& > ko.
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Theorem 2. If ¢; # 0, then for each k > ko and each v there exists an unbounded
continuum of solutions of problem (1)-(3), D} such that (\},0) € D7 C (R x S;_;)U

{(A%,0)}-
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Abstract. In this paper it has been considered the Dirichlet problem for a class of no uniformly
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1. Introduction

Let E, be n-dimensional Euclidean space of points x = (z1,...,2,), n > 3, D—
be a bounded domain lying in E,, dD— be the boundary of domain D, whereindD €
C?u, 0 € D. Let us consider in D the first boundary value problem

Lu:Zaw uw+2b r)u;+c(z)u=f(z),z €D, (1)
ij=1 ij=1
ulgpp =0, (2)

with ||a;; ()| — be real and symmetric matrix having measurable elements defined in D,
such that for any x € D, ¢ € E, it holds the condition

Z <<§ja” <<J<v—1ZA (3)
1=1

=1 1,7=1

. 2
Where v € (0,1] is a constant, u; = g—;,uij = #&j, Xi(z) = gi(p(x)), plz) =
Yo w(|wl), gi(t) = (wi_l (t)/t)",i = 1,..,n, w;(t) are positive and continues func-
tions, monotony increasing on [0, diamD], and w; (0) = 0,w; ' (t) — are the inverse func-

wi(t)

.~ are decreasing for ¢ > 0 and the constants «, 3,1 €

tions to w; (t) . The functions
(0, 00) there exist such that

aw; (t) < w; (nt) < Bw; (t),t € (0,diamD) . (4)

http://www.cjamee.org 3 © 2013 CJAMEE All rights reserved.
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Further more, we assume that \; (x) —are positive and finite a.e. in D, such that the
coefficients and right hand side terms in (1) are measurable functions inD.
Also the condition

i (T ——aij(x) 1,7 = n
hij () = )\i(:ﬁ))\j(:n)eC(D)7 ,i=1,..n. (5)

will be assumed.
From the condition (5) it follows that there is a positive and continuous function w ()
on [0, diamD] such that w (0) = 0 and

|hij () = hij ()] Sw (z—yl), z,y€D, ij=1,.,n (6)

Concerning the little term coefficients of operator L the following conditions

n-+2

bi(x) € Ly (D) ,m=n+2;c(x) € L, (D),p= 2

, c(x) <0

fora. e.x € D, and f(x) € Ly (D),q > g is assumed. (7)

Let 2° € E,,, R > 0, K > 0, for [k (xo) —being the parallelepiped {x : ‘xl — x?‘ < K-

2

x IO
wi_l (R)}, and @R;K( ) is the ellipsoid {:): Yoy ((Z(R)))Q < Kz} , Br (mo) is a ball

{:c : ‘CC —xo‘ < R}.

Let 2’ € 0OR.14y/2(0), O, =0, (2') = O, (2') and Op.14, (0) C D, where R—is an
arbitrary fixed number in (0,1], and r € (07 %] that will be specified latter.

We say that u € C§° (©,) if a compact set K,, C Y’ exists such that, suppu (z) C
Ky, u(z) € C* (6,). We call the number

1/p
©rp(0) sup /Iso )P dx ,

mesE<o’

AC'— modulo of continuity of the function || for ¢ (z) € L, (D), 1 <p < oo.
Denote by W2, (D) a Banach space of functions u (z) in D, such that the norm

1/2

_ 2 2 2
1Ulluz () = /D U+Z)\ U+Z)\ 2) U | dx

3,j=1

o
is finite. Let W22,,\ (D) — be close of the functions class u (z) € C* (D), u|pp =0 on the
norm W2, (D).
The aim of this paper is to prove the unique strong solvability of the problem (1),
(2) in weighted Sobolev’s spaces. Notice, the proof for an analogous result in the case of
uniformly elliptic equations may be found in [1-3]. As to uniformly degenerated elliptic



On Strong Solvability of the Dirichlet Problem )

equations we refer to [4-5]. The elliptic equations having weak degeneration (logarithmic)
the strong solvability and uniqueness results have been proved in [6]. We refer to [7-9],
for a study of the strong solvability and uniqueness results of the first boundary value
problem in the case of no uniformly degeneration of power function type degeneration in
a fixed point. We refer also to the results in [10-12] on strong solvability.

2. Auxiliary integral estimates

Lemma 1. Let x € O,, then it holds the estimates

C1 (n) (“’ilR(R)f <\ (2) < Co (n) (“’ilR(R)f, i=1,..n. (8)

Proof. Always in the feature, by C (.,.,.) we denote the different positive constants,
the value of which depends on the content in the bracket.
Let x € ©,, then using the Minkowsky inequality it follows

n 22 1/2 n (i ,)2 1/2 n (,)2 1/2
i) oy menl )y ) o
Som) <) B

3 (3

<riltl=14T <1427
=" 2 T2 =Ty w
Therefore, for i =1,...,n

7
;| < i Y(R).

From condition (4) we get

p(a) =D wi(wil) < BnR.

i=1
On other hand,

therefore
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that completes the proof of Lemma 1.

Hence

Let us to consider the operator with a constant coefficients

Lo = Z)\ 3 2, i (x/) = const.

Lemma 2. Let u(x) € C5° (©,). Then it holds an inequality

/ Z i ( udz < O3 (n )/ (Lou)? dz. (9)

Tl] 1 @’r

Proof. Apply a change of coordinate variables y; = zifw; N (R), i=1,..n. Let @(y)
and O,— be the image of the function u (z) and the ellipsoid ©,, respectively. It is clear
that the operator Lg will be transformed to

2
LO_Z)\ 1())2;; (10)

According to Lemma 1 for any ¢ € E,, it holds

—21 2 - / 1 2 -2 2
CP <D N (@) ———5G < Ca(n) RIS, (11)
i=1 (w; ! (R))2
ie. Lgisa uniformly elliptic operator in O,.
We have
2
. n N(@) “ i (2") Aj (2)) -
| Lou)dy :[ (Z _uii> dy =/~ Z Ui Ujj =
/er ( ) 6, \iTf (wi' (R))” 6=t (v (R))? (“’;1 (R)>2

n

_ Ai (xl) )\j (CU,) szd > Ci - ﬂg»d ) (12)
az—l/ et ) (vt m) o /932_1 v

Coming back, the preceding variablesz, we infer that

/ Z ~1 wil (R)]2u?jd:n§/ (Lou)* da.
@”"7,] 1 r

Now it suffices to apply Lemma 1 in order to get the estimate (9) and to complete the
proof of Lemma, 2.
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COI‘Ollary 1. Let
3 / 0? /
L, = ”zzjl Qij (l‘ ) m, Qjj (x ) = const

Then for the function u(x) € C§° (©,) satisfying condition (3) it holds an estimate

/ Z M ( Juddz < Cy (v, )/ (Low)? dz.

O 2,7=1 O
First, consider the operator without little terms
n
82
L'= aij () 7—F%—-.
Z l]( )8:@8%
i,j=1

Lemma 3. Let the conditions (3) and (6) be satisfied for the coefficients of operator L'.
Then the estimate

>

holds for a function u(z) € C§° (0,) as r < ro(L',n).

N (@) udde < Cs (v, )/ (L'u)? da. (13)

T’L] 1 T

Proof. Assume that rg < % We have

(Low)® <2 (L'u)? +2 (L' — La) u)”. (14)
On other hand
/ - aij (v) aij (')
L'—L,)u= J — J N () N () - uis (o).
(= Lou=2, [m-(mj(x) wi(xnj(x)] (202 () i ()
Therefore
(= Loyl £ 3 [y o)~y (o) + ) o8]
ij=1 \/A (33/) \/)‘i () Aj (z)
A () Aj (@) - ugg| < D7 Vhig (@) = hig (2) [\ (@) A () | uig | +
2,7=1
" , i (2') Aj (2) . .
+i§1‘hij (+ o (@) | V@) (@) gl = g+ e (15)

Further, we have

i <w (e =a]) D /@) A (@) g - (16)

i,j=1
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forz € ©, and i =1,...n |z; — x| <rw ' (R).

Inserting (; = /’\7"( ) i =1,...,n in condition (3) for x € D, we get
(T

Y ’77’ < th z)ning <y - ’77‘

where n € F,.

From this it follows that v < hy; (z) < v~ and 2y < hy; (z) + hjj (z) + 2hs; () < 2971
for i # j,x € D,i,j = 1,...,n. Thus it follows that |h;; ()] < ho (y), 4,5 =1,...,n for
xz € D.

Therefore
, - Ai (@) A (2)
o 2 {1\ | V() ) ol
On other hand
A A (@) A @)1 (@)
Y Non@ |5 \/Ajm +\/Amc) Ve | S
N v I = R @)
Vv e | Ve V@ (14/5) 5
1=1,...,n
Therefore
Ki=|1- /535 < a1 ()
Thus n
J2 < C7(n) ho Z Ai () Aj (z) |Um| <
ij=1
. 1/2
< Crhon (Z i (z) \j () ufj) : (18)
ij=1
Inserting conditions (16) and (18) in (15), we get
|(L' = La) u|2 <n?[w(rov/n) + C’7ho]2 Z i (z) \j () u?] (19)

.3

Now, from (14), (19) and Lemma 2 it follows that

>

Aj(x )u?jda: < 204/ (L'u)2d$—|—

T i,5=1
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+2Cyn? [ (Tof +C7h0 / Z i ( u Sd.

’“1] 1

Now it suffices to choose rg from the condition
T + Crh
w (rov/n) 7ho < 5 \ﬁ

in order to get the estimate (13).

In the feature, we assume that r = ryp no reminding about.

Lemma 4. Let be satisfied all conditions of preceding Lemma. Then for a function u (z) €
C§° (©,) it holds the estimate

”Ung 0, < Cs(y,n HLI“HLQ (20)

Proof. 1t suffices to show that for a function u (z) € C§° (©,) it is satisfied the inequal-

ities
/ wldr < Cy (n / ) u; dx
C)

T g=1
/ Z/\ yuZdz < Cyo (n / Z/\ ) uf;da.
Tzl szl

To proof this, apply the change of coordinate axes as that was carry out in Lemma
2. Let ©0 = {y:|yi—yl| <r}, i=1,..,n, where ¢/ is image of the point /. Continue
the function @ (y) on ©2\0O, 1nsert1ng zero in it and denote it again as @ (y). Let y” =
(Y25 oy Yn), Y1 € (Y] — 7,9y + 7). We have

y
@ (y1,y") =/ 1 y (2,y") dz, ie.

Y1 2 Y1 Y1
712 (yla y”) - // ﬂl (Za Z/”) dz S / 12dZ / &%dz =
YT yi—r yh—r

Y1 yi+r
= (y1 -y + 7‘) / 2dz < 27‘/ w3dz.
y

! !
Yy1—r 1~ 7

After integration the last inequality over ©¥, we get

~9 2 ~9 2
dy < 4 Tdy <4 d
/egu y < 7"/ Y r/@OZu Y.

r =1

Therefore

/ Wdy < 4r? / Zu2dy

Tzl
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By the analogy, we can derive
n n
/ S i2dy < 47 / S i dy.
Or =1 O 4j=1

Coming back to the first variables x, we get

/ ulde < 47“2/ Z [wz-_l (R)]2 uldr <
o, o

rg=1

n
2
< 167"2/ Z [wi_l (R) wj_l (R)} u?jd:c.
O ij=1
Now it suffices to apply Lemma 1 in order to complete the proof of estimate (20).
Let ©). = ©, /9 (') = Op.r (2').
2

Lemma 5. Let be satisfied all conditions of Lemma 3, then it holds an estimate for any
function u(z) € C* (O©,) and e >0 :

Cui (y;n)
Ullwz,or) < Cs [ Lull 0, + € lullwz, o) + oz Ilye,) - (21)

Proof. Fix arbitrary ¢’ > 0. Let ¢ (z) € C§° (Opr (2/)), 0<((x) <1, ((z)=1in
Op.z (), and ((z) = 0 on the complement of @R:g{ (z'), moreover

< Cut) Oz (n)
Gl < rw;t (R)’ il = Ty TR

i J

i,j=1,..,n. (22)

It is clear that, u (z) - ¢ (x) € C5° (©,). Applying Lemma 4 for this function, we get
[Ulhwz, o) < Ce 12/ (w (@) - €@l 0, (23)

On the other hand

L'(u-C):C~L'u—|—2Zaij(:v)uigj—l—u-[/g.

ij=1
Therefore, and using (22), it follows
L' (u- Q)| < |L'u| +2 Z aij (z) uilj| + |ul - |L'¢| <
ij=1
. 1/2 . 1/2
< ’L’u‘ + 2 Z Qij () Ui Uj : Z Qi (z) GiCj +

i,j=1 4,j=1
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n n 1/2
lul | D e (2) G| < | L'u| + 297 z)uf| x (Z Ai (@) c?) +
ij=1 i=1
12 l -1 2
+ |ul - ij (x) - < |L'u|+2 Ai i :
|’LL’ ig:la] (:U) 7“2007;_1 (R) wj—l (R) ‘ u‘ Y (; (l‘)u >
1 2 2 12
g (R C Cr2 1
202<WZR( )> " iQ 5 +|U|'%'Z)\i($)‘ﬁ§’ﬂu}+
i,=1 r (% (R)) A (%’ (R))
2C12y/nC v oNe,
12vnCa 2 nC2C12
A . 24
o (j{; <x>u2> ol 23 (24)
Taking into the account this inequality it follows from (23) that
Ci3 (7,n)
lellwz ) < Cs[|Eul| y0,) + — 2z lulliaen +
D@ (25)

On other hand

2
J? = /Z)\ )uldx <
L Tz 1
<O [ S )t = 23 e,
TRy Jo, (e
Therefore
Ch ||~ , _ C _
J§£2Z@f®m V7Z|M@
2 =1 L2(©;) =1

According to the interpolation inequality from [13], for any & > 0 there exists a
constant Cj5 (n) such that

015 _
Z il <2 3 1351l 8,y + = Nl 1,6, -
i,7=1
Coming back to the variables x and using Lemma 1, it follows

Cy C1y
T%'JST%' 2 Z HUUHLQ
i,7=1
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Cu vC: Cis Co ol (
+ TR R @ HL?( or) = ’I“R2 ] R) i L2(©y) *
C14C15V/Cs ' C14y/Cy - R? C14C15v 0o 96
+W ) HUHLQ(@T) = rR2- O} HUHW%A(G)T) + T iRz HUHLQ(er) . (26)

Finally, choose &' = C‘iil/% in order to get the needed estimate (21) using (25) and (26).

3. Main estimation on coercivity

2 (0). Then for the countable ellipsoids

Lemma 6. Let A = @R:1+§+% (0) \@R:H-g—%

system
0, (") = Oz (1), 1" € Opa4z (0), v=12,..

there exists a covering for the set Ag.

Proof. Let x € Ar. Without losing the generality, we may assume that x1 # 0. Choose
aq so that a point ¥ = (ay, 2, ..., x,) belongs to BGR:H% (0):

then )
1/2

roor? (n x2 roor?

LAY | o S I

2 16 prt (w;l (R)) 2 16

where from it follows that there exists such an «y. Assume that signax, = signaq. Let for
the convenience, |z1| > |a1|, then

x%_a% - a3 = 7 a?

On other hand a:% - a% > (z1 — a1)2. Therefore,

A A R AN
l’i*ZEi _ xl—ozl
(2 (w;1<R>)2> ((wﬁ(R)f) -

which completes the proof of Lemma.

AN
VRS
|
€ |8

|)—‘M

o
J |5
S— | N—

no [N}

~__—
—_
~
[\&)

A\
N3
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Lemma 7. Let ARO C D and form =1,2,... itis Ry, = Ro-a™, where the number a
s so that

i <ax<l1

5=
Therefore

Opyargrz OVO) € U 4,

16

Proof. For m = 1,2, ... it suffices to set

0) > 6 2 (0). (27)

2
Rpmt1:1+5+15 Rm:l+5—15

The inclusion (27) is equivalently to that of
2

T T2 1 T T 1
R - < -+ — . .
<1 + 5 16) w;  (Rm) < <1+ 5 + 16> w;  (Rm+1)

form=1,2,..., i=1,...,n. It follows from (4) that
aRy, < ﬁRerl

ie.
Rm+1

<
=R,

=a<]l1.

™| 2

This completes the lemma.
Remark 1. It holds an inclusion
U 00 (%) € Br= Oy (0) 5 O s (0),
v=1
where is a cover with ellipsoids O, (") = Op. () has a finite multiplicity Ny (n,r) and

¥ € a(H)Rzl-i-% (0)

Remark 2. It holds an inclusion

U BRm\GR:H% (0> ’

m=0
where is a cover with spherical layers Br, has a finite multiplicity No (n,r).

Let
6}%0 (Q_,’) = @R051+%+% (j) 7@}20 (0) = 6}207 8%0 (_) = @ROII‘F% (3_3) 9 @%0 (O) = 6%0

It is easy to see that

Ok, C O%,, O, = U Ag,,, ©% = U Bg,.. (28)
m=0

m=0
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Lemma 8. Let be satisfied the conditions (3) and (5), then for a function u(x) €
= (@%O) it holds an estimate for any e >0 :

Cv7 (L',n
T ] (29

@RO

il (o, ) < Cto (£'s7) HL'uHL2< 2y +elul H(@R3>+

Proof. Fix arbitrary € > 0. It follows from Lemma 5 that for any &’ > 0 and v = 1,2, ...
it holds the estimate

C ,N
lullfvs (op ey < Cis (L) L]l 100, ooy + (&) Nz, o, o V))+(;)’2(Z4Ri lllZ 0, @) -
(30)
on the ellipsoids ©). and ©, where is R = R,,,, m =0,1,2,....
Summing all inequalities (30) over v and using Lemma 6 with help of Remark 1 to
Lemma 7, we infer

2 Coy (L n)
||uHW2 (Any) < Coo (E' ) (|0l 5+ N1 (e e')? ”uuWQ BRm)+()274R4|| 1B
On other hand, it is
2
HUH%Q(BR ):/ wdr < | sup |u] -mes@%{o.
" Br,, 9?‘30
Thus
2
2 2 Caa (L',n)
HUHWQQA(AR,”)§C2OHL/UHL2(BRm)+N1( ) ||U||W2 BRm)_‘_W %gpw - (31)
Ro

After summing all inequalities (31) over m beginning from zero to infinity and applying
Lemma 7, Remark 2 on it, we come to the inequality

2
024 (L’,n)
—— — | sup ]u\

HUH?A’%(GEO) < Cas3 HL,UH;(@%O) + N1N; - (e ) HUH (@2 >+ &) o
) R

Finally, choosing &' = \/ﬁ we complete the proof on needed estimation (29).

Remark 3. Since the operator L' degenerates on a point 0, the estimate (29) takes place
in the ellipsoids 9}%0 (z) and @21%0 (z) provided that éQRO (z) C D, @%0 ()N Og, (0) = 0.
Also, the mentioned estimate takes place for any R € (0, Ry).
Let D (p) = {z: :EGD@2()CD},forp>O,and9/2)(m):9
> ().

pl+5+15

. 3
Pl
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Lemma 9. For a function u(zx) € C* (@%O), a number € > 0, and sufficiently small
p > 0 it holds an estimate

||u||W227/\(D(p)) < Oy (L',n,p, D) HL/UHLQ(D) +e ||u||W§,A(D) *

Cog (L' D
+ 26 ( 7€n7 P, ) sup |u‘ (32)
D

Proof. Fix a number € > 0 and sufficiently small p > 0. Cover the set D (p) with finite
Ns (n, p, D) number ellipsoids { @z (z”)}. According to the Lemma 8, for a &’ > 0 it holds

2 2
HUH%V;,A(@;(M) < Cor (V) [| L], e300y + (€) H“”ivgd(@go(zv)) *

Cas 2
+(€/)2 S%p|u| , V= ]-, ...,Ng. (33)

Summing all inequalities (33) over the v from 1 to N3, we get

||U||%/V22’>\(D(p)) S 027 : N3 HL/UHiZ(D) + N3 (5,)2 ||u||%/[/22’>\(D) +

028 (L’,n,p, D) < >2
+ - N3 | sup |u .
(6/)2 3 Dp‘ |
€

Now it suffices to set &' = v, in order to get the estimate (32).

Fora p>0set D, ={x:x € D, dist(x,0D) > p}.

Lemma 10. Let the conditions (3) and (5) be satisfied. Then for a function u(x) €
W2, (D) it holds an estimate for any e >0 and p >0 :

2
2 7 \2 2 1
[ullvz (o) < Co (m. . D.) ( [ 0 ds e lulfyg, i+ 2 (suplul ) (31)

Proof. Fix a number ¢ > 0 and arbitrary small p > 0. Cover D, with finite
Ny (n, p, D,~) number ellipsoids @ll) (zV) applying Lemma 8 in the everyone.

Lemma 11. Let the conditions (3) and (5) be satisfied. Then for a function u(x) €

0
W22,/\ (D) it holds the estimate for a p >0 :

2
||uH%,V22A(D\Dp) < Cs9(n,7,p, D) (/D ’L'u}de—F <s%p\u|> ) . (35)
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Proof. Since D C C?, according to [2], for sufficiently small p such that (D\D,) [ © o1 (0) =
(0, it holds that

HUHW2 (D\D,) < Cs1 (n,v,p, D (/ ‘Llu| dx—l—/ ]u‘ dx)

Now, in order to complete the proof of the following Theorem, it suffices to apply

Hu”WQQ(D\D,,) < Cs2(n,p) - Hu||W22(D\Dp)

2
/ lu* dzz < mesD - <sup\u|> .
D D

Theorem 1. Let the coefficients of operator L' satisfy the conditions (3) and (5), then
0

and the inequality

for a function u(x) € W227/\ (D) the estimate

2
2
lullivz oy < Cs3 (n.7, D) (HLIUHLQ(D) + (Slll)P |U) ) (36)

takes place.

Proof. Fix the sufficiently small number p > 0 and sum the inequalities (34) and (35).
We get

HuHWQ (D) (029 -+ 030 /D ‘L/u}z dx + 029 £ HUHIQ/I/Q%A(D) +

C 2
+ <29 + C’30> <sup |u> .

Now, it suffices to set ¢ = W and Csz3 = max{2 Cag + C3p) ;2 (20229 +C'30)} in
order to complete the proof.

For proving the estimate (36) for operator L, we need the following imbedding assertion
from [2].

Theorem 2. For a function u(x) € C* (D), with wu|yp =0 it holds the estimate

n
Z HUzHLP( < C'34 pa q,n Z HuZ]HL (D)>
i=1

1,j=1

provided that

1 1
P a1, 1—(—)-<n+2>zo, (37)
q p

and
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||u”L (D < C35 p17q17 Z Hul]Hqu (D) >
,j=1

provided that

>q>1, 2 <1 1>( +2)>0 (38)
, 2—|——— ] n > 0.
pP1=2q1 = o pl

Theorem 3. Let the coefficients of operator L satisfy conditions (3)-(7), then for a func-
tion u(x) € C* (D), with ulyp, =0 takes place the estimate

Julhez, ) < Caa (L. D) (1 Eull )+ suplud ). (39)

Proof. First, prove that

n

> lbitiill 1y < Cs7 (L, D) om0 Z [ (40)
i=1 3,j=1

where b; (x) € L, (D), m=n+2,i=1,..,n,and pp. (0) = 1Iéla<X ©bym, O =mesD.
AN

p(n+2)
p+n+2°

Evidently, (37) takes place for ¢ = Using Holder’s inequality, we have

1/2
Z bl = ( [ de)

(o > (e

n

< opm (0 lequL 2 (py < Caapmm (0) - D luisllp, )

3,j=1

where p = 27m and ¢ = % (see [2]). Since m =n+2, it is p = 72(”;2) and

q=2. Therefore

W1 < Cs490B:m (0) - Z ||uij||L2(D) < C34¢B:m (0) HuinWz?(D) < C370B:m (0) HuHWi,\(D) ’
ij=1

Show that, for a ¢ (z) € L, (D) and p = %2, it holds

1Cull L,y < Css (L, D) oo (0) l[ullwz, (p) - (42)

p1(n+2)
2p1+n+2°

Evidently, the estimate (38) holds for ¢; =



18 N.R. Amanova

We have

1/ Ln 2p HT;Q
Wa = ||Cull,p) = </DC’2u2d:U> < (/I)Cudm> : (/D|u|u—2 dm) _

= HCHLH(D) . ||uHL%(D) S 035900:/14 (U) : ”uinqu (D) >
According to Theorem 2 with p; = % and ¢ = %. Since, p = "T”, it is

o
p1 = 2(:7_22) and g1 = 2. Therefore,

Wa < Cs500: (0) ||wijll 1y py < Casec (0) llullyzpy < Csspou (o) lullywz (py  (43)
(D) 3 2

From Theorem 1 it follows that

lullwz, (p) < Cs3 <HLUHL2(D) + > bitill y py + 1Cull oy + sup W) <
=1

< Caa (12ull 0 + (Corpin (0) + Casi () Ll oy + suplu ).

Now, it suffices to set
1
C3790B:m (0) + Csgpcy (0) < ——,

in order to get the estimate (39).

Theorem 4. Let the conditions (3)-(7) be satisfied for the coefficients of operator L. Then
o
for a function u (x) € W22,,\ (D), it holds the estimate too

lullws, (o) < Cso (0, L, D) [ 2l - (44)

Proof. By assumptions, ¢ (x) < 0 and therefore the Aleksandrov’s inequality [14] takes
place

b
t/det (aij)

f

v/det (aij) ’ (45)

n

sup 4] < Cio (1, D)
D

Ln (D) L, (D)

where F,, (z) = o (3) +en(=) moreover ¢, are bounded and @, (0) = 0 (in particular,
v1 =0), and wy,— is volume of unit n—dimensional ball

16/l ..oy =

Evidently
2

n n -1 n . €Ts
det (as; (z)) = Ca (n, D) H)\i (x) > Cy H [“’z‘ (D izy wi (|2]))

i=2 i1 Z?:l wi (|4])
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By assumptions, the function wiT(t), decreases on t in (0,00) for any ¢ = 1,...,n. There-

-1
fore, the function %(t) will be increasing on (0,00). On base of inequality p(z) =

-1
S wi (|7]) > w; (Ja]) and that the function < t(t) is increasing, we get

— (wi (J4]) 2
det (al] >C41H[ Wi ‘wz‘ :| C41H<wz z ) ‘

=1
We have
. 1/n 1/nS 1/8'n
_ :< f] d:p) g(/ |fy"5d:c> - /df”s ,
V/det (aij;) L(D) p det (a;;) D D (det (ai;))

1 1 _
Whereg—&—?—l.

Letq:nS,thenS:%’ S,:%Iq_%and
n N
f 1 w; (|zi]) a7 q
n det (al]) Ln(D) m L‘Z(D) DH (|l‘@|)
Here the condition )
. 4
q—n

is needed in order to get the finiteness of the integral in the right hand side. That integral
is finite, since ¢ > 7.
Now, prove that the multiplier in the right hand side (45) is finite. Indeed

2
U . A <b> _
Vdet (aij) ||, p o\ Vdet (ai) o)
n 2 L/n 1/n
D =7 \ V/det (aij) det
Therefore, we have
i ( [ i )r’é [ B .
dr < bil™ dx : T m_ < Cyz (n,vy, D) ||bs .
p det (ai;) D g D (det (az;))m—n sl N llz e
[Tt ,))mdw R [ <wz<rxzr>>"+2dx o
pit \ () B\ Jp A (i)
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= Cls [Ib]" o - “ (47)
1=
Then according to (7), the right hand 81de (47) is finite. Thus
Slll)p lu| < Cua(n,7,4,D) HLuHLq(D) : (48)

On other hand

1/2 1/q . &2
Ll = ([ 1aar) < ([ zarae) 7 ([ 17a0) -

a2
= (mesD)*% - || Lull, ) (19)
From (39), (45) and (49), we infer

q—2
lullwz (o) < Cas ((mesD) = + Cua) | Ll )

Therefore, the estimate (44) has been proved.

4. Strong solvability of the first boundary value problem

Consider the first boundary value problem (1)-(2) in the domain D C R". A function

o
u(x) € Wi, (D), is called the strong solution of this problem if that satisfies (1) almost
everywhere in D.

Theorem 5. Let the coefficients of operator L are defined in D and it is satisfied the
conditions (3)-(7). Then for q > %, the first boundary value problem (1)-(2) uniquely
o

solvable in space W227/\ (D) for any function f(x) € Ly (D). Moreover, the function u (x)
satisfies to the inequality

lullwz oy < Cso 1112 (50)

Proof. Assume first the littler terms coefficients of equation (1) and the right hand
side f (x) be inﬁnitely differentiable in D. Introduce the integer numbers s € X, DT (s) =
{1: xeD, p(z 1} andi,5=1,..,n

Ai (), if x€D\D*(s),
N (@) = [wm;)

2
= }, if xe DT (s);

S

az(;) (z) = aij (z), for x € D\DT (), agj(-s) (z) are extending over DT (%) such that,

(S) (z) € C (D) and for any z € D and ¢ € E, it satisfies

n

P A @)<Y Al <>@@<TIZAS z) 2,
=1

i,j=1
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where ¥ = v/2, and y— is a constant from (3).

Set . ) .
(S) _ ()0 oy 0
- ijZ=1 i Ox;0z; " ; b (%) Ox; +el).

It is clear to see that for an integer s the operator L (s) is uniformly elliptic in D. Let
u(®) (x) — be a strong solution of the first boundary value problem

LS = f(z), x e D; U(S)‘aD = 0. (51)

Since a§;) (z) € C (D), according to [2] there exists a strong solution for the problem (51)

o o
that is unique and belongs to the space VVJ? (D) for any p € (1,00). Where W2 (D) denotes
the closure of all functions u (z) € C*° (D) with uly, =0 in the norm

n n 1/p
bl = | [, {7+ o+ 3 s |
1=

ij=1

o
Show that u®) (z) € W%A (D). Let p > 2— be a real number. For i,j = 1,...,n, we

have
La@ne e ([[aFa)” ([ nen =)

By using Lemma 1, there exists a large number p, such that

/ i (z) A (m)]ﬁ dr < o0, 1,5 =1,...,n. (52)
D

Evidently

From this according to Theorem 4, we infer

[« < Cuy I fl,, ) - (53)

W3 \(D)

o
It follows from the strong boundedness of the sequence {u(s) (z)} in W22 ) (D) that this
is a weakly compact sequence in this space. Therefore, there exists a function v’ (x) €

o
W2, (D) and a subsequence of integer numbers {s;} such that

lim (Lu<8k>, ¢) = (L, ), (54)

k—o0
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for a function ¢ (z) € C* (D) as k — co. Where (g,%) = [, g(z () dz. On other
hand

(Lu(sk)’w) - (L(Sk)u(sk)’w> + ((L _ Lsk)u(sk)’w> =

which together with (54) means that

(fsw) + lim g = (L', 2)) (55)

Further, we have

a;
wed [ el |- o) dot
i,j=1 *(Sk/2) Ai .%'
’ Sk
+ / Aj () el dx = iy + i3, (56)
Z +(Sk/2) i 1’ g g

7,7=1

From conditions (5)-(6) it follows that |h;j (z)| < ho (L) for x € D and i,j = 1,...,n
Therefore, and using (53), we get

ir < ho- ||U”W2 (D+(S%/2)) ”‘/’HLQ(D Le. klingoz}c = 0. (57)

Arguing by the analogy with preceding it follows that for the equality

lim i2 =0 (58)
k—o0
it suffices that
/a%<wi'—1 n (59)
D )\l (m) )\] <m) 9 7] PR .

Indeed, by using Lemma 1,

[t <), () o

therefore, the inequality satisfied. From (55)-(58) it follows that for a function ¢ (z) €
Cc* (D) it holds the equality

(Lu',¥) = (f,9),

therefore, Lu' = f (x) almost everywhere in D.

Consider the general situation. Let O; be n— dimensional ball of unit radii and center
in the coordinate center, a function ¥; (z) C C§° (E,) be such that ¥, (z) >0, 91 (z) =0
everywhere outside Oy and [, 1 (z)dz = 1.

Set V. (z) = 211 (£) for € > 0.
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For a locally integrable function v (z) in E,, denote ¢° (z)= o y) ¥ (y) dy the
Frederiche’s average of ¢ () with parameter e.
Let for i =1, ..., n the functions by] (z), CUW(z)and f¥ () are mollifies of the proper

functions with parameter %

1= 3% 0 0 ot + )0 5 4 0 ),
(] i—1 1

i,j=1 i=

o
and ul!l (z) be a strong solution from W22 ) (D) of the first boundary value problem

L0 = 0 (), z e D; um‘a —0.
D

According to the preceding results, such a solution exists, moreover the Theorem 4 con-
forms on the estimate

G |71, ) < Cs (Lm0, D f). (60)

|«
WZ?A(D

Therefore, there exists a solution u (z) € Wi, (D) and a subsequence of natural numbers
{lx} such that

lim (Lu[lkl,zp) = (Lu, %) (61)

k—o00

as k — oo for a function ¢ (z) € C* (D).

On other hand
(Lu[lk]7¢> — (L[lk]u[lk}7¢> ((L le]) (k] 1/,)

= (f[lk]’¢> + (L - L[lk]u[l’“],w) = (f[l’“],%b) + Jk-

The (61) and the limit expression

tim (f04,0) = (,0)

k—o00

yields
(fy0) + Jim ji = (Lu, ). (62)

Further, we have

b[lk )‘ i ‘ (lx]

| de+

|]k

+/D\c<x>_ O (@) - [ul) (@) - | (@) dr = 5t + 57 (63)
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According to (40) and (42), we infer

3t < Wl Z / [CR |
< Cio (L D) Wl - ma o = o[ s
Jl% < ||¢||L2(D) ) H (C - C[lk]> wllk] (D) <
. _ O] [
< Caz (Lyn, D) [|19]| 1,y HC e Lu(D) H v W2,(D)’

where the constants m and p have the meaning as in the condition (7).
Using (60), we get

lim Jk = hm Jk =0,
k—o00

which together with (62) and (63) give

(Lu, ¥) = (). (64)

Since the equality (64) is true for a function ¢ (z) € C* (D), then Lu = f (z) for almost
everywhere D. Therefore, it has been proved the existence of strong solution of the bound-
ary value problem (1)-(2) and the estimate (50) follows from the Corollary of Theorem
4.

Prove now the uniqueness of the boundary value problem (1)-(2). Let uy () and us ()
be different solutions of that problem. Set 9 (z) = u; () — ua (x), then the function ¥ (x)
will be a generalized solution of the problem (1)-(2) with f(x) = 0. According to (50)
Y (z) = 0 almost everywhere in D, i.e. uj (x) = uz(x) a.e. in D.

This completes the proof of Theorem 5.
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Abstract. The axisymmetric stability loss of the PZT/Metal/PZT sandwich circular plate is
investigated simultaneously within the scope of the open-circuit and short-circuit electrical con-
ditions. It is assumed that these conditions satisfy on the upper and lower face-planes of the
piezoelectric layers. Moreover, it is assumed that on the lateral-boundary cylindrical surfaces of
the piezoelectric face layers the short-circuitconditions satisfy. The 3D linearized stability loss
theory for piezoelectric materials is employed for investigation of the corresponding eigenvalue
problem. Concrete numerical results are obtained by utilizing FEM for various piezoelectric face
and metal core layers and the main attention is focused on the influence of the piezoelectricity on
the values of the compressional critical stress and the influence of the aforementioned two type
electrical boundary conditions on these stresses. According to the comparison of the results, it
is made conclusions on the significance of the influence of the electrical boundary conditions on
the values of the absolute values of the critical stresses. In particular, it is established that in the
case where the open-circuit boundary conditions satisfy the influence of the piezoelectricity of the
face layers materials on the critical stresses is more significant than that in the case where the
short-circuit boundary conditions satisfy.
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1. Introduction

Investigations of stability loss of plate type element of constructions made of piezoelec-
tric materials (shortly PZT) or made of layered composites containing PZT layers has a
great significance not only in the theoretical, but also in the practical sense. Researchers
such as [11], Jerom and Ganesan (2010) and many others listed therein can be taken as
examples for such investigations in which it was established that the piezoelectricity of the
plate or beam materials causes an increase in the values of the mechanical critical forces

Now we consider a brief review of the related recent investigations and first note the
paper by [10] in which static analysis of the simply supported rectangular plate made
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of functionally graded piezoelectric material is studied with the use of the refined plate
theories. The “open- and closed- circuit” conditions on the upper and lower face surfaces
are considered. The paper by [4] deals with the study the response of the bi-layered
circular plate made of functionally-graded piezoelectric material and resting on a Winkler-
Pasternak foundation.

[7] studies the buckling of the sandwich circular plate with piezoelectric face and porous
middle layers under radial compression within the scope of the Kirchhoff-Love plate theory
and therefore results obtained in this paper are acceptable for very thin plates. The
analytical expression for the critical force is obtained and according to this expression the
influence of the problem parameters, as well as of the piezoelectricity of the covering layer
material is discussed.

The foregoing brief review shows that all the foregoing investigations have been made
within the scope of the approximate plate theories, the accuracy of which depends signif-
icantly on the geometrical and electro-mechanical properties. It is obvious that the order
of the accuracy of these results can be estimated with the use of the corresponding results
obtained within the scope of the 3D linearized exact stability loss theories the present
level of which has been detailed in the monograph by [5] who made many fundamental
contributions to creating this theory. At the same time we note that the 3D linearized
stability loss theories for the elements of constructions made of time-dependent materials
was developed in the monograph by [1].

In the foregoing sense, in the paper by [2] the first attempt with respect to the stability
loss problems related to the system comprising elastic and piezoelectric constituents was
made. At the same time, it should be noted that the study of stability loss of elements
of constructions made of piezoelectric materials by employing 3D linearized stability loss
theories just is beginning.

One of the main question in the theory of piezoelectricity, as well as in the investigations
of a stability loss of element of constructions made of these materials, is the study the
influence of the “open-circuit” and “short-circuit” type electrical boundary conditions on
the electro-mechanical behavior of these constructions. Taking the this statement into
consideration in the present paper the aforementioned influence is studied for the circular
sandwich PZT /Metal /PZT plate within the scope of the 3D linearized stability loss theory.
Under this study it is assumed that the plate is compressed in the radial inward direction
by uniformly distributed rotationally symmetric normal forces.

We recall that the corresponding 3D stability loss problems for the circular plate
consisting of elastic and viscoelastic constituents are made in the papers by [3] and [9]
the results of which are also detailed in the monograph by [1].

2. Formulation of the problem

We consider a circular sandwich plate whose geometry is shown in Fig. 1 and assume
that the materials of the upper and lower face layer are the same and PZT.

We associate with the lower face layer of the plate the cylindrical coordinate system
Orfz(Fig. 1) and the position of the points of the plate we determine through the La-
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grange coordinates in this system. Thus, according to Fig.1, in the selected coordinate
system, the plate occupies the region {0 <r <¢/2;0 <60 <2m; 0 < z<h}. Investigate
the axisymmetris (rotationally symmetric) stability loss of the mentioned plate under
compression of that in the inward radial direction by uniformly distributed rotationally
symmetric normal forces with intensity p acting on the lateral boundary-surface.

hgt [©]

®
[TTTTTTT

il - (0N

{2 J {2

Fig. 1. The geometry of the considered circular plate (a) and the cross
section of this plate with loading condition and some geometric values (b).

Below we will denote the values related to the upper and lower face layers by upper
indices (3) and (1) respectively, whereas the values related to the core layer are denoted
by (2). Moreover, the values related to the pre-critical stress-strain state are denoted by
additional upper index 0.

Under investigations we will consider two type boundary conditions on the upper and
lower face planes of the PZT layers. The first type of these conditions are the “open-
circuit” ones, according to which it is assumed that D! =0 at z = 0 and hp, and D? =0
at 2z = h. + hr and h. + 2hp, D,gk) is a normal component of the electric displacement.
The second type conditions are the “short-circuit” ones, according to which, ¢! = 0 at
z=0and hp, and ¢ = 0 at z = he + hr and he + 2hp, where () is a potential of an
electric field and B = —9¢"®) /or, E(k —0¢"®) /2. Here E% and E®are the radial
and normal component of the electrlc field vector.

In the case where the “open-circuit” conditions take place the pre-critical stress state
is determined according to the following expressions:
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In (1) 07(],?)’0,. .., and s,gfn)’o,. .., are the components of the stress and Green strain

tensors, respectively, ugk)’oand ugk)’o are components of the displacement vector, Dﬁk)’o
and D(k')O are the components of the electrical displacement vector, Eﬁk)’o and Egk)’o
(k) (k) (k)

e, and €nj

170 € are the elastic,

are the components of the electric field vector, and c,
piezoelectric and dielectric constants, respectively.
In the case where the aforementioned “short-circuit” conditions are satisfied, the pre-

critical state is determined according to the following expressions.
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Note that the expressions in (1) and (2) are approximate in the near vicinity of the
lateral boundary surface on which the external compressional radial forces act. Never-
theless, as we will consider the cases where h/¢ ~ 107! (where h = 2hp + heo (Fig. 1),
therefore the influence of the mentioned proximity on the values of the critical parameters
can be taken as insignificant one. Moreover, note that the expressions in (1) are ob-
tained within the scope of the “open-circuit” condition satisfied on the face layers upper
and lower plane-boundaries, according to which, the normal component of the electrical
displacement vector on these planes is equal to zero.

Thus, within the scope of the foregoing assumptions, according to [5], [11], [2] the
3D linearized stability loss equations and relations for the case under consideration are
obtained as follows:

3D linearized stability loss equations
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Linearized strain-displacement relations
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Note that the relations in (1) - (3) are written for the piezoelectric materials and
supposing that eg?) = 0 and EZ(I-C) = 0 we can obtain the mechanical relations for the elastic

materials. Moreover, note that under writing of the relations in (5) it is assumed that the
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polled direction of the piezoelectric material is the Oz axis direction (Fig. 1). At the same
time, we assume that the contact and boundary conditions given below satisfy.

+3) _ 4@ (3) _ @
“ lz=hp+hc “le=hpthe 7 la=hpthe 7 li=hpthe
W@
z=hp+hc z=hp+hc
(3) — 4,2 (2) (1) (2) — +(1)
U = Uu 5 t = t 5 t — )
T s=hp+he T 2=hp+he 2z s=hp 2z | _ 2r | _ r —hp
(2) — 4@ (2) — 0
u = U , U = U )
# Z:hF # Z:hF " Z:hF " Z:hF
3 _ 3 _ 3 _ 1 _
L P 0, t2, e—ohpthe = 0, t2.],_=0, tzr|,_o=0for 0 <r <1/2,
t(k) =0, ulP =0, fork=1,2,3underr =1/20 < z < 2hp + hc.  (6)
r=Il/2 r=Il/2

Note that the conditions given in (6) relate to the mechanical quantities and the

corresponding conditions for the electrical quantities are given for the components of the

electrical displacements ng)and Dﬁk), or for the electric potential ¢(*). In the case where

we assume that the “open-circuit” conditions satisfy the following relations take place

=0, DY

=0, DV =0, (7)
z2=hp+hc

z= Z:hF

®3) — (1)
¢ L:U2 0.9

=0. 8
r=Il/2 ( )
However in the case where we assume that the ”short-circuit” conditions satisfy the rela-
tions in (7) are replaced with the following ones.

o =0, ¢

=0, (1)
z=2hp+hc ¢

z=hp+hc

=0, ¢V =0. 9
=00 (9)

2=

Consequently, in the present investigation we consider simultaneously two cases deter-
mined by conditions in (7) and (9).

This completes the formulation of the problem, according to which, the determination
of the critical values of the pre-critical quantities is reduced to the solution of the eigenvalue
problem (1), (3) — (8) for the “open-circuit” case, and (2),(3) — (6), (8) and (9) for the
“short-circuit” case.
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3. FEM modelling of the problem

We attempt to solve to the problem formulated in the previous section by employing
FEM and for this purpose, according to [5], [11], [2] and others, we introduce the following

functional.
52)¢ u7§3)7 uél)v u§2)¢ ug3)’ ¢(1)7 ¢(2)> ¢(3)) =

3 (k) (k) (k) (k)
]. 8 r T a z 8 T
S // » [t,ﬁ’;) oty )

2 — or or 0z
8u,(zk)
+t) 5 +ERDE 4 E® DE | rdrdz, (10)
z

where

NV ={0<r<0/20<z<hp},
0@ ={0<r<t/2hp <z<hp+hc},

20 ={0<r<t/2hp+hc<z<2hp+hc}. (11)
From equating to zero the first variation of the functional (7), i.e. from the relation

3 3 3

oIl oIl oIl
_ (k) (k) (k) —
oIl = E 5 (k)éur + E 5 (k)éuz + E a¢(k)5¢ 0, (12)

k=1 OUr k=1 OUz k=1

and after well-known mathematical manipulations we obtain the first three equations in
(3). The boundary and contact conditions in (6) and (7) are given with respect to the
forces and electrical displacements. In this way it is proven that the first three equations in
(3) are the Euler equations for the functional (10) and the boundary and contact conditions
in (6) and (7) which are given with respect to the forces and electrical displacements, are
the related natural boundary and contact conditions.

According to FEM modelling, the solution domains indicated in (11) are divided into
a finite number of finite elements. For the considered problem each of the finite elements
is selected as a standard rectangular Lagrange family quadratic finite element (i.e. with

nine nodes) and each node has three degrees of freedom, i.e. radial displacement ufnk),

transverse displacement ugk) and electric potential $*). Employing the standard Ritz
technique detailed in many references, for instance, in the book by [13], we determine
the displacements and electrical potential at the selected nodes. After this determination,
from the equation

det(K) =0 (13)

the values of the critical compressional forces are determined, where Kis a corresponding
stiffness matrix. The solution procedure of the equation (13) is made according to the
well-know “bi-section” method which basis on the sign change of the det(K).
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Note that in the “open-circuit” case under FEM modeling the nodes on the planes
z =0, hp, hp + he and 2hp + hcothe electrical potentials gb(l) and ¢>(3) are taken as
unknown ones, however in the “short-circuit” case these potentials are taken as known
ones and are equated to zero. Namely with these the FEM modeling in the “short-circuit”
case is distinguished with that in the “open-circuit” case.

This completes the consideration of the method of solution.

4. Numerical results and discussions

Note that in the present paper, the piezoelectric materials PZT -5H, PZT -4 and
BaTiO3 are taken as the face layer materials, however the metal materials - aluminum (Al)
and steel (St) are taken as the core layer materials. The values of the elastic, piezoelectric
and dielectric constants of the selected piezoelectric materials and the references used are
given in Table 1.

Table 1. The values of the mechanical, piezoelectrical and dielectrical constants of
the selected piezoelectric materials

Materials r r r r r r r r r r r
(Source Ref) Cgll) Cg2l) Cg?}) ngl) 0541) C((iﬁl) 6:(311) €:(331) eg5l) 5%11) 5:(331)

PZT-4

13.9| 7.78| 7.40| 11.5] 2.56| 3.06| -5.2 | 15.1| 12.7| 0.646| .562

[11]
E?]T‘m 12.6 7.91| 8.39 11.7] 2.30| 2.35 -6.5 | 23.3| 17.0| 1.505| 1.302
E?T‘O?’ 16.6| 7.66 7.75| 16.2] 4.29| 4.29| -4.4 | 18.6] 11.6 1.434| 1.182

x 101N /m? C/m? x1019C/Vm

Table 2. The values of the critical dimensionless stresses o,,., o2, and P, obtained for
the case where the material of the core layer is Steel in the cases where the piezoelectric
constants of PZT are equated to zero (upper number), the “short-circuit” (middle num-
ber) and the “open-circuit” conditions (lower number) satisfy and the piezoelectric and

dielectric constants are equal to the corresponding data given in Table 1
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hp/l| Crit. | Materials of the face layers
Param.
PZT- P7ZT-4 | BaTiO3
5H
0.1015 0.1399 0.1249
1/40 0_(21) 0.1017 0.1401 0.1249
cr 0.1925 0.2244 0.1418
03246 0-3120 02010
0(2 2) 0.3251 0.3123 0.2010
cr 0.3578 0.3375 0.2053
0-2689 0-2690 0-1820
= 0.2693 0.2693 0.1820
Der 0.3165 0.3093 0.1895
0.0946 0.1337 0.1222
1/30 0(2'1) 0.0950 0.1342 0.1222
cr 0.1858 0.2194 0.1394
03026 0-2082 01965
0(2-2) 0.3037 0.2991 0.1967
cr 0.3453 0.3302 0.2019
0-2333 0-9134 01718
~ 0.2342 0.2442 0.1719
Der 0.2922 0.2933 0.1811
1 Too04 RET 0 To08
1/24 | o, 0.1816 0.2165 0.1381
028606 0-288% 01940
0(2-2) 0.2890 0.2908 0.1944
cr 0.3377 0.3258 0.2000
02048 0-2595 0-1635
— 0.2063 0.2240 0.1638
Der 0.2727 0.2803 0.1743
1 Tossl 01550 01208
1/20 Ocr 0.1800 0.2156 0.1379
02Tra 0-984T 01033
o2 0.2818 0.2875 0.1930
cr 0.3345 0.3243 0.1998
0-182T 0-2058 01568
— 0.1850 0.2083 0.1573
Der 0.2573 0.2700 0.1689

According to [6], the values of Lame’s constants of the core layer material is selected
as follows: for the Al: A = 48.1 GPa and p = 27.1 GPa; for the St: A = 92.6 GPa and
w="775GPa.

Under FEM modelling using the symmetry with respect to the plane z = hp+hc/2 and
the axial symmetry with respect to the Oz (Fig. 1a) axis of the mechanical and geometrical
properties of the plate, we consider only the region {0 <r </¢/2; 0<z<hp + hc} and
this region is divided into 40 finite elements along the radial direction and 12 finite elements
along the plate’s thickness direction, resulting in 31022 NDOF'. Such selection of the finite
elements numbers is established according to the convergence of the numerical results. All
the corresponding PC programs are composed by the authors of the paper.

The algorithm and programs employed in the present investigations are some modifi-
cations and development of the corresponding algorithm and programs used and testing in
the many investigations and discussed in the monograph by [1]. Consequently, the validity
and trustiness of the used in the present investigations PC programs and algorithm cause
no doubt.

For simplification of the consideration, we introduce the following notation for the
dimensionless critical radial stresses and critical compressive forces:

1) = Urr cr/c44 O¢ 2) = 7(13)&9‘/04(14),}?” p/cz(él) (14)

Thus, according to (14), we estimate the work carrying capacity of the plate under con-
sideration with respect to the stability loss by simultaneous use of the values of three
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dimensionless critical parameters which are the dimensionless radial compressive stress
aé}) in the face piezoelectric layer, the dimensionless radial compressive stress aé?’ in the
core metal layer and the dimensionless intensity p.. of the external compressive force.
Such an approach for estimation of the buckling delamination allows us to have more pre-
cise information on the influence of the problem parameters such as the piezoelectricity of
the face layers’ materials, the face layers’ thickness and the mechanical properties of the

layers’ materials.

Thus, we consider the numerical results obtained for the critical parameters indicated
in (14) and detailed above. Note that these results are given in Tables 2 and 3 which
are obtained for the cases where the material of the core layer is St and Al respectively.
Moreover, note that these results are obtained for the cases where face layers materials
are PZT-5H, PZT-4 and BaTi0O3. For estimation of the influence of the face layers’
piezoelectricity on the values of the critical stresses in the tables, three types of results
are presented simultaneously, the first of which (upper number) relates to the case where
the values of the piezoelectric and dielectric constants of the face layer materials are
equated to zero, i.e. coupling of the mechanical and electrical fields is not taken into
consideration. However, under obtaining the second (third type) of results indicated by
the middle numbers (by the lower numbers) the values of the piezoelectric and dielectric
constants are taken into consideration as given in Table 1 and the coupling effect between
the electrical and mechanical fields is taken into consideration completely and the “short-
circuit” (9) (the “open-circuit” (7)) condition is satisfied.

Analysis of the results shows that for all the cases under consideration the piezoelec-
tricity of the face layers causes an increase in the values of the dimensionless critical
stressesol.. o2and p... However this increase is more significant for the PZT-5H and
PZT-4 than that for the BaTiOs. At the same time, this increase is very significant for
the “open-circuit” case than that for the “short-circuit” case.

(2)

Table 3. The values of the critical dimensionless stresses o.,., o0&’ and pe. obtained
for the case where the material of the core layer is Aluminum in the cases where the piezo-
electric constants of PZT are equated to zero (upper number), the “short-circuit” (middle
number) and the “open-circuit” conditions (lower number) satisfy and the piezoelectric
and dielectric constants are equal to the corresponding data given in Table 1
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hp/l| Crit. | Materials of the face layers
Param.
PZT- PZT-4 BaTiO3
5H
1 0.1264 0.1772 0.1586
1/40 U( ) 0.1268 0.1776 0.1587
cr 0.2430 0.2828 0.1793
0.1491 0.1458 0.0941
0(2) 0.1495 0.1461 0.0942
cr 0.1667 0.1570 0.0958
0.1435 0.1537 0.1103
~ 0.1439 0.1540 0.1104
Der 0.1858 0.1884 0.1167
1) 0.1259 0.1777 0.1590
1/30 0.( 0.1267 0.1786 0.1593
cr 0.2434 0.2823 0.1792
0.1485 0.1461 0.09
0.(2) 0.1494 0.1469 0.0946
cr 0.1670 0.1567 0.0957
0.1410 0.1567 0.1160
n 0.1419 0.1575 0.1162
Der 0.1925 0.1986 0.1236
(1) 0.1:59 0.1773 0.1580
1/24 o, 0.1274 0.1790 0.1584
er 0.2422 0.2795 01775
0.1485 0.1458 0.0938
0.(2) 0.1503 0.1472 0.0940
cr 0.1662 0.1552 0.0948
0.1391 0.1590 0.1206
" 0.1408 0.1605 0.1209
Der 0.1979 0.2070 0.1293
1 RET R R
1/25 | o4 0.2402 0.2750 0.1746
0.1488 0.1449 0.0926
0-2 0.1519 0.1474 0.0930
cr 0.1647 0.1527 0.0933
0.1375 0.1606 0.1243
" 0.1404 0.1633 0.1249
Der 0.2205 0.2139 0.1340

The discussed above character of the influence of the piezoelectricity of the face layers
materials on the values of the dimensionless critical stresses can be explained with the
so-called “piezoelectric stiffening” effect of the piezoelectric materials, i.e. with the in-
crease of the material stiffness as a result of the piezoelectricity of that. The mentioned
“piezoelectric stiffening” effect in the “open-circuit” case is more significant than that in
the “short-circuit” case.

Consequently, the fact that an increase of the thickness of the face layers also increases
the stiffness of the piezoelectric layers. However, under fixed h/l (=0.2) thickness of the
plate an increase hp/l cases a decrease of the h¢ /I as a result of which the whole stiffness
of the plate depends on the ratio of stiffnesses of the core and face layers materials. Under
explanation of the results discussed above it is also necessary to take into consideration
of the complicate character of the dependence between the selected dimensionless critical
stress and the ratio of the stiffnesses of the layers.

Namely with the foregoing statements it can be explained the character of the influence
of the change hr/l on the values of the critical stresses. According to the results given in
Tables 2 and 3 this character can be formulated as follows:

1. For the pairs of materials consisting of PZT + St an increase in the values of hp/l
causes to decrease in all the values of the critical stresses under consideration;

2. For the pairs of materials consisting of PZT + Al the values of p., increase with
hr/l, however dependence among o, 02, and hp/l has non-monotonic character;
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3. The foregoing conclusions take place not only in the “open-circuit” case but also in
the “short-circuit” case.

This completes the discussions of the obtained numerical results.

5. Conclusions

Thus, in the present paper within the scope of 3D linearized theory of stability for
piezoelectric materials, the axisymmetric stability loss of the PZT/Metal /PZT sandwich
circular plate has been investigated. The cases where “open-circuit” and “short-circuit”
conditions with respect to the electrical displacement and electric potential respectively
on the upper and lower surfaces, and short-circuit conditions with respect to the electri-
cal potential on the lateral surface of the face layers are satisfied, are considered. The
corresponding eigenvalue problem is solved numerically by employing FEM. Numerical
results are presented in Tables 2 and 3 for the PZT-5H/Al/PZT-5H, PZT-4/Al/PZT-4,
BaTiO3/Al/BaTiO3, PZT-5H/St/PZT-5H, PZT-4/St/PZT-4 and BaTiO3/St/ BaTiO3
plates, respectively. These results illustrate simultaneously the values of the critical di-

(1)

mensionless radial compressive stress os acting in the face piezoelectric layer, the values
of the dimensionless critical compressive radial stress og) acting in the core-metal layer
and the values of the dimensionless critical stress of the intensity p., of the external com-
pressive forces obtained in the case where the piezoelectricity, i.e. the coupling effect, are
taken into consideration (middle and lower numbers in the tables) and in the case where
the coupling effect is not taken into consideration (upper number in the tables). According
to these results, the concrete conclusions on the influence of the electro-mechanical and
geometrical parameters of the sandwich circular plate under consideration on the values
of the dimensionless stresses are made. Note that these conclusions are formulated in the
text of the previous section and the main of them is the increase of the critical stresses as
a result of the piezoelectricity of the face layers materials and the great magnitude of this
increase in the “open-circuit” case than that in the “short-circuit” case.
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1. Introduction and analysis of the literature

Development of telecommunication systems and technologies, the rapid growth of com-
puter technology put forward new requirements for the basic quality of customer service
criteria (authorized users). The main indicators for the results of the analysis of stan-
dards in this area are ensuring authenticity of (reliability) transmitting data and ensuring
the security of the entire processing cycle and data storage [1, 2, 3]. To provide the
authenticity are used mechanisms of error-correcting coding, and to provide security -
cryptographic mechanisms based on the methods of symmetrical and asymmetrical cryp-
tography. Perspective direction, in our opinion, is the use of asymmetric cryptosystems
based on McEliece theoretical - code schemes, which provide integrated (one mechanism)
authenticity of indicators at the level of 2°— 2!2  and cryptographic strength - 239 — 23%0f
group operations while it build over GF(2!?). Given cryptosystem has been widely used
with the development of computing capabilities and communication devices and their soft-
ware. In [4], the authors propose to use a cryptosystem McEliece Sequitur software, which
allows integrated to solve performance problems and security in the transmission of confi-
dential information. In [5, 6, 7] McEliece cryptosystem is offered to use for provide basic
security services: confidentiality and integrity in stegasystem based on MPEG Layer-111
or MP3 audio files, to ensure accessibility and digital signature while transferring con-
fidential medical information. At the same time, carried out in [8] analysis of program
realization of asymmetric crypto-code system on the Niederreiter TCS showed significant
implementation complexity that makes it difficult to use theoretical coding schemes for

http://www.cjamee.org 39 © 2013 CJAMEE All rights reserved.
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the construction of asymmetric cryptographic systems. In [9] are considered the new
approaches to breaking the McEliece cryptosystem based on randomized concatenated
codes.

To provide the required indicators of cryptographic strength and increase volume of
transmitted data by the authors is proposed McEliece modified asymmetric crypto-code
system (MACCS) on the elongated elliptical codes, which is a promising direction in
solving this scientific and technical problems.

2. The aims and tasks of the research

The purpose of work is to consider the mathematical model of McEliece MACCS, al-
gorithms, encryption / decryption information MACCS, study their implementation com-
plexity, analysis of program realization costs of MACCS on modified (elongated) elliptic
codes.

To achieve this goal the following tasks were set:
— develop a method for masking McEliece MACCS on the elongated elliptical codes;

— consider the mathematical model and basic algorithms to transform information
McEliece MACCS on the elongated codes;

— carry out a study of tasks complexity encoding/decoding and encryption/ decryption
codegram/cryptogram when implemented in different levels of cryptographic resistance;

— analyze the costs of software implementation of the crypto-code means of information
security based on McEliece TCS.

3. Developing a method of masking McEliece elliptic codes MACCS
using curve parameters as secret data

Known methods for the modification of linear block codes more fully discussed in [10
— 14]. Fig. 1 shows the most common modification methods.
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Fig. 1. Means of linear block codes modification

Lengthening of (n,k,d) linear block code is to increase the length of the n + = by
adding new information symbols k& + x. Expansion of (n, k, d) linear block code is to
increase the length of the n + z by adding new check symbols r + z. Punctuning (n, k, d)
of linear block code is to reduce the length of the n - x by decreasing of check symbols 7 - z.
Shortening (n, k, d) of linear block code is to reduce the length of the n - z by decreasing
of check symbols k — z. Filling (n, k,d) of linear block code is to increase the length of the
k + z information symbols without increasing the code length. Ejection (n,k,d) of linear
block code is to reduce the £ — z information symbols without code length increasing.

Potential resistance of theoretical code schemes defined by the complexity of decoding
the random (n, k,d) block code. Hence, for the construction of a potentially persistent
theoretical code schemes should be used modification techniques that do not allow re-
ducing the minimum code distance. Methods of lengthening and shortening of the linear
block codes do not change the minimum distance and, therefore, allow us to construct
asymmetric crypto-code systems resistant to breaking [15].

Using the definition of elliptic codes [15, 16], we have the following properties:

Property 1. Elliptic (n,k,d) code over GF(q), built through projection ¢ : EC —
Pk=1 connected with characteristics k + d > n, where: n < 2\/q+q+1, k> a,d>n-a,
a = 3. degF.

Property 2. Elliptic (n,k,d) code over GF(q), built through projection ¢ : EC —
P! connected with characteristics k + d > n, where n < 2q+q+1, k > n—aq,
d > a,a = 3.degF.
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Suppose A - generating matrix of elliptic (n, k, d) code over GF(q) dimension of M x n,
M = a, a=3. degF.

Fo(F) F(P) ... Fy(P,1)
e R I 10T
Fy—1(Po) Fy—1(Pr) .. Fyu—1(Po-1)

To reduce the amount of key data in code-theoretic scheme on elliptic codes use the
following features of the matrix A construction.

The generating matrix A is formed as a result of displaying elliptic curve points by
basis of generating functions. The generating matrix of the elliptic code is built on curve

y2z + a1y + agyz2 =z + a2m2z + aqxz + a6z3,

a; € GF(q), with the polynomial coefficients, which uniquely define the form of the curve
and, accordingly, multiplicity of projective points which construct elliptic code (its gener-
ating matrix). Following statement is true.

Statement 1. [15] Elliptic (n, k, d) code over GF(q) is uniquely defined by multiplicity
a... ag, Va; €GF(q).

Proof. Consider an elliptic generating matrix of elliptic (n, k, d) code over GF(q):

R(B)  F(P) ..  Fo(Pas)
| oRE) RmE) L REL
Far(R) Fua(P) . Fara(Pas)

Each character of generating matrix is formed by calculating the value of the generating
function Fj in the point Pi of elliptic curve. The number M of generating functions is
determined by the design characteristics of an elliptic (n, k, d) code. Kind of functions
Fj is determined by degree a of curve points projection and, therefore, defined by code
design parameters.

Thus, if design (n, k, d) elliptic code characteristics is given, the uniqueness of the
generator matrix defines a multiplicity of points PI1, P2, ..., Pn, which are computed
generator functions values. A specific multiplicity of points from space P? is uniquely
determined by polynomial curve view i.e. multiplicity of coefficients a;. .. ag, Va; € GF(q).

Corollary 1. The volume of private key (in bits) in motivated crypto-code system
based on the theoretical - code McEliece scheme built on elliptical (n, k, d) code over
GF(2") is determined by the sum of matrix elements X, P, D (in bits), and is given by

Ik, =5xn?xk*xm. (1)

Proof. Indeed, secret key in McEliece scheme - generating matrix A (generating code
matrix) and masking matrix X, P, D. In order to determine private key (in bits) of an
elliptic (n, k, d) code over GF(2™), according to 1, it is sufficient to define multiplicity
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of coefficients a;... ag, Va;€ GF(2™), and elements of masking matrixes. Total must be
stored I = 5xn?x K?x m bits of secret key information.

Expression (1) enables to evaluate the amount of secret key data in motivated crypto-
code system based on McEliece theoretical-code scheme with elliptical codes. Fig. 2 shows
the dependence of the volume of key data on the dimension of GF(¢™) field for a different
q =2, 4, 16, 32. The figure also shows the time required for exhaustive search of key data
while performing of 10'® searches in second.

Thus, the proposed method of masking based on construction of the modified theoretical-
code schemes on elliptic codes, in which use the parameters of the elliptic curve as secret
data, can significantly reduce the amount of key data in compare to the classical McEliece
scheme. At the same time as a potentially resistant, are considered scheme with I + > 80
bits. As follows from the above in Fig. 2 dependencies for building a theoretical code -
scheme should be used elliptical codes with code word length> 220 bits.
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Fig. 2. The dependencies of the volume of secret key data in McEliece MACCS

The most simple and convenient method for modifying a linear block code, which
stores the minimum code distance and increases the amount of data transmitted is the
elongation of its length after forming initialization vector, by reducing the information
symbols. Let I = (L, Iy, ..., I;;) - information vector of (n, k, d) block code. Choose a
subset / of the information symbols, |h| = z, z <1 k and form initialization vector.

We place an information vector I in a subset of zeros h, i.e. I, = 0,V I, € h. On
the other positions of the vector I put the information symbols. After in position of
initialization vector add information symbols. For the modification (lengthening) elliptic
codes will use reduction of the curve points multiplicity. The following statement is true.

Statement 2. Let EC - elliptic curve over GF (q), g = g (EC) - curve genus, EC
(GF (q)) - multiplicity of its points over a finite field, N = EC (GF (q)) - their number.
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Fix a subset by C h, |hi| = z;. Let an elliptic (n, k, d) code over GF(q) built through a
mapping in the form p: X — P*~! is given. Then the parameters of the elongate on x;
symbols from GF(q) elliptic code built through mapping o:(XUh; ) — P*¥ ~1, are related
as follows : k> a -z + 1z, d>n—-a, a = 8. degkF.

Proof. If 11 < z, then the lengthening code on z; is equivalent to shortening the source
code on the z - ;. Having substituted these parameters in the expression (1), we obtain
the result of corollary 1.

Corollary 2. If you know the type of elliptic curve (multiplicity a;... ag, Va;€ GF(q)),
the subset of h and hl are completely determine the modified elliptical (n, k, d) codes
over GF(q), built through the mapping of the form:p:X — P* ! and o:(XUhy ) — PF~L,

Proof. Multiplicity of coefficients a;... ag, Va; € GF(q) is uniquely defined form of the
elliptic curve, and, accordingly, multiplicity of its points EC(GF(q)). Using a mapping in
the form of p: EC — PM and the results of statements 1-2, construct the elliptical (n, &,
d) code over GF(q). If you know the elongating symbols, then we construct the elongated
codes.

According to the statement 3, it are symbols from multiplicity A, which completely
determine the modified elliptical (n, k, d) code over GF(q).

Statement 3. Fix a subset hy C h, |l | = x1. Let an elliptic (n, k, d) code over
GF(q), built through a mapping of the form p: X — P"~! is given. Then the elliptic code
parameters of the elongated on x; characters from GF(q), built by mapping of the form
©:(XUhy ) — P"~1 will be connected by the relations: n = 2\/q+tq+1—z+mx, k> n-q,
d>a, a=3. degk.

Corollary 3. If you know the form of an elliptic curve (multiplicity a;... ag, Va;
€GF(q)), the subset of h and hl completely determine the modified elliptical (n, k, d)
codes over GF(q), built through the mapping of the form: ¢:X — P"~! and p:(XUhy ) — P71

Proof. The multiplicity of coefficients a;... ag, Va; € GF(q) uniquely defines form of
an elliptic curve, and, accordingly, multiplicity of its points EC(GF(q)). Using a mapping
of the form ¢: EC — P’ and results of statements 1 - 2, construct an elliptic (n, k, d)
code over GF(q). If you know the lengthening symbols, then we construct the elongated
codes. According to the statement 3, the symbols of the multiplicities » and hl, which
completely determine the modified elliptical (n, k, d) code over GF(q).

Results of statements 2, 3, and their corollaries allow us to construct modified (elon-
gated) elliptical (n, k, d) codes over GF(q). Define the following algorithm for constructing
modified elliptic codes.

Algorithm for constructing elongated elliptic codes.

Step 1. Fix an elliptic curve over GF(q). Find a lot of simple points of the curve

EC(GF(q)): (P1, P2, ..., Py). Construct a shortened (n, k, d) code over GF(q) as a
result of mapping ¢: X — PM.

Step 2. Fix a subset of points of the curve hy (GF(q)): (Pz1, Px2, --., Pzz1), b1 C h,
‘h1| = 7.

Step 3. Construct a mapping ¢: (XUhy) — PM. If M = k, we obtain an elongated
elliptical (n, k, d) code over GF(q) with the parameters, n = 2,/q+ ¢+ 1 — x + 1,
k>a -z +mm,d>n-a a=38. degF. (see Corollary of Statement 4). If M = r, we
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obtain an elongated elliptical (n, k, d) code over GF(q) with the following parameters:
n=2/q+q+1—x+x,k>n-a d>a a=23. degF (see Corollary of Statement 3).

Using the result of Statement 2 and its corollaries, define a theoretical-code scheme on
the modified elliptic codes built by mapping of the form ¢:X — P*~! and ¢:(XUhy ) — P¢1
The following statement is true.

Statement 4. The elongated elliptical (n, k, d) code over GF(2™ ), built through the
mapping of the form :(XUh;) — P!, determines the modified theoretic-code scheme
with parameters:

- the dimension of secret key (in bits):

Iy = (x —21) - |logy (2y/q+q+1)[; (2)

- the dimension of information vector (in bits):

lr=(a—z+z1) m; (3)

- the dimension of cryptogram (in bits):
ls=2yqg+qg+1—a+z1) m; (4)
- relative transmission rate:
R=(a—xz+mz1)/(2y/q+qg+1—x+x1). (5)

Proof. According to the result of Statement 1, a modified crypto-code system based on
McEliece theoretical-code scheme built using the generating matrix of algebraic (n, k, d)
block of code over GF(2" ), has the following parameters: the size of the secret key kxn
symbols from GF(2"™); a vector of length k of information symbols from GF(2™); length
of codegram - n symbols from GF(2"); relative transmission rate - R = k / n.

Enumerate all the points of the curve. Number of them N < 2,/g+q+1. Consequently,
to enumerate the curve points it is necessary |log, (2\/6 +q+ 1) | bits. If the subset
power of shortening symbols is | h| = z, then to denote all shortening symbols is needed
z - log, (2\/6 +q+ 1) bit. These symbols are held in secret and set the amount of key
data - the expression (2). If the subset power of lengthening symbols is | h; | = 27, then
to denote all modifications symbols is required (z — 21) - |logy (24/¢ + ¢+ 1) | bit. These
symbols are held in secret and set the amount of key data - the expression (2).

Using the result of Statement 3 and its corollaries, define theoretical — code scheme on
the modified elliptic codes built by mapping in the form ¢:X — P*~! and o:(XUhy) — P~
The following statement is true

Statement 5. The elongated elliptical (n, k, d) code over GF(2™), built through the
mapping of the form: ¢:(XUh;) — P"~1 specifies the modified theoretic - code scheme
with parameters:

- the dimension of the secret key is defined by expression (2);

- the dimension of information vector (in bits):

b=@2Vi+q+1—a)-m (6)
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- the dimension of codegram is defined by expression (3);
- the relative transmission rate:

R=02Vq+q+1—a)/2Va+q+1—x+x1). (7)

Proof. According to the result of Statement 1, theoretical - code scheme is constructed
using the check matrix of algebraic block (n, k, d) code over GF(2"), has the following
parameters: an information vector of length k characters from GF(2™ ); codegram length -
n symbols from GF (2™ ); relative transmission rate - R = k / n. Substitute the parameters
of modified (shortened and elongated) elliptic (n, k, d) codes over GF(q), built through
the mapping of the form ¢:X — P"~! and ¢:(XUh;) — P"~!(see statement 3) obtain,
accordingly, the expression (6), (7).

Thus, the results of statements 2, 3 and their corollaries allow to build a modified
elongated elliptical (n, k, d) codes over GF(q). Statements 4 and 5 allow you to specify
a modified asymmetric crypto-code system on McEliece TCS on modified elliptic codes,
thereby providing the required cryptographic resistance.

Consider the formal description of a modified asymmetric crypto-code system of infor-
mation protection based on the use of modification methods.

4. Mathematical model and basic algorithms of information converting
in the proposed McEliece system on elongated codes

Mathematical model of modified asymmetric crypto-code information protection sys-
tem using algebraic block codes based on McEliece theoretic -code scheme based on elonga-
tion (information symbols increassng) is formally defined by combination of the following
elements:

- multiplicity of plaintexts
M ={My, My, ..., M g}, where M = {I,, I}, .. Ihrjvlkfl}v VI; € GF (q), h; -information
symbols equal to zero, |h| :%kz, ie. I; = 0,V I; € h; h,—information symbols of length-
ening k, |B| =3k;

- multiplicity of closed texts (codegrams)

C={C,Cy,...;Cp}, where C; = (C}O,C;‘Ln,...,c}:rj,c}nil), Vc}j € GF(q);

- multiplicity of straight mappings (based on the use of generating matrix public key)
© ={¢1,09, s}, where ¢, : M — Cy,.,i=1,2,...,s;

- multiplicity of reverse mappings (based on the use of masking matrix private key)
ot = {<p1_1,<p2_1, o5 1}, where <pi_1 :Ch, > M, 1=1,2,...,s;

- multiplicity of keys, parametrizing straight mapping (the public key of an authorized
user)

Ko ={Ky, K>, ... K1, } = {Gx[, Gx . . .Gx [},

1

where Gx flci-generating nx k matrix masked as a random albebra-geometric block (n, k, d)

Kiy
code with elrments from GF(q), i.e. ¢;: M — Cy,,i =1,2,...,s.
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a; — multiplicity of coefficients of the polynomial curve a;. .. ag, Va;€ GF(q), uniquely
defining a specific set of curve points from the space P2.

- multiplicity of keys, parameterizing reverse mappings (personal (private) key of au-
thorized user)

K*={K! K}, ...,K} = {{X,P,D},,{X, P,D},, ... {X, P, D} },

{X,P,D}, = {X', P', D%},

where X* — masking nondegenerate randomly equiprobably formed by source of keys ma-
trix k x k with elements from GF(q); P! — permutational randomly equiprobably formed
by source of keys matrix n x n with elements from G F(q); D* — diagonal formed by source
of keys matrix n X n with elements from GF(q), i.e.

_1 K .
o, C—M,i=1,2,..,s.

Complexity of performing reverse mapping gol-_l without knowledge a key K € K* asso-
ciated with solution of theoretic complexity problems in random code decoding (generic
position code).

Initial data in the description of the considered asymmetric crypto-code information
protection systems are the parameters described in the previous model.

In asymmetric crypto-code system based on McEliece TCS modified (elongated) alge-
brogeometric (n, k, d) code Cj,, with rapid decoding algorithm is masking random (n, k, d)
code C}, * by multiplying generating matrix GFC of Ck—n; code on the secret masking
matrices X*, P* and D", what provide formation of open key for authorized user:

GO = xv.GFC . p . D% w e {1,2,...,s},

where GPC — generating n x k matrix of algebrogeometric (n,k,d) code with elements

from GF(q), built on the basis of using the polynomial curve coefficients a;... ag, Va;
€GF(q), chose by user, uniquely defining a specific set of curve points from the space P2.

Forming secret text C; € Cj, by the entered plaintext M; € M and given public
key G XaElC“, u € {1,2,...,s} is performed by forming of shortened code word and then
elongation of masked code with adding to its randomly formed vector e = (eq, €1, ..., €,—1):

Cj = ou (My,G%) = M; - (G%)T +e.

For each formed secret text C; € C},, the appropriate vector e = (eg, e1, ..., €n—1) acts
as a single session key, i.e. for specific Ej, vector e is formed randomly, equiprobably and
independently of the other secret texts.

The channel receives C;»‘ = Cj — C—p; + Ch,.

On the receiving side, an authorized user who knows the rule of masking, the number
and location of zero information symbols can take advantage of a fast decoding algorithm
of algebrogeometric code (with polynomial complexity) to recover the plaintext:

M; :90171 (C;v{X7P>D}u)'
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To recover the plaintext an authorized user replaces lengthening symbols on non-zero
information symbols

C; = Ch, = Crp;,

from recovered secret text C; reduces the effect of the secret of permutational and diagonal
matrices P* and D":

Q

Il

Gy (D)7 (P = (M (@) ) - (D7) () =
M;-(X*-G-pP*. DT +

(XTGP (DT (D) () e (D) (P =
(X e (D)7

S

decodes received vector with Berlekamp-Massey algorithm [10 — 14]:
C = Mi . (Xu)T . (GEC)T t+e- (Du)—l ) (Pu)—l ’

i.e. get rid of the second term and from the multiplier (GEC) T"in the first term at right
side of equation, and then reduces the effect of masking matrix X*.

Received result of decoding M;* is need to be multiplied by (X*)~":
M; (X" = M.

Received solution is plaintext M;, to which are added lengthening symbols: M; =
M; + h, — the essence of sent message.

Consider the practical algorithms of codegram forming and decoding, and a block
diagram of communication protocol in a real time at developed McEliece ACCS.

The algorithm of codegram formation in modified McEliece asymmetric crypto-code
system with shortened modified code define by sequence of the following steps:

Step 1. Fix a definite field GF(q). Fix an elliptic curve y?z + ayzyz + agyz? =

23 + asr®z+ asrz + agz® and set of it points EC(GF(q)):(P1, Pa, ..., Py) over GF(q).
Fix subset of points h(GF(q)): (Pz1, Px2, ..., Pysz), h C EC(GF(q)), |h|=x and keep it
in secret.

Step 2. Form initialization vector IV=EC-h;, h;j-information symbols equal to zero,
|h| =3k, ie. L =0,V L €k

Step 3. By entering information vector I form the code word c. If (n, k, d) code over
GF(q) is given by its generating matrix in such case ¢ = IG.

Step 4. Form the random vector of error e such, as w(e)<t, t = |(d—1)/2]. Add
formed vector to code word, receive the code word: c*=c+e.

Step 5. Form the codegram by initialization vector symbols deleting (shortening):
cx =c —1V.

Fig. 3 shows algorithm of encoding in McEliece MACCS.
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requiredProbability

Stage 1. Set code parameters

requiredProbability — Defined
probability of block distortion.

a = degF * degCurve,
k=n—at+g—1

n — total number of symbols in
code (code length).

k —number of information

sy

/

A~
i T,ncw
Fals

d —minimal distance of code
combinations by Hemming.

& — curve genus,

degF — the degree of generating

function,
1me/\d<7 a d=a(grer) 2 degCurve — curve degree.

True

degF. k. d

Stage 2. Forming private and public
keys of asymmetric cryptosystem.

X, P.D.GEC, 1V

]G_fc = RGE xPxD|

!

Entering information
wvector i, public key

entering information package

X —non-degenerate matrix £ xk over GF(qg),

P — permutational matrix n7xn over GF(q).

D — diagonal matrix nxn over GF(q),

H"°— check matrix r=n of elliptic code Han
GF(q).a; —coefficients set of curve polynomial a;
IV —initialization vector, IV= |h| =k —

49

G=EC "
X reducing elements
i h,—lengthening symbols. |k, =% k
| S —— Stage 3. Forming session key and
= codegram
T s
P e,

= i vector e  forms  randomly,

Tr;m equiprobably and independently

N from another secret texts
Forming code word

Cxy = G;ﬁ x i+ e Communication channel receives
l code word with replaced zero

ts of initialization vector by

Forming codegram non-zero information symbols

Ccy =cCy +IV(R) (lengthening operation)

End

Fig. 3. Algorithm of codegram formation in McEliece MACCS

Algorithm of codegram decoding in modified theoretical-code schemas on elliptic codes
define by sequence of the following steps:

Step 1. Entering codegram to be decoding. Entering the private key - generating and
/ or the elliptic code check matrix.

Step 2. Codegram - a code word with elliptic code errors. Error vector weight w(e)<t.
Decoding codegram — find error vector.

Step 3. Form needed information vector.

Step 4. Add to information vector symbols of information packages from initialization
vector position.

Offered decoding algorithm on McEliece MACCS is shown on fig.4.
c =+ 1V (hy).
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Stage 1. Set of code parameters ,
Entering personal key and codegram

EC ¥
X P D H 'IV'C»

X - non-degenerate matrix kxk over GF(q),
P —permutational matrix nxn over GF(g),

Replacing lengthening symbols on non- D- diagonal matrix nxn over GF(q),
zero information symbols H™~ check matrix rxn of elliptic code Hazx
* GF(g),a; — coefficients set of curve polynomial a;
C, =C, =« P
i IV — initialization vector, IV=h| =%k -
reducing el

Removing diagonal ang permutational
matrices

c=c p|"
!

Decoding vector with Berlekamp Massey
algorithm .
Forming vector i’

]

Forming information vector

LX)
I

Stage 2. Codegram decoding

Step 3. Forming information data

Information data are formed in according to
concatenation algorithm of information vector and
lengthening  symbols. In case of error in
lengthening symbols is formed code word with
| length n symbols with non-zero elements, which
add to lengthening symbols and use Berleykamp
algorithm for their recovery.

Forming information data

M, =i,

End

Fig. 4. Algorithm of codegram decoding in McEliece MACCS

Block diagram of information exchange protocol in a real time mode with the use of
asymmetric cryptosystems based on a modified McEliece TCS with modified (elongated)
elliptical codes is shown in Fig. 5.

.
Senter ‘ { e
[ :
Forming and transmitting key data Farming key data and el zatcn veclor ‘
Fomingertorveeore ° g K¢

Rescivig ey dand | | e ~

o vedor | Trmsniting ol ke nd telzation vector na;:?nmu 1 ‘ml’utdv::m o
cha Petvarks ) Tyt S
\\ {hrough he open chennels i IP-netvarks s e e
N7 )
Foming key word [
[ | Decoding codegram
C =0l Gil=h A i
& 'u‘ i [ Il
C= VTG 4ol

Foming cyogean } Forming and transmitting ‘

eyplogram \ { } {}

W R Plantext Transmied message
{11 AH M.=M4

[
= Trensmiti s P
Cy = Cr - CM, : i — syimbols by vactor ymbols [V

EVEVEVY e

Fig. 5. Protocol of information exchange in a real time mode with use of modified
McEliece TCS with elongated EC
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5. Evaluation of energy costs for program implementation and the
complexity of the proposed McEliece MACCS code transformation

To estimate time and speed parameters is common to use the unit of measurement cpb
where cpb (cycles per byte) - the number of processor cycles, which should be spent to
process 1 byte of incoming information. Algorithm complexity calculates from expression:

Per = Utl « CPU _clock/Rate

where Utl- utilization of the CPU core (%);
Rate — algorithm bandwidth (bytes/sec).
In table. 1 are shown dependency research results of code length sequence of algebro-

geometric code in McEliece and Niederraiter TCS from number of processor cycles due to
executing elementary operations in program realization of crypto-code systems.

Table 1

Research results according to the length of the code sequence in McEliece ACCS in
dependency of CPU cycles number

McEliece on elongated codes McEliece
Code sequence length
10 100 1000 10 100 1000
The numberof | b0 11432 | 33460 1 82473 1 15 042[30 800 328 | 80 859 933
function calls rSeadmg 3131 =17 ;429
= tring 673 | 12119 | 2946 .
rcahzmg comnati 756 867 389 3663356 |10 199 898 | 26 364 634
Y String 1947 | 6114 | 14456
operations | 408 Ll ya T2 | 1834983 5125564 | 13415329
17053 | 51694 | 126399 | 16516
Sum 3 P o 351 |46125790(120639 896
) Symbol | 300 479 | 843705 | 2745 148 | 297487 | 831609 | 2183218
Duration of reading
executing functions | String |55 490 | 561954 1739170 | 197821 | 550794 | 1423690
n processor comj armg
- 2
eycles String | 5094 | V4T 14007883 | 544990 | 1522293 | 3984 353
concatenation 638
Sum 109157 | L0 | 3053097 | 1040298 | 2904 696 | 7591 261
Executing duration** in msec 0,56 1,55 4,1 0,55 1,53 4

Note:
* duration of 1000 operations in processor cycles: symbol reading — 27 cycles, string
comparing — 54 cycles, string concatenation — 297 cycles;

** for calculating is taken processor with a clock speed 2 GHz taking into account
operating system loading 5 %

Table 2 shows the investigation results for evaluating time and speed parameters of
procedures of forming and decoding information in the non-symmetric crypto-code systems
based on McEliece ACCS and MCCS.
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Table 2

Tnvestigation results for evaluating time and speed parameters of procedures of
forming and decoding information

Code sequence At CPU utilization Al
Crypto-code systems et qth bandwidth, Rate ) complexity, Per
; (bytes / sec) & (cpb)
McEliece ACCS 100 46125790 5 615
1000 120639 8% 3 62,0
McEliece MCCS 100 51694 662 ) 1,7
1000 126 399 560 56 622

Analysis of table 1.2 shows that the use of modified (elongated) elliptic codes allows
to save the volume of transmitted in McEliece a crypto-code system data, but at the same
time provide the required level of cryptographic resistance during the implementation over
smaller field GF(2°~ 28) through the use of entropy of initialization vector h,..

Research information reliability and secrecy, which can be provided by modified crypto-
code systems on elliptic curves. Fix (n, k, d) elliptic code over GF(q). Define modified
crypto-code scheme on the basis of McEliece TCS on modified (elongated) codes. Define
the session key e — error vector, which adds to code word during codegram formation. Let
w(e) < t, t =[(d—1)/2]. Denote share of error vector weight e by symbol p = w(e) / t.
Then potential resistance of theoretical-code scheme with elliptic codes, will be determined
by pxt, interference resistance of transmitted codegrams by (1 — p) x t. The complexity
of hacking the proposed modified system define by the expression of the random code
decoding analysis complexity with commutation decoder:

Ct nn—1)..(n—t—1)
It = Npogpnr, where Npopyp 2> Ot . - m—k)(n—k—=1)..(n—k—t—1)

Interference resistance is defined by minimal ratio signal/noise, needed for providing
the required reliability. Fix the ratio signal/noise and modulation type. Suppose that
digital message transmission is carried out through discrete channel without memory, i.e.
errors in sequently transmitted code symbols happen independently with probability P,.
Then the probability of the error multiplicity ¢ on the block length is equal [10 — 14]:

P,=CiP:(1—P,)"".

If the decoding procedure allows correcting ¢t = |(d — 1)/2] errors, the probability of
an incorrect decoding is:

P, = Z P, = Z Cipi(1—P)" ",

1=t+1 1=t+1



Development of a Modified Asymmetric McEliece Crypto-code System 53

At the integrated solution of problems of reliability and information secrecy of data
transmitting, modified crypto-code system will be correct (1 — p) x t happened errors,
hence:

n n
Pp= Y P= Y cCiPia-p)
i=(1—p)t+1 i=(1—p)t+1

Fix GF(2') and P, = 1073.

P
i 1"]‘::[-2
1E3
1E-4
1E-5
1E-6
1E-7
1B
159
1E-10]
1E-11 5
; ;
1E-12
02 04 06 08 p 1 073 3 085 09
Fig. 6. Dependency of hacking Fig. 7. Dependency of error decoding
complexity x:(p) over GF(2") probability P..(p) over GF(2")

Fig. 6 shows dependencies of theoretical-code scheme hacking complexity with per-
mutational decoder I (p) while use of elliptic codes with relative speed R. Fig. 7 shows
dependencies of error decoding probability Py, (p) with an integrated solution of problems
of reliability and information secrecy.

As it is seen from the dependences shown in Fig. 6, 7, modified crypto-code system
based on McEliece TCS have high indexes of reliability and information secrecy. Increasing
index p leads on the one hand to increasing of circuit resistance and on the other side reduce
its noise resistance. Research integrated increasing of reliability and information secrecy
of data transmission with use of offered systems.

Fig. 8 summarizes dependencies of error decoding probabilities and complexity of
hacking theoretical-code scheme with elliptic codes under different R and p =0, 9.
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1E-6]
1E-7
1E-8
1B fedodeb i _

1E-11
1E-12]-
1E-13
1E-14
IE-15
1E-16

1E-17

1E-18 g g
10 15 20 25 30 35 40 45 7 50

K+

Fig. 8. Summarized dependencies of error decoding probability and hacking
complexity Pou(Ix+) for p = 0,9

As it is seen from the dependences shown in Fig. 8 proposed modified crypto-code
systems based on McEliece TCS provide high resistance and reliability indicators of the
processed and transmitted information. Their use will enable use open channels of IP-
networks for transmitting confidential (commercial) information in the real-time mode
thus providing required indexes of reliability and safety.

6. Conclusions

In a result of conducted researches:

1. Analyzed overall structure of the asymmetrical crypto-code systems construction
based on McEliece TCS enabling to provide integrated (with single device) the required
indicators for reliability, efficiency and data security. A major shortcoming of ACCS based
on McEliece TCS is big volume of key data, that constricts their use in different commu-
nication system areas (today cryptographic resistance on the level of provable resistance
model is provided while building ACCS in Galua field GF(2"3)). Using modified elongated
elliptic codes allows reducing the volume of key data while keeping the cryptographic re-
sistance requirements and transmission of big volume of information.

2. Offered mathematical model, practical algorithms of codegram encoding/decoding
in developed McEliece MACCS enable to implement high-speed information processing at
the real-time mode. The complexity of codegram formation and decoding is defined by
encoding/decoding complexity of modified (elongated) elliptic codes and a polynomially
depends on the code length and it correcting dependence.

3. Transferring the key sequence using a modified McEliece ACCS based on the short-
ened codes allows using open communication channels of communication systems and
significantly reducing the volume of the key sequences that are stored by users of the
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system. Evaluation software implementation complexity of information protection crypto-
code means based on McEliece TCS confirms the assumption if reducing the computing
costs to calculate cryptogram/codegram, necessity to store key data (public key) by au-
thorized user.

Performed researches of error vector p usage enable on the basis of the main indexes of
telecommunication system channels to enhance one of the integrated mechanisms indicator
— reliability or safety.
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Free Vibrations of Fluid-containing Spheres

F.A. Seyfullayev *, S.R. Agasiyev

Abstract. In the paper free vibrations of a spherical shell containing compressed fluid are studied.
Its natural frequencies of vibrations are determined under some values of the parameters of the
system, influence of geometrical and physical parameters of the system ”spherical shell-fluid” on
free vibrations of the sphere is studied.

Key Words and Phrases: spherical shell, frequency of free vibrations, potential motion, density

1. Introduction

Shells as elements of machines and constructions are widely used in aircraft and ship-
building, etc. Therefore, recently the researchers are interested in the issues associated
with dynamic behavior of thin-shelled constructions that in working conditions are in con-
tact with external medium. The problems of free vibrations of elastic thin shells contacting
with elastic medium and fluid, occupy important place among dynamical contact prob-
lems of shell theory. Filled shells may be used in practice for storage and transportation
of products. As the problems of strength and life of the shells of tanks are very actual in
connection with oil and gas recovery, necessity of storage, transportation and processing
of different chemical mixtures. Furthermore, the Earth may be considered as a special
shells with a filler.

Frequencies and forms of free vibrations of spherical and cylindrical shells contacting
with elastic and liquid medium are studied in [1]-[3]. Approximate simple formulas for
calculating frequency and determination of vibration forms of the systems under consid-
eration that restricts the use of the obtained results, as in a number of important cases it
excludes the possibility of conducting qualitative analysis of the studied processes, are ob-
tained by approximate methods. These investigations are connected with great difficulties
as it is necessary to solve transcendental system of equations.

Free vibrations of a thin-walled shell containing compressible fluid, are studied in [4]-
[6]. Under some values of the parameters of the system, its eigenvalues of the frequencies
of vibrations were determined, influence of geometrical and physical parameters of the
system ”cylindrical shell-fluid” on free vibrations of the cylinder is studied.

*Corresponding author.
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In [7], a problem of free vibrations of a thin-walled elastic spherical shell containing
an elastic medium with different properties, usually with modulus of elasticity that is
significantly less than the elasticity modulus of the shell material, is studied.

Analysis of vibrations of fluid-containing sphere with regard to finite thickness differs
from the analysis of a very thin sphere with the fact that loads are not introduced into
the equation of motion, and in the equations of motion the terms containing derivatives
along the radius, are not ignored. The external load on the shell enters into the bound-
ary conditions. The results may be used when analyzing the tanks subjected to seismic
impacts, at transportation and also when studying the Earth vibrations.

In this connection, in this paper we consider free vibrations of a finitely-thickened
sphere of radius r; and r9, respectively and filled with compressible fluid. The equation
of motion of a spherical shell is disconnected into two parts: the system describing the
potential motion, and the equation describing the vortex motion [8].

The first system is of the form:

2(1—V)<82w 20w 2 >+

1—20 \or2 " 7or 2%

1 1 10 v —3
+3 80w + ( +7VT2 >A0¢+A2w=0

1—2v \ror
1 1 /0w 4—4v 2(1-v) 1 ¢ 200 .,
1—21/F<E+ r w>+ 1oy 2Rtz o tAe=0 ()

In the case under consideration, the conditions on the boundary are:

2G ow v

1- 92, [1—1/)W+;(2w+A0¢]r:n—p
ow v

(1—-v)—+ — (2w + Ay9) =0

or r S
1 9 1
S L L 2
109 1 B
fer .

Here r is the distance from the center of the sphere, w is radial displacement, ¢ is
displacement potential, G is shear modulus, v is Poisson’s ratio, ¢ is density of the shell’s
material.

A\ = %wQ,
w is the frequency of vibrations.
p is the pressure on the inner boundary. Ag is an operator:
0? 0 1 0

= 902 + ctgf— +

A .
0 90 ' sinZ 0 02
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According to the problem under consideration the solutions are represented by means
of spherical harmonics Y,:

w=w,Yn, ¢=0¢,Yn, p=p,Y,. (4)

Then
Apw=-nn+1w, Agp=-n(n+1)¢, (n=0,1,2),

equations (1) and (2) take the form:

/ 2 , 1-—2v nin+1
T 2

(1-2v) 72
_2(11_ > n(nr—l- 1) <¢;Z N 41/T— 3¢n> _o
2u{¢0<%wi+é%;5w€)+22125@x+%¢;%%%%+
R R T e )

2
[(1—V)w;+7ywn—%n(n+l)¢)n] =0
r=ro
1 1
(Lot ls) o
r r —r

1 1
<_wn + ¢711 - _Cbn) =0.
T T r=ry

For the case of potential motion, the pressure of the compressed fluid is determined as
follows [10]:

=—p— 6
p=—pg (6)

where p is the fluid density, II is velocity potential satisfying the equation:
a® ATl = 9%11/0t? (7)

A is the Laplace operator, a is the velocity of perturbation propagation.
Radial velocity of the shell and potential of fluid’s velocity on the contact surface are

connected with the relations:
ow OII

= o (8)
where:

iwt

II = I,ie*?, w=w,e™, p=pye“t.
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Taking into account that under vibrations the relations (6) and (8) take the form:

oIl
Pw = pwll,.

Equation (7) turns into the Helmholtz equation. Then the solution of the problem
under consideration will have the form:

M, = Dyjn (%) , (10)

where j, () is Bessel’s first kind spherical function. (9), (10) and (4) yield

wwy = Dy f (ﬂ) (11)
a a
. [wr g [wT
P = pwagn () wn /iy (<) (12)
a a
here n = 2, then
j zsinz(z2 — 2) + 222 cos 2

i zcosz(22—6) —3sinz (22 —2)°

Having integrated the first two equations in (5) within r; and r9 and assuming that
the thickness of the solid body of the sphere is small compared with the radius, we get:

2
1l r=mro 1- \2_ n(n+1) B
“n 1 2(1 )[ r2 Wnh
1 n(n+1)
1 1 +4 wo L
2(1-v) rwnl 2z
1—20 2 1-20 1-2v , n(n+1)
= = - =0. 1
i e R e IR v A=l EESTICD

Here the values of quantities without indication of the limit, are average.

Connect the deformation in radial direction with inner pressure p, assuming the layer
as centrally-symmetric static. Then preserving in the first equation of the system (5) two
terms, we have:

2
Wy — Wi, + — (wan —w1n) =0 (14)

or 5
€on — E€1n + . (woy, —win) =0 (15)

here g;, is deformation.
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From the third and fourth equations of the system (5) it follows:

(1 =) (e2n = €1n) + — = (wap — wyp) =

2v

Or, taking into account (15), we get

Under the conditions stipulated above, the second equation of the system (5) gives:

v — 2

r

(w2n - wln) - ;n (n + 1) ((an - (bln) =

Wop — Win +

From (14) and (18) we have:

Substituting (18) in (17), we get:

From the fifth and sixth equation of the system (5) we have

¢2n - Cbln =

r

4 —

4v

8(1—-2v)(1—-v)

vn(n+1)

r2

T (n 4 1) (B0 = 610) =~

wph = 0.

1—2v

_(bwnw

1—2v
2G

! ! 1
¢2n - (bln = ; ((b?n - @bln — Wan — wln) .

Or, using (18) and (20), we get

Substituting (18), (20) and (21) in (13) we get

! !
¢2n - (bln =

8(1—v)

wph —

72

8(1—
?”2

v)

wph +

41-v) [2(1—2v)
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+ 1} wph +

1-2v P,
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2(1—v

+Puwn
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r [8(1—21/)(1—1/)

wph +
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—2v
2G
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2G

ﬁ [—% (1= v) wnh + 41;—2ywnh] 4
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2(1—-v) v 2(1—-v) r? v vz
nn+1l) 1-2v n(n+1)4u—3pwnh:0.

T2l —v) 26 T oA —u) 12

{8 4 -2) [21_2” +1—u}+2(1—2u)}fgh+

vn(n+1) (1-v)
e L2 -2 , a@m+D)
+[2(1—V)+1 V] Vn(n+1)2Gpw"+<2(1_V)/\ 2 >pwnh—0.

Substituting the expression p,, = 2 ";.‘,lj from (12) to (22) , we get

{ 1—2v )\2_1—21/ [n(n—i—l)
2

-0 2<1—u>+4”“’”h+

n(n+1)(4v — 3) (1-2v) pwaj
2(1—v) 2(1-v)2G j

R R

(bnh -

Wp,~+

12 Q-2)peaj [1-2 4 n(m+D)

i [2(1 —v) vn (n+1)2Gj’ [2(1 - y))\Q T2

1-2v 5 1-2vn(n+1) - (1-=2) pwaj "
{2(1—V)h)\ r2 [2(1—V)+4]h 2(1_1/)2G j/ } nt
n(n+1)(4v —3)

2(1-v)

<2 {4(1 ;f(”?zill_) v) [21(1__21”/) F1- u} F1- 2u} T—h2+

(1 —-2v) pwaj
vn (n+1) 2G5’ Wnt

+1_V:| :|pwnh

hpnw =0

1-2v 5 n(n+1)
+|:2(1—V))\ 72

Accept the following denotation

—1—1—1/]

:| hpwn = 0.

1—2v
2(1-v)

n(n+1) nn+1)(1-2v)pwajy
2 +4}h_ 1i-G 7

o =

(22)
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n(n+1)(4v —3)

NE T Ay "
By =2 {4(1; i”(?n(i_l)”) [21(1__2; +1- u} +1- 21/} r—h2+
Qb R e

Then (23) has the following form:

(05)‘2 - /31) Wy, +710p =0
Bowy, + (Oz/\2 - —n(njl)) ¢n=0

T

(24)

The equation of the system (24) is a system of homogeneous linear equation with respect
to variables w,, and ¢,,. For nontrivial solution, its determinant should equal zero. Then
the frequency equation has the form:

D (v2 + B1) aX® + B1v2 — Pay1 = 0. (25)

Here v = %h.

The solution of the last equation with respect to A has the form:

2ol (2460 + \/a (2 4‘252)2 +4 (B2 — Bi2) a2' -

In the case when the sphere is not filled and having denoted by A = Ao, 51 = Y, B2 = 39
we get the following dependence:

)\(2) _ )\204 (72 + 5?) + \/@2 (72 + 5?)2 +4 (5871 — /3(1)72) o? o

o (v2+ By) + /a2 (2 + B9)” + 4 (Byys — Byy) 2

8= Bil,_o; BY=Bal,_q-

In this case we use the following denotation:

Z(W)ZWC;T
2 (W) [(z (W))? — 2} sin (2 (W) + 2 (2 ()2 cos (2 (w))
((w) = 5 2 :
[(z(w)) —6} 2 (W) cos(z(w))—g[(z(w)) —2] sin (2 (w))
-1-2v) [n-(n+1) pra-(n+1)-1—-2-v)
br=Lw)=—"07 ’{2-(1—1/)_4}'}“””' 1 (1-v)-G )
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By =g (w) = [_4(11;1"1/(:%(13)_ ) b1y 'T—h2+
4'(1(—3;)23[7)1.(214:12)1]/?1/-(; pwagw)
PERSE i  OTSIR NER

B—4v)-(1-2-v)
+4'(1—V)'n'(n—|—1)'1/-G'pwag(w)'

Then (27) takes the form:

alpt f @)yl )P 402 (@) 7 - f @) )

(2 + L (@) +1/a? (12 + L(@))* +4-% (9 (@) - 31 — L (W) - 32)

M (w) = |w? . (28)

This expression shows dependence of mw frequency of unfilled sphere on the w fre-
quency of the system.

The graphs of dependences were constructed for different values of parameters. Dif-
ferent parameters of the sphere’s thickness were taken into account (fig.1., fig. 2., fig. 3.,
fig. 4.)

When calculating, the following parameters were taken into account:

k
59 0 = 140021

Yy=w=0,3; n=2; r=100 m; p= 1000 35
m sec.
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As is seen from the graphs, the frequency of the system for the first mode is linearly
connected with the frequency of the empty shell. The system’s frequency reaches approx-
imately 30 hertz.

However, for different thicknesses h of the shell for greater thickness, the frequency
of the empty shell has the least value (for h = 0,3m, wy = 3Thertz, for h = 5m,
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wo = 27hertz). At the end of the mentioned interval, the system’s frequency asymp-
totically approaches to the constant value. Passage to the second mode is accompanied
by the “failure” 30 hertz. Then with the same interval the picture of the first mode is
repeated. At the ends of the second interval, the system’s frequency passes to the constant
value.
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(Lp, Ly)-boundedness of the Fractional Integral Operator
with Rough Kernels on Heisenberg Groups

G.A. Dadashova

Abstract. Let €2 is an homogeneous of degree zero function on Heisenberg group H,,, integrable
to a power s > 1 on the unit sphere generated by the corresponding Heisenberg metric. We study
L,(H,,)-boundedness of the maximal operator Mg with rough kernels €2 in Heisenberg groups and
the (Lp(Hn),Lq(Hn))—boundedness of the fractional maximal and integral operators Mg , and
Io,q, 0 < a < @ with rough kernels.

Key Words and Phrases: fractional maximal function, fractional integral, Heisenberg group.
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1. Introduction

The Heisenberg group [3, 4, 7, 9] appears in quantum physics and many fields of
mathematics, including harmonic analysis, the theory of several complex variables and
geometry. In this paper, we establish the norm inequalities for the maximal operator
on the Heisenberg group in Lebesgue spaces. We begin with some basic notation. The
Heisenberg group H,, a non-commutative nilpotent Lie group with the product spaces
R2?"*1 that have the multiplication

n
Ty = <$/ + 9 Tont1 + Yons1 + 2 Z TkYn+k — $n+kyk)7
k=1

where z = (2/, x2,41), and y = (¢, y2n+1). By the definition, the identity element on H,
is 0 € R?"*1 while the inverse element of x = (2/,t) is 27! = (—a/, —t).
The corresponding Lie algebra is generated by the left-invariant vector fields:

X, — 92 )
’ Ox; o OTont1’
0 0

Xpti = — 2x;
e 0Ty * Oont1’

http://www.cjamee.org 68 © 2013 CJAMEE All rights reserved.
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0

Xopy1 = —.
" Brgn

The only non-trivial commutator relations are
[X]7Xn+]] = _4X2n+17 ]: 17"'7”‘

The non-isotropic dilation on Hj, is defined as & (z', z2n11) = (ta’, t2x9,41) for t > 0.
The Haar measure dz on this group coincides with the Lebesgue measure on R?* 1. Tt is
easy to check that

d(étm) = r%dz.

In the above, Q = 2n + 2 is the homogeneous dimension of H,.
The norm of z = (2, x9,41) € H, is given by

el = (ja'* + @3 0) ',

2n
where [2/|> = 3 z7. The norm satisfies the triangle inequality and leads to the left-
k=1

invariant distance d(z,y) = |zy~!|,. With this norm we define the Heisenberg ball,
B(z,r) = {y € Hy : |zy~'| < r},

where z is the center and r is the radius. The volume of B(z,r) is C,,7?" "2 where C,, is
the volume of the unit ball B; = B(e, 1), i.e.,

nir(d)
(n+ L)L (%)

n =

Let Sg = {z € H,, : |z|;, = 1} be the unit sphere in H,, equipped with the normalized
Haar surface measure do and € be d;-homogeneous of degree zero, i.e. Q(d:x) = Q(x),
x € H,, t > 0. The fractional maximal function Mq . f and the fractional integral I o f
by with rough kernels, 0 < a < @ of a function f € LI°°(H,) are defined by

Mo f(2) = sup | Bz, t)| "8 /B 1967 17y

t>0

Iaf(m)z/R Q(y )f(y)dy

oy a0

If Q =1, then My, = M, and I, = I, are the fractional maximal operator and
the fractional integral operator, respectively. If a = 0, then Mo = Mg is the maximal
operator with rough kernel. It is well known that the fractional maximal operator on
Heisenberg groups play an important role in harmonic analysis (see [4, 8]).

The boundedness of classical operators of the real analysis, such as the maximal oper-
ator and singular integral operators etc, from one Lebesgue space to another one is well
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studied by now, and there are well known various applications of such results in partial
differential equations. In this paper, we study the L,-boundedness of the maximal opera-
tor with rough kernels in Heisenberg groups, including also the case of weak boundedness.
Also we obtain (L,(Hs,), Ly(H,))-boundedness of the fractional maximal and integral op-
erators Mg o and Ig o, 0 < a < @ with rough kernels.

Throughout the paper, for a measurable set F, |E| denotes the normalized Haar mea-
sure of E, i.e., |Bi| = fBl dr = 1. By A < B we mean that A < C'B with some positive
constant C independent of appropriate quantities. If A < B and B < A, we write A ~ B
and say that A and B are equivalent. For a number p, p’ denotes the conjugate exponent
of p. d B are equivalent.

2. Boundedness of the fractional integral
operators in the spaces L,(H,,)

In this section we prove the L, (H),)-boundedness of the operator Mg and the (Ly(H,), Lq(Hy,))-
boundedness of the operators I, and Mgq ,.

Theorem 1. Let Q € Ls(Sg), 1 < s < 00, be d;-homogeneous of degree zero. Then the
operator Mg is bounded in the space L,(H,), p > s

Proof.

In the case s = 0o the statement of Theorem 1 is known and may be found in [2] and
[8]. So we assume that 1 < s < co.

Note that

B s 1/s
190 ) oy = ([ 190w)Idy)

B(0,t)
t 1/s

_ (/ rQ_ldr/ Q(w)[*do(w)) / (1)
0 Su

=co |9, (sm) |B(x,t)|"/*,

where ¢y = (QUH)A/S and vy = |B(0,1)].
The case p = oo is easy. Indeed, making use of (1), we get

gl
Mo f|lpoo (i) < NI Lo (B sup 1Bz, )] )| 1y (B

<o |z ss) 1L (mn)-

So we assume that s’ < p < co. Applying Holder’s inequality, we get

Mo f(x) < iggIB(:E,t)!_lIIQ('_lw)HLS(B(m)) 11l (BG)- (2)

Then from (2) and (1) we have

Mo f(x) < co |9z, (sp) Sup 1B, ) 7Y £l (B
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-1 s’ 1/s'
= o 1920 sy (500 1B OF 11 s ooy

= o 905 (M10017)@) ®)

Therefore, from (3) for 1 < s’ < p < 0o we get

1Mo f Iy, < €0 120 s | (1A N,

= co 120 s 1M (1F1) )1

SIS

@ = 11l -

We prove the boundedness of the fractional maximal and integral operators Mg o, 10«
with rough kernel from L,(H,) to Ly(H,), 1 <p < g < o0, 1/p —1/q = o/Q, and from
the space Lq(H,) to Ly(H,), 1 < ¢ < o0, 1—-1/¢=0a/Q.

Theorem 2. Suppose that 0 < o < Q and the function Q € L _q (Sg) is 0;-homogeneous
Q—a

of degree zero. Let 1 < p < % and 1/p —1/q = a/Q. Then the fractional integration
operator Iq o is bounded from L,(H,) to Ly(H,) for p > 1 and from Li(H,) to W L,(H,,)
forp=1.

Proof. We denote
Q)

K(ﬂ?) = |x‘22—a

for brevity, and may assume that K (z) > 0. We have
‘{x €H, : Inaf(z) > )\}’ < ‘{x €H,: Inaf(z) > Cé}aA}’ <L+ I,
where

I = Hx c H, : |K}L>kf(:v)| > g} , Iy := Hx c H, : |K3*f(l‘)| > é}"

Kﬁ(m) = (K(z) — W)Xp,, (¥) and Kg(:n) = K(z) — K(z),
uw>0and E(u) ={x € H, : |K(z)| > p}. Note that

|E(n)| < Bu@-s. (4)

where B = éHQHE () 8 seen from the following estimation:
fopury

E <>\<1/ I
E(n) 2|}
26:1)1) 0=

1 ( e
= / Q(:c’)da(m’)/ g rdr = Bqua.
Su 0

I
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By means of (4) we can prove the estimate
1

2 Q—a
155, ) < (5 Ba)”

For p =1 it easily follows from (4), and for p > 1 we have

Q
M(Q*G)q)

Q

1<p<—=.

«

/ u /
/ K2 ()P d = f / 21| B(0)|de
n 0

b e
Sp’B/ T eta gt
0

— Q
= “Bgua-

Q

Then by the Young inequality we obtain

Q—«
1% Pl < WG, 17y ) < (5 B

Now for a A > 0, we choose p such that

/
P
a.

)p

1
v

Q
p @4 | fllz, .-

A

27

Q-0 \v %
(Fg—Ba)" T 1l e
then
A
erHn;\Kﬁ*f(x)\>§H:o.
Thus

o € nse) > 0] <[ € s ik« 01 > 3]

2

2 1 P
< (S IR )

The following estimations take (4) into account:

K}(z)|dx = K(z)| — p)dx
[ b= [ (K@) =)

< / Bt + w)ldt
0

* __Q
gB/ t Q-adt
W

aB __a
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For all f € Lo(H,) and = € H,, from (6) it follows that

aB __a
K+ f(@)] < 1l po ) /H K} (x)]da < 0ot Q= || fll Loo (1) (7)

For all f € L1(H,,), from (6) follows

1K 5 fll < /H /H KMz - y)||f () |dzdy

<

aB
~0-a

po 9l - (8)

Thus from (7) and (8) follows that the operator T : f — K}L*f is of (00, 00) and (1,1)-
type. Then by the Riesz-Thorin theorem the operator 77 is also of (p, p)-type, 1 < p < oo,
and

aB __a
T fll, ) < 0—at = || fll L, (m,)- 9)

From (5) and (9) we get

2 p
{z € Hy : Igof(z) > )\}’ = \x 1€ fHLp(Hn)>

1
<O(5 Mflleyqn) (10)

where C' is independent of A and f.

To finish the proof, i.e. prove that the operator Iq o is bounded from L,(H,,) to Lq(H,,)
forl<p< % and 1/p —1/q = a/Q, observe that the inequality (10) tells us that Io o
is bounded from L;(H,) to WL,(H,) with 1 —1/¢ = o/Q. We choose any pg such that
P < py < %, and put q% = pio — % By (10) the operator Iq o is of weak (po, go)-type. Since
it is also of weak (1, g)-type by the Marcinkiewicz interpolation theorem, we conclude that
Ig o is of (Lp,Lq)—type.

Corollary 1. Under the assumptions of Theorem 2, the fractional mazimal operator Mgq o
is bounded from L,(H,) to Lq(H,) for p > 1 and from Li(H,) to W L,(H,) for p=1.

Proof. 1t suffices to refer to the known fact that

Q

Mo of () < Coalaaf(z), Cou=|BO,1)]Q,
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Global Bifurcation from Zero and Infinity in Nonlinear
Beam Equation with Indefinite Weight

R.A. Huseynova

Abstract. We consider a nonlinear eigenvalue problem for the beam equation with an indefinite
weight function. We investigate the bifurcation from zero and infinity for this problem and prove
the existence of unbounded continua bifurcating from the principal eigenvalues of the corresponding
linear problem contained in the classes of positive and negative functions.

Key Words and Phrases: nonlinear eigenvalue problem, bifurcation point, principal eigenvalues,
global continua, indefinite weight.
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1. Introduction

We consider the following fourth order boundary value problem

(Lu)(t) = (p(t)u" (1)"(t) — (a(®)u' ()" = Ag(t) f(u(?)), t € (0,1), (1)
u'(0) cosa — (pu”)(0) sina = 0,
u(0) cos 5+ Tu(0)sin 8 = 0, (2)
u'(1) cosy + (pu”)(1) siny = 0,
u(1)cosd —Tu(l)sind =0,

where \ € R is a spectral parameter, Ty = (pu”)' —qu’, p € C?[0,1] with p(t) > 0, t € [0, 1],

q € C'0,1] with ¢(t) > 0,t € [0,1], g € C[0,]] is a sign-changing weight function (i.e.

meas{t € (0,1) : ou(t) > 0} > 0 for each 0 € {+, —}) and o, 3,7, 6 € [0,5] with

except the cases a =7 =0, =0 =n/2and o« = f = = § = 7 /2. The nonlinear

term f € C(R;R) and satisfies the conditions: tf(¢t) > 0 for t € R\{0} and there exist
fo, foo € (0, 4 00) such that

Q) f(t)

= lim —= = — . 3

Jo= o0 ¢ oo = |t\—>oo t (3)

It is well known that fourth-order problems arise in many applications (see [8, 24]

and the references therein); problem (1)-(2) in particular, is often used to describe the

http://www.cjamee.org 75 © 2013 CJAMEE All rights reserved.
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deformation of an elastic beam, which is subject to axial forces (see [8]). Problems with
sign-changing weight arise from population modeling. In this model, weight function ¢
changes sign corresponding to the fact that the intrinsic population growth rate is positive
at same points and is negative at others, for details, see [10, 15].

The purpose of this work is to study the global bifurcation of solutions of problem
(1)-(2) in the classes of positive and negative functions, emanating from the zero and
infinity.

It should be noted that the nonlinear problem (1)-(2) is closely related to the following
linear eigenvalue problem

(p(t)u"(1))"(t) = (a()u'(1))" = Ag(t)u(t), t € (0,1), (@)
u € B.C.,

where by B.C. we denote the set of boundary conditions (2). The nonlinear problem
(1)-(2) and linear problem (4) in the case p =1, ¢g=0and a =y =75, f =0 =0 was
previously considered in [23] the results of which contain gaps.

The problems (4) and (1)-(2) in the case when the first condition in (3) is satisfied
are studied in [18], where, in particular, it was shown that there exist two positive and
negative principal eigenvalues, A1 and A_j, respectively, of the linear problem (4) and
the corresponding eigenfunctions have no zeros in (0, 1); moreover, also proved that for
each k € {1, —1} and each v € {+, — } there exists a continuum (connected closed set)
£7 of solutions of problem (1)-(2) bifurcating from the point (Ag,0), which is unbounded
in R x C3[0,1], and vsgny(z) = 1,z € (0,1) for each (\,y) € £¢. Note that, similar
problems have been considered before in, for example, [10] and [30], but the results of
these works are not true (see [4]).

In Section 2, a family of sets to exploit oscillatory properties of eigenfunctions of prob-
lem (4) and their derivatives is introduced. The existence of global continua of solutions of
the problem (1)-(2) bifurcating simultaneously from the zero and infinity, and contained
in these sets is proved in Section 3. Here we give the application of global bifurcation
technique to the study of positive or negative solutions for the some nonlinear boundary
value problems.

2. Preliminary

In [23] the authors note that there are few papers discussing the existence and multi-
plicity of positive solutions to (4), the main reason of which is that the spectrum of the
linear eigenvalue problem is not clear. They showed that the problem (4) has exactly two
principal eigenvalues, one positive and one negative, and the corresponding eigenfunctions
do not change its sign on (0,1). But it should be noted that in the proof of this fact, the
authors did not give a correct reference to the work [16]. However until recently there no
results on the multiplicities of the first m (m > 2) (for the definition of m, see [19, 21])
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eigenvalues and on the oscillatory properties for the corresponding eigenfunctions of the
following problem

(p(0)u”(1))"(t) = (q()u' (1)) + h(t)u(t) = pu(t), t € (0,1), (5)
u € B.C.,

where h € C([0,1];R). In [19, 21] it was shown that, in the case of h(t) not identically
vanishing on any subinterval of [0, 1], the eigenvalues of problem (5) are real, and simple,
except, possibly, the first m eigenvalues, and the corresponding eigenfunctions with num-
bers larger than m have the Sturm oscillation properties, i.e. the eigenfunction has only
simple nodal zeros and the number of zeros of the eigenfunction is equal to the serial num-
ber of the corresponding eigenvalue increased by 1. But, in [23], the authors in proving
Theorem 2.1 recall the work [16] and claim that the eigenfunction, corresponding to the
first eigenvalue of the problem (5), has no zeros in the interval (0,1). Unfortunately in
[16] oscillatory properties of eigenfunctions of the problem (4) were not studied. Recently,
in [3] (see also [5, 6]) it was established that all eigenvalues of the problem (5) are simple
and the corresponding eigenfunctions have the Sturm oscillation properties.
For the linear eigenvalue problem (4) we have the following result.

Theorem 1. [18, Theorem 2.1] . The spectral problem (4) has two sequences of real
etgenvalues

0 <A <A <. <X »+oo,

and
0> A 2 X > .02 A = —00

and no other eigenvalues. Moreover, )\;r and \| are simple principal eigenvalues, i.e. the
+

corresponding eigenfunctions uj (t) and uj (t) have no zeros in the interval (0,1).
Similar problems have been considered in [9, 13, 14, 17, 22].
Let E be the Banach space of all continuously three times differentiable functions
on [0,1] which satisfy the conditions B.C. and is equipped with its usual norm ||u||s =

o+ 1o+ 4] + 1oy where [l = s u0)].

Let
S =51US5j,

where
Si={ueE:u(t)£0,Tult)#0,te[0,1],i=0,1,2}
and
Sy = {u € E : there exists ig € {0, 1, 2} and ty € (0, 1) such that u()(¢y) =0,

or Tu(tg) = 0 and if u(tp)u”(tg) = 0, thenu'(¢)Tu(t) < 0 inaneighborhood of ¢,
and if u/(tg)Tu(ty) = 0, thenu(t)u”(t) < 0inaneighborhood of ¢ }.
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Note that if v € S then the Jacobian J = p?costsint (see [1-3, 5, 6, 20]) of the Priifer-

type transformation
(2) = p(x) sinp(z) cos 6(z),
'(2) = pla) cos(z) sin p(2), .
(pu”) (2 )Zp( ) cos () cos (),
Tu(z) = p(z) siny(z) sin f(z),

IS

does not vanish on (0,1).
For each u € S we define p(u, t), 6(u,t), p(u,t) , w(u,t) to be the continuous functions
on [0, 1] satisfying

plu,t) = u?(t) + u*(t) + (p(t)u" (t)” + (Tu(®))?,

O(u,t) = arcthL(t), O(u,0)=p—m/2,

u(t)
_ v'(t) _
¢(u,t) = arctg ToI0k o(u,0) =«
 ctet(u ) = LWeosbwt) - o w(0)sing
wlu,t) = ctgp(u,t) w(t) sin p(u, t)’ (u,0) u(0)sina ’
and ¢¥(u,t) € (0, 7r/2), t € (0,1), in the cases of u(0)u'(0) > 0; w(0) = 0; «/(0) =
0 and u(O)u (0) > 0, ¥(u,t) € (x/2,7),t € (0,1), in the cases u(0)u'(0) < 0; v/'(0) =
0 and u(0)u”(0) < 0; v/(0) = «”(0) =0, 8 = /2 in the case 1)(u,0) =0 and @ = 0 in the

case ¥ (u,0) = /2.

It is apparent that p, 6, p,w : S x [0,1] — R are continuous.

Remark 3.1. By (7) for each u € S the function w(u,t) can be determined by one of
the following relations

(pu”)(x) cos O(u, x)
u(z) cos p(u, x)

(pu) () sin O(u, x)
Tu(x) cos p(u, )
u'(z) sin O (u, x) L

Tu(z)sin p(u, x)’ w(u,0) = Tu(0)sina

For each v € {4, —} let S} denotes the subset of such u € S that:

1) O(u,1) = w/2 — &, where § = 7/2 in the case ¥(u,1) = 0;

2) p(u,1) =21 — v or (u,1) = 7 — v in the case ¥(u,0) € [0,7/2); p(u,1) =7 —~
in the case ¥(y,0) € [7/2,7), where v = 0 in the case ¢ (y,l) = 7/2;

3) for fixed u, as t increases from 0 to 1, the function 6(u, t) (¢(u, t)) strictly increasingly
takes values of mn/2, m € {—1,0, 1} (sm, s € {0, 1, 2}); as t decreases from 1 to 0,
the function 6(u,t) (¢(u,t)), strictly decreasing takes values of mn/2, m € {—1,0, 1}
(sm, s €40, 1, 2});

, w(u,0) = (pu”)(0) sin 8

a) w(u, z) = ctg(u, r) = u(g)cosa

9

b) w(u,z) = ctg(u, ) = , w(u,0) =

¢) w(u, ) = ctg(u, ) =
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4) the function vu(t) is positive in a neighborhood of ¢ = 0.

By [2; Theorem 4.4], [6; Theorem 1.1], [7; Lemma 2.2, Theorems 5.1, 5.2, 6.1, 6.3-
6.5] and Theorem 2.1 we have uf, u; € 51, i.e the sets S1+ and S| are nonempty. It
immediately follows from the definition of these sets that they are disjoint and open in E.
Moreover, by [2; Lemma 2.2] if u(t) € 9S¥ N C40,1], v € {+, — }, then u(t) has at least
one zero of multiplicity 4 in (0, 1).

Let uf’ + (uy ) denote the unique eigenfunction of (4) corresponding to the eigenvalue
)\;f (A, ) such that uI_F € Sf’ (u1_+ € Sf) and |]uir+|’3 =1 (||u1_+\|3 =1).

Lemma 1. (see [1, 2]) If (\,u) € Rx E is a solution of (1)-(2) andu € dSY, v e {+, — 1},
then u = 0.

3. Global bifurcation from zero and infinity for the problem (1)-(2)

It should be noted that in order to prove the existence of at least one solution of
the problem (1)-(2) in the class of positive functions, in [23], the authors used global
bifurcation results (see [23, p. 6598]) which also contains gaps. This result is similar to
that for the nonlinear Sturm-Liouville problems which has been obtained by Rabinowitz
[26]. In the nonlinear Sturm-Liouville problem considered in [26] nodal properties are
preserved on the continuous branch of nontrivial solutions emanating from bifurcation
points and this prevents the first alternative in part (ii) of [29; Lemma 2.6] occurring. But
for the nonlinear fourth order eigenvalue problem nodal properties need not be preserved,
so we must considered this alternative. Therefore, in the study of nonlinear fourth-order
eigenvalue problem there is a need to study the following questions: to construct the
classes of functions that preserve the oscillation properties of eigenfunctions of the linear
problem (4) and their derivatives, such that if the solution of the nonlinear problem is
contained on the boundary of this set, then this must be identically zero (if means that
continuous branch of solutions can not go from the boundary of this set). This question
was solved in a recent paper [3] (see also [2]), in which global bifurcation from zero of
solutions of the nonlinear eigenvalue problems for ordinary differential equations of fourth
order was studied.

Let £ denotes the closure of the set of nontrivial solutions of (1)-(2).

Theorem 2. For each k € {—1, 1} and each v € { —, +} there exists a continuum £}
sgnk sgnk
of solutions of problem (1)-(2) in (R x S7) U { </\1ﬁ0 ,0)} U { <)‘}i ,oo>} which meets

sgnk i nk
<)‘1;0,0> and < g ,oo> in R x E, where R%®" = {x € R : 0 < ysgnk < +oo}.

Proof. By virtue of (3) there exists the functions 7 € C(R,R) and € € C(R,R) such
that

f(u):fou—i—T(u), f(u):foou+€(u)v (7)



80 R.A. Huseynova

and

lim —= =0, lim ——= =0. (8)
[ul—0 wu lul=>+oc0 U

It follows from (7) that the problem (1)-(2) can be rewritten in the following form

(Cu)(t) = Afog(t)u(t) + Ag(t)T(u(t)), t € (0,1),

u € B.C. (9)
" () (1) = Mocg(u(t) + Ag()e(u(®). ¢ € (0.1), w0
u € B.C..

Since A = 0 is not eigenvalue of the linear problem (5) for A = 0 it follows that the
problems (9) and (10) are equivalent to the following integral equations

)\fo/Kt s)g d8+)\/K (t,s)g(s) T(u(s))ds, (11)

—/\foo/Kts ds—i—/\/Kts g(s)e(u(s))ds, (12)

respectively, where K (t, s) is a Green’s function of differential expression £(u) with respect
to the B.C..
Define £ : E — E by

1
www:/memm@@
0
F:Rx E— E by
1
(mez/Kmmmwwm@.
0

and G:Rx E — F by

1
_ / K(t.5) g(s) eu(s)) ds.
0

It is easily seen that the operator £ is compact in F and the operators F : Rx F — F
and G : R x E — E are completely continuous. Thus problems (11) (or (9)) and (12) (or
(10)) can be rewritten in the following equivalent forms

u = Afolu+ A\F(u) (13)
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and
u = Moo Lu + NG (u). (14)
By (3) we have
F(u) = o([[ull3) as [[ulls — 0, (15)
and
G(u) = o([|ull3) as [|ulls = +oc. (16)

By virtue of (15) and (16) the linearization of (13) at v = 0 and of (14) at u = oo are
spectral problems
u = \olu (17)

and
U = AfscLu, (18)

respectively. Obviously, the problem (17) and (18) are equivalent to the spectral problems

fult) = Mog(t)u(t), ¢ € (0,1),

ue B.C. (19)
and
lu(t) = Mfoog(t)u(t), t € (0,1), (20)
u € B.C.,
respectively.

sgnk
The principal eigenvalues )\IT’ k € {—1, 1}, of problem (19) are the characteristic
values of problem (17) and are simple. Hence all the conditions of Theorem 1.3 from [26]
are satisfied and there exists a continua £ senr = £4, k € {—1, 1}, of the set of solutions
1

fo

of problem (13), as in Theorem 1.3 in [26]. By virtue of [3, Theorem 1.1] (see also [12,
Theorem 2]) continua £, k € {—1, 1}, decomposes into two subcontinua £, and 2;; with

ts (22 g tained in (Rx S7)U 4 (250 o d®xsH UL (2 o
meets | ~=—,0 |, are containe in (RxS)) S, and (Rx S]) S, ’

respectively, and both are unbounded in R%" x E.
sgnk
On the other hand, since the principal eigenvalues )‘}%, k € {—1, 1}, of problem
(20) are the characteristic values of problem (18) and are simple, by the discussion above
and [25; Theorem 2.4] (see also [27, 28]) for each k € {—1, 1} there exists an unbounded

sgnk
component D senk = Dy C R%e"F » E of £ which contains </\},oo> In addition, if
1 oo
foo

sgnk
A C R®" is an interval such that A N o(L,g) = )‘}OO (o(L, g) is a set of eigenvalues of
sgnk
problem (4)) and M is a neighborhood of ();}ch, oo | whose projection on R%"¥ lies in A

and whose projection on E is bounded away from 0, then either
(i) Dx\M is bounded in R%"¥ x E. in which case Dy\M meets R&"* x {0}, or
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(ii) Dx\M is unbounded; if additionally D\ M has a bounded projection on R,
Afrgr,nk

then Di\ M contains ( - ,oo), where m € N and m > 1.

Moreover, Dy, k € { —, +}, can be decomposed into two subcontinua D, , D,:r and
)\sgnk

there exists a neighborhood @@ € M of (}coo,oo> such that (X, u) € D; (D) N Q and

Asgnk

(A u) # < o ,oo> implies

(A u) = (A, suP + w),

where
s<0(s>0)and A=\ =0(1), w=o0(s|) at |s| = co.
Consequently,
if (\,u) € DY\Q, then (), u) € R x §Y. (21)
Let

(An,up) € £ and |Ap| + ||unl|s = 00 as n — oco.

We note that A\psgnk > 0 for all n € N, since £ N ({0} x E\{0}) = 0. As in the proof of
Theorem 1.1 from [23] we can prove that there exists a positive constant M such that

IAn| < M, neN,

which implies
||un||s — 00 as n — oo.

It is obvious that

Un = AnfooLUn + AnG(uy). (22)
Let v, = qunan. Then by (22) v, satisfies the relations
G(un)

Un = )\nfooﬁvn + An

(23)
[unlla
By virtue of completely continuity of operators £ and G, and the boundedness of {\,} 7,
it follows from (23) that there exists a subsequence of the sequence {(An,vy)},2; (Which
we will relabel as {(An, v,)}o2 ;) which is convergent to (A, v) in R%% x E, with |[v||3 = 1,
v € 57 and

v = MsoLv. (24)
Then by Theorem 2.1 it follows from (24) that
k
Ao
foo

Hence i
sgn.
A

foo

(Any up) — (

oo> as n — 0o,
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which by (21) implies that
DI\Q C £F. (25)

Moreover, it follows from the proof of [25; Corollary of Theorem 2.4] that Dj contains a

subcontinuum D7 lying in R x S} such that either D}\Q is unbounded or intersects the
sgnk
line R = {(A\,0) € R x E} of trivial solutions at (Alng,O). Consequently, by (25) we

have £ = ©7. The proof of this theorem is complete.

Corollary 1. Let r be a real constant such that

. (x\ignksgnk )\ignksgnk>
r

foo ’ fO

or

sgnk sgnk
re A1 sgnk7 A sgnk ,k=—lork=1.
fO foo
where fo # fso- Then the problem

(u)(t) = rg(t) f(u(t)), t € (0,1),
u € B.C.

has at least one negative and one positive solutions.
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1. Introduction

o0

Let f(z) =) anz™ be an integer
0

M(r) = ﬁax\f(z)], w(r) = max|a,|r, u(r) — oo, M(r)— oo, r— oo.
Z|=T n

The estimation u(r) < M(r) is always true. But it is very important to get the esti-
mation M (r) from above by p(r). In the papers of Wiman [1] and Valiron, the estimation
of the following form

1
M (r) < p(r)(log u(r)) 2™

that is fulfilled out of some set E C (0, 0o) of finite logarithmic measure, was established. In
1966, Rosenbloom [3] established more general result: for some class of functions ¢(y) > 0,
y > 0 the estimation of type

M(r) < p(r)/¢(log M(r)) (1)

is fulfilled out of some set of weighted measure. In 1966, Kovari [4] established similar
results for power series with finite radius of convergence. In the author’s (see [5]) theory
of Wiman-Valiron-Rosenbloom type estimations was constructed for evolution equations
in Hilbert space. In the present paper we establish estimations of type (1) for evolution
(parabolic) equations containing pseudo-differential operator of the Hormander class.

*Corresponding author.

http://www.cjamee.org 86 © 2013 CJAMEE All rights reserved.
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2. Problem statement

Let us consider the equation
u' () + At u(t), (2)

where A (t) € L}s is a positive self-adjoint pseudo-differential (2) operator with a discrete
spectrum. Let on D (t) the strong derivative A’ (¢) be determined and for U € D (A) the
condition of the form

(A" ) u,u) <k(t)(A(t)u,u), 0<k(t)e Li(0,00) (%)

be fulfilled.

Denote by N (\) the amount of all eigen values Ay, (t) of the operator A (t) not exceeding
A (with regard to multiplicity). The following lemma was proved in the paper (see [5], p.
84) of the author.

Lemma 1. The following differential inequality

eV < ()P (d,4"), (3)

where 0 <t < T, g(t) = log (u(t),u(t)) the u(t) is solution of equation (2),

p (t) = max|(u (t), ¢x ()],

P(a;b):N(Hcm)—N(a—cm). (4)

(Here and in the sequel denotes C' absolute an constant, but not always identical). We
briefly note the basic idea (fragments) of the method of proof based on probability. This
method was constructed by us and is a very significant and strong modification of Rosem-
bloom’s problem constructed by him only for entire functions.

Associate to the function u (¢) some random variable £ whose range of values is the set
of eigen-values A (t) of the operator A (t), and distribution of probabilities (dependent on
parameter t) we define by the

Py=P (=X (1) = Cp (t) [[u ()],

where Cy, (t) = (u(t), ¢k (t)) are the Fourier coefficients of the function w (t) with respect
to orthonormed system {y ()} of eigen functions of the operator A (t).
Having calculated the mathematical expectation M¢, and variance DE, we find:

ME=—g'(t), DE<g"(t) k(t)g (1)
Applying the Chebyshev known inequality from probability theory

P(|¢ — M¢| > €) < Dg|e?,
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we get (take e = C'\/DE)

-P (¢ +4| < cvDe) < cyDe<1|C*.

Hence we have

1

l- 5 <P(g+g|<e) =D pr= QZ i
ket Il
where I = {k : |\r + ¢'| < e}. Consequently, we have:
lu @) < Cu)*) 1 (5)
kel

It is clear that by (4),

Si=nN(lg|+ Ve +k®g) - N(lg| - Vg TR ¢) =

kel

=P (lgl.9")-
Then, (5) yields the estimation of the form

lu (O < Cu®)* P (|g] ") (6)

If we find a function V¥ (y), y > 0 such that in some sense the inequality of following
form

P(lg].g" (1) <¥(g(1), (7)

is valid, then, from (6) we get that it holds the estimation of type

[u (@) < Cu (@) Vb (log |lu @)]),

that is Riman-Valiron type estimation for evolution equation (2). The conditions under
which inequalities of type (8) are fulfilled, were studied in the papers (see [5]).

In the following theorem there is an assumption on asymptotic behavior of the func-
tion N (\), and Wiman-Valiron-Rosenbloom type estimations for solving equation (2) are
established on its bases.

Theorem 1. Let the function N () for the operator A € L5 (2) of the Hormander class
satisfy the following conditions:

N <Cxn), s+1>0, C>0 (8)
and for A > 6 > 0, A — oo the inequality of type (0 <v < 1):

AN (\8)=NOA+8)— N(A—38) <N (1+ ) (1+1gN). 9)
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Let the function ¢ (y) > 0, ¥y > 0 do not decrease and be such that for some a > 0,
following the condition be fulfilled

00 Yy -

/ /cp (t)dt dy < +o0. (10)

Then, out of possibly some certain set EC (0,00) of finite measure, the following
Wiman-Valirob type estimation is valid:

lu (@) < Cu(t) /o (ogllu @)]))- (11)

Proof. We immediately note that conditions (9) and (10) satisfy the function, for
example, of type:

NO) = NInA, NO)=A%+0 (A"%) N =N\,

G-

where [ ()\) is a slowly growing function, i.e. hm At o) = 0. For example, the functions

I(N) =In\ I(y) =Inln X, I(A\) = (In)\)? a> O and others are this type functions.
Introduce a change of variables:

£(t) = / B (p) dp. (12)
0

where
t
/ k(r
P
h(t

For any function h (t) denote h(£) = h(t(€)), where ¢ () is determined from the

relation (13). We get:

V' () +k(t =7 )@ (t), §'>0.

From condition (10) we get an inequality of the form ()\ =97, 6=+73" ):

AN (X\,6) <CVg"g" (1+7"). (13)

Thus, the problem is reduced to the fact that it is necessary to find such a function
¢ (y) that the inequality (in the sequel, instead of g we simply write g):

V'd (1+gv) < Ve () (14)

is fulfilled.
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Thus, we get the system of differential inequalities

\/Tg/s-i-l/ < O‘\/r)
< .
{ VI < Ao () (a+p<1) (15)
Let £ = {\/g”g"g*” > an/p (g)} Consider the first inequality of the system:

g//g/2(5+u)+1 < a290 (g) g/

(d7) < Cp(9)g, p=2(s+v)+2,

J< c/mt)dt = 41 (g).

Then
E={gt)>¢ (9}
From condition (11) we have

o0

meSE:édKégs;ft()gcitS /cmdfg) §7s01d?g) :7 /@(t)dt pdg<oo'

g(E) 0

Thus, subject to the condition (11), out of the set E, mesE < oo the first inequality
of the system (16) is fulfilled. In the similar way, we obtain that the second inequality of
this system is also fulfilled out of some set of finite measure. Consequently, the system (1)
is true out of E, mesE < co. Then the inequality (15) is fulfilled out of E. Consequently,
AN (g, 9") < ¢ (9)-

Then, by Lemma 1, estimation (12) is valid.

Theorem 2. Let for A > 6 > 0, A — oo the condition of the form
AN (), 8) < CA"/m (5+x%) (1+1n)) (16)

be fulfilled. Then estimation of type (12) is valid. The proof is similar.

Remark 1. The condition of type (12) appears when for differential operator A € L7's (R™)
of order m in R", the function N (\) grows as A — oo faster than power X\, for example
as AP 1n .

In Shubin’s monograph [p. 130], there is an example of the operator for which the
function N (X) grows faster than power \

N(A) =CX\o (), A= oo,

where kg > 0 while | is a natural number that is equal to the order of the pole at the point

z = —ko of zeta function
oo

C(z) = / 2N ().

0
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For a self-adjoint positive elliptic operator of order m, Hormander [see [7], p. 134]
obtained for N () [see also [8]-[10]] the exact formula of the form

N(\) =CA™ 40 (A"%) .
In Shubin’s papers this result was proved by the original method owing to which this

formula was developed.

In the book [[7], p. 134] for a self-adjoint elliptic operator A € L5 (2) on n-dimensional
closed manifold 2 C R"™ such that its main symbol a,, (z,€) is posmve for the function
N (X) it was established the following formula with the unimproved residue

N =V (N (1—1—0()\7%)),)\%00 (17)

where the function V () is determined by the main symbol a,, (x, &) of the equality

V(A):(%)n / dzd¢, A — .

am (z,€)<A

In this case, as A — oo the asymptotics
N\ =V (\) =oxm,

where

dxdg.
am (x,8)<A

But if the operator A € L 5 is a general pseudo-differential operator of order m with main
symbol a,, (z,&) > 0, then as was shown in [7], the asymptotics of the function N (1)),
determined by formula (18), may also have a not power growth, for example as A/ ).
Just in such cases a condition of type (17) appears on N ().

In formula (18) assume V (A) = AW In A, v = —1/m and consider the difference
AN (X 0)=A+0)’In(A+0) —(A=96)PIn(A—9d)+

FOA+0PIn(A+8) — (A= 6P “In(A—6) = A+ B;

{9 (- o= D)
r{(1s8) - 8)-(o8) -2

200P7H (14 1n)).
Similarly, B = 26AP~177 (1 +1n \).

>/\C>)

>
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Consequently: for AN (), d) we get an inequality of type
AN (X, 6) <edAm " LA+ A) (1+1n)). (18)

If we assume \ = ¢, § = v/¢”, then obtain ¢’ < Cg? (out of the set of finite measure).
Thus, for the function AN we get an inequality of the form

AN(Q’;Q”) SC\/yg/s(l-i-g/”) (l—l—lng/), O<v<l, 5:%—1—1/.

Let A € L}'s be an elliptic operator with the main symbol ap, (z,€) > 0. Consider the
function

Vi) = G / dude. (19)

am (z,€)<A

The following statement was established in the paper [7, p. 206].
Proposition 1. Let at some e >0, § >0, ¢ > 0 for V (t) the condition of type

V(t+Ct'=F) =V (¢)
V()

:O(f‘s), t — 400
be fulfilled. Then for the function N (\) the asymptotic formula
N =V (t+0 (A7), t— oo (20)

15 valid.
Using the method of the paper [7, p. 206] we can formulate a proposition more
convenient for application.

Proposition 2. Let V (t) > 0 grow for t >ty and for some 0 < a, v < 1 the condition of
type
V)|V (t)=0(Et“™), t— 400 (21)

be fulfilled.
Then for the function N (\) the asymptotic formula

NXAN=VQXQ)Q+0(A™") (22)
s valid.
Indeed, we denote o (t) =V’ (¢)|V (t). Integrating, we get

t+Ct2

= exp / p(r)dr —1. (23)

t

V (t+at®) — V (t)
V(t)
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As o (t)] < C1t= (@) then for a +v # 1 we have (y = 1 — (a + v))

t+Ct?
/ p(r)dr <Cit" [(1+Ct* N —1] = Ot [Ct ] = Cot ™.

t

The same estimation is obtained for A +v = 1 as well.
Since e* —1"X as X — 0 nCyt™ — 0 then from (24) we get
V(iE+CtY) -V ()

V(t)

=0(t™"), t— +oo.

Hence, formula (23) follows from the above mentioned result of the paper [7].
Note that the asymptotic function N (\) determined from formula (23) may have also
a not power series. For example, for the function V (¢) = t? Int we have
Vi) p 1
ot

s -1
VD + Ot™), t— +oo.

Consequently, in proposition 2, a + v = 1. Then by virture of this proposition, for
N (X) we get a formula of the form

NA)=MNnA(1+0(A™)). (24)

Let us consider a simpler example. Then V (t) = tP1(t), where [ () > 0 is a slowly
growing function, i.e.

im L (25)

For this function we get

Vi I
Taking (26) into account, hence we find % =0 (til), i.e. in proposition 2 we have

a + v = 1. Consequently, for N () the following formula is valid
N =M (1+0 (™).

Remark 2. Let the symbol a (z,§) of the operator A € L7 satisfy the conditions of the
form

1) a(y) — +o0 as |y| = +o0, where y = (z,§), ©,§ € R"

2) a(y)l_a < C|(y,Va(y))las |yl > N, C >0,0<a<1, whereV is the gradient of
the function a (y).

Then from the results of the paper [7] (theorem 28.3) we have the estimation of the
form
V' (t)

V) Ot ), t+oc.
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Herewith, if a (y) is an elliptic polynomial with respect to y and of power m, then we
can take a = 0.
From [7, p. 206] for @ < v < 1 we have:

V(t+ct'™") =V ()
v (t)

=0 (to‘_”) , — Foo.

Then the estimations of the form
NN=VXN)Q@+0A1), t—oo (26)

hold.
In particular, for a = 0 we get

! t)|V(t):O<1>, NXN=VA)(1+0(1"), 0<v<Ll

Thus, for pseudo-differential operator A € L;” (R"™) with properties 1 and 2, the
estimations (21) and (22) are valid, where the function N () possibly grows in not power
way and theorems 1,2 are applicable in such situations.

In conclusion, let us consider as an application the results obtained in the paper, for
example, the solutions of head conductivity equation in the domain (0,7) xQ, Q@ C R" is a
bounded domain with smooth boundary with homogeneous Dirichlet boundary condition
on the plane (0,7") x 99 in the space Ls (Q2):

ou
ot Agu, u|(0,T)><69 =0, ul_g=wuo (). (27)

Let (ug,¢n) = v/1, An = 5. Then we get

—t

d d 1 e
9 2 2N, _ —nt _ nt =
lu(t, )17 = (w0, n)* e = “ne ——@ZG T odtl—et T (1—et)?

(17 - 72 ~ti t — 0, we have Hu(t)H2 ~t%, t — 0, indeed,

It is easy to see that

, et : t2e , t2 , 2t
lim 5 = lim — —5; = lim — = lim — =
t=50(] —e~t)? =01 —2e ! e 2 tm0el =2+ et im0el —et

2
~ ey b
-t~
ey &
Calculate p (t). Since

Consequently,

12 (x) = maxne™™ = maxy (),
n n
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where ¢ (z) = ze ™. Then ! = e —t xe ™ =0,1 -2t =0, z = %, P (%) = %6_1.

Consequently p (£)% = L, 1 (t) = —=. Then we get

(e )1 = 5 = Yo (®) = (0

Ju(t, )| =pl)=—, t—0.

\/E ’
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