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Inverse Boundary Value Problem for Two-Dimensional
Pseudo Parabolic Equation of Third Order with Addi-
tional Integral Condition

A1 Ismailov

Abstract. Inverse boundary value problem for two-dimensional pseudo parabolic equation of third
order with additional integral condition is considered. We first reduce our problem to some equiva-
lent (in some sense) one. Using the Fourier method, the equivalent problem, in turn, is reduced to
the system of integral equations. Then, using contraction mapping method, we prove the existence
and uniqueness for the solution of the system of integral equations, which is also a unique solution
of the equivalent problem. Finally, using equivalence, we prove the existence and uniqueness for
the classical solution of the original problem.
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1. Introduction

By the inverse problem for partial differential equations, we mean a problem that re-
quires to find, along with a solution itself, the right-hand side and (or) some coefficient(s)
of the equation. Inverse problems arise in many fields of human activities, such as seis-
mology, mineral exploration, biology, medicine, quality control of industrial products, etc.
which makes them one of the most important problems in today’s mathematics. If an
inverse problem requires to find not only the solution itself, but also the right-hand side
of the equation, then such an inverse problem is linear. And if it requires to find both
the solution and at least one of the coefficients, then such an inverse problem is nonlinear.
Many mathematicians have studied various inverse problems for some types of partial dif-
ferential equations, such as A.N.Tikhonov [1], M.M.Lavrentiev [2,3], V.K.Ivanov [4] and
their students. More details about these problems can be found in the monograph by
A.M.Denisov [5].

Inverse problems for one-dimensional pseudo parabolic equations of third order have
been considered in [6-8].

In this work, using Fourier method and contraction mapping principle, we prove the
existence and uniqueness of the solution of the nonlocal inverse boundary value problem
for a third order two-dimensional pseudo parabolic equation.
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2. Problem statement and its reduction to the equivalent problem

Let Dy = Qazy x {0 < t < T}, where Quy = {(z,y) : 0 <2< 1,0 <y < 1}
Also, let a(t) > 0, B(t) > 0, f(x,y,t),o(x,y),h(t) be the given functions defined for
xz € [0,1], y €[0,1], t € [0,T]. Consider the following inverse boundary value problem:
find a pair {u(x,t), p(t)} of functions u(zx,t), p(t) which satisfy the equation

ur(2,y, ) = t) (uraa (2, Y, 1) + gy (2,9, 1)) = B) (e (2, Y, 1) + gy (2, y,1)) =

= pulz,y,t) + fz,y,1), (1)
nonlocal initial condition
u(w,y,0) +ou(r,y, T) = p(z,y) (0<2<1, 0<z<1), (2)
boundary conditions
ug(0,9,t) =u(l,y,t) =0 (0<y<1,0<¢t<T), (3)
u(x,0,t) =uy(z,1,t) =0 (0<y <1, 0<t<T), (4)
and the additional condition
/01 /01 w(ay, Hydedy = h(t) (0 < t < T), (5)

where 0 > 0 is a given number.
Denote

C**Y(Dr) = {u(z,y,t) : u(z,y,t) € C**H(Dr), tea(x, Y, 1), tyy(z, y,t) € C(Dr)}.

Definition 1. By the classical solution of the inverse boundary value problem (1)-(5), we
mean a pair {u(z,y,t),p(t)} of functions u(z,t), p(t) such that u(x,y,t) € C*>>1(Dr),
p(t) € C[0,T] and the relations (1)-(5) are satisfied in the usual sense.

The following theorem is true.

Theorem 1. Let 0 < «(t), 0 < B(t) € C0,T], ¢(z,y) € C(Quy), f(z,y,t) € C(Dr),
h(t) € CY0,T] h(t)#0 (0<t<T), >0, and the coherence condition

11
/ / o(x,y)dzdy = h(0) + 6h(T)
0o Jo
be satisfied. Then the problem of finding the classical solution of the problem (1)-(5) is

equivalent to the one of determining the functions u(x,y,t) € C221(Dr)p(t) € C[0,T]
from the relations (1)-(4),

B () — a(t) (/01 (1, y, £)dy — /01 uty(x,(),t)d:x> -



Inverse Boundary Value Problem for Two-Dimensional Pseudo Parabolic ... 45

—B(t) </Olux(1,y,t)dy—/Oluy(x,o,t)dg;> —

1 1
+/O /0 flzyy,t)dedy (0<t<T). (6)

Proof. Let {u(z,y,t),p(t))} be a classical solution of the problem (1)- (5). On inte-
grating the equation (1) with respect to x and y from 0 to 1, we have:

d 1 1

(/01 Ut (1, y,t) — uiz (0, y, t)dy + /01 gy (2, 1,t) — uty(a:,O,t)dm> —
/ t) - )dy+/1uy(

) ( lu;c(l Y,

// u(z,y,t dmdy—i—//fa:y, Ydxdy (0 <t < T).

From the last relation, by (3),(4)we obtain

/ / u(z,y, t)dedy — a(t) </ (1, y, t)dy — /01 uty(x,O,t)dx> —
—B(t) (/0 e (1,9, t)dy — /01 uty(x,O,t)dq:> =
t) /01 /01 u(z,y,t)dxdy —i—/ol /01 fz,y,t)dxdy (0 < t < T). (7)

Now, taking h(t) € C1[0,7] and differentiating (5), we have

—a(t)
—p(t

uz (0, y,t z,1,t) — uy(z,0 t)dm) —

/ 1 / gy, Ddedy = K(1) (0< £ < T) (®)
0 0

By (5) and (8), it follows from (7) that the relation (6) is valid.
Now let’s assume that {u(z,t),p(t)} is a soluton of the problem (1)-(4), (5). Then
from (6) and (7) we obtain

% (/01 /01 u(z,y, t)dedy — h(t)) = p(t) </01 /01 u(z,y, t)drdy — h(t)) (0<t<T).

(9)
By (2) and the coherence condition fol fol o(z,y)dxdy = h(0) + 6h(T'), we have

/o1 /o1 u(@,y,0)dwdy = h(0) +0 (/01 /O1 u(z,y, T)dzdy — h(T)) -
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1 1
= / / u(z,y,0) + ou(z,y, T)dxdy — (h(0) + 6h(T)) =
o Jo

1 1
_ /0 /0 o, y)dedy — (h(0) + 6h(T)) = 0. (10)

The differential equation (9) has the following general solution:

1 1
/ / u(z, y, t)dedy — h(t) = CeloPDdT (11)
0 0

where ' is an arbitrary constant. Let’s require that the solutions (9) satisfy the condi-
tions (10). Then it is easy to obtain

C (1 n 6ef3p(7>d7) —0 .

By 6 > 0, from the last relation we obtain C' = 0 . Substituting C =0 in (11), we

conclude that -
0o Jo

i.e. the condition (5) holds. The theorem is proved.

3. The proof of the existence and uniqueness of the classical solution of
the inverse boundary value problem

We will search for the first component u(z,y,t) of the solution {u(x,y,t),p(t) } of the
problem (1)-(4), (6) in the following form:

o0 o
u(z,y,t) = Z Z Uk (t) cos Az siny,y (12)
n=1k=1
where

Ae = g(Qk S (k=1,2,.), qn= g(2n 1) (n=1,2,..),

1,1
U (t) = 4/ / u(z,y,t) cos \gzsinypydedy (k=1,2,...; n=1,2,...).
0o Jo

Using the method of separation of variables to define the sought coefficients uy, ,(t) (k=
1,2,..;n=1,2,...) of the function u(z,t), from (1), (2) we obtain

(14 it (1)) W (8) + 17 o B(E g (t) =
=Fpn(tiu,p) (k=1,2,...,n=1,2,.;0<t <T), (13)
uk,n(o) + 6uk,n<T) = ka,n(k = 17 27 = 17 27 ) 9 (14)
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where
=N 42 (k=1,2,..;n=1,2,..),

Fk’n(t;u,p) = fkm(t) +pt)urn(t) (k=1,2,..5n=1,2,..),

1,1
Jrn(t) = 4/ / f(z,y,t) cos Mgz sinypydedy (k=1,2,...; n=1,2,...),
o Jo

Ol = 4/ / o(x,y) cos \grsinypydedy (k=1,2,..; n=1,2,...).
0o Jo
Solving the problem (13), (14), we find

t ”%,nﬁ(s)ds

S0 1447 als) t . _
y (t) O Prn s N ka (T, U, p) . I7 Lpg p(s) dr
k = _— s —
M 7 1, B(s)ds 0 1+ Mz na(T)

Ly oe 0 e

¢ My B(s)ds

2
T Hi, B(s)ds
—— + ,u,% nB(s)ds

CJ0 1hud als) T . _ [t Bl
56 Pin® / Fk7n(7_7 U,p) e f-r 1+”% na(s)d
4= Jo 14 Mi,na(T)

T (k=1,2,..;n=1,2,...).

T u%’nﬁ(

PR =
Substituting the expressions uy ,(t) (k =1,2,...;7n=1,2,...) in (12), we have

¢ Hr o B(s)ds )
fO 1+,u% na(s) ft “k,nﬁ(s)ds

t) = S (Pk,ne ! ¢ Fk,TL(T?u?p) U 1+M% a(s)d
u(x,y,t) = ZZ 2B + ; 71_{_#%”0[(7_)6 : T—

_0 2 oS
1+ de g pels)

T HRpB(s)ds
—_— B s)ds

— 2
0 14 2 a(s) T . _rt HEn (
de Fion / Fin(T5u,p) . I [} &r
0

2 2

T Fepfo)ds 1+ pg alr)
—_ ) k

0 1+Mk§’ncx(s) i

€Os A\, sin v, y.

1+ de
Now, from (6), by (12), we obtain

H+3 3 (- ’f“(%—A’“) (et (8) + Bt (t)) =

k=1n=1 In

1 1
t+/0/0f(w,y,t)dwdy 0<t<T).

Further, from (13) we have

. 1 (1)

1k (), () + B ukn(t) = Fin(tiu,p) — uj,(t) = mulm(tﬂ—
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2
Mﬂﬁn(t;u,p)(k =1,2,.,n=1,2,.;0<t<T),
L+ pi,oft)

" | B0
/

&Fk (t;u,p)(k=1,2,....n=1,2,..;0<t <T). (18)
1+/J/i’na(t> 77’[» ) ) ) ) ) b b b — —

From (17), taking into account (18), we obtain

s =) {0 [ [ stegtsay + S5 (32

k=1n=1 n
B(t) alt) '
X (Huima(t)uh,n(t) + Wﬂm(t, u,p))} (19)

To obtain the equation for the second component p(t) of the solution {u(x,t),p(t)} of
the problem (1)-(4), (5), we substitute the expression (15) in (19) to get

s =) {0 [ [ sttty + S5 (B2

k=1n=1 Tn

t PhnBls)ds )
T2 ats) ¢ Hip pB(s)ds

N 0 1/2 «@(s
ﬁ(t) Dk Itug o) /t Fk,n(T; u,p) 6_ fr 1+“%,n°‘(5> dr—
1+ i3 a(t) o MRt o 142 a(T)

’ 14 6e 0 HEac® ’

T HRnB(s)ds

t PhnBe)ds

—Jo 1+u2 a(s) T . _ Pkn7A 77
(56 Pln / ka(T,u,p) e fr 1_;'_“% na(s) dT
R 0n o 14 2 alr)

_|_
—Jo 2 a(s
1+6€ 1+Hk,’n (s)

14 M%ma

+%Fk,n(t; um)) } : (20)

Thus, the solution of the problem (1)-(4), (6) is reduced to the solution of the system
(16), (20) with respect to the unknown functions u(z,y,t) and p(t).

To treat the uniqueness of the solution of (1)-(4), (6), we will significantly use the
following lemma.

Lemma 1. If {u(z,y,t),p(t)} is any solution of the problem (1)-(4), (6), then the func-
tions

1,1
U (t) = 4/ / u(z,y,t) cos \gzsiny,ydedy (k=1,2,...; n=1,2,...)
0o Jo

satisfy the system (15) on [0,T].
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Proof. Let {u(x,y,t),p(t)} be any solution of the problem (1)-(4), (6). Then, multi-
plying both sides of the equation (1) by the function 4 cos Az siny,y (k= 1,2,...; n =
1,2,...), integrating the obtained equality with respect to x and y from 0 to 1 and using
the relations

1,1
4/ / ug(x,y,t) cos \pz sin y,ydedy =
0 JO
d 1 1
= <4/ / u(x,y,t) cos \gx sin v, ydrdy > = uﬁm(t)(k‘ =1,2,..; n=1,2,..),
0 0
1
4/ / Ugy (T, Y, 1) cOs Az sin v ydady =
0 0
1
= -\ (4/ / u(x,y,t) cos \gx sin v, ydrdy > = f)\iuk,n(t) (k=1,2,..;, n=1,2,...),
0 0
1
4/ / Uyy (2, Y, t) cos Az sin ypydedy =
0 0
1 1
—2 <4/ / u(zx, y,t) cos \gx sin vy, ydzdy ) = —’y,%uk’n(t) (k=1,2,..; n=1,2,..),
0 JO
4/ / Utz (T, Y, t) cOs Az sin v, ydrdy = )\kukn( J(k=1,2,..; n=1,2,..),
0 0

4/ / Upyy (2, Y, t) cos \px sinypydady = —yguz’n(t) (k=1,2,..; n=1,2,...),
o Jo

we get the validity of the equation (13).

Similarly, from (2) it follows that the condition (14) holds.

Thus, ug,(t) (k= 1,2,...; n = 1,2,...) are the solutions of the problem (13), (14).
Hence it directly follows that the functions uy,(t) (k = 1,2,...; n = 1,2,...) satisfy the
system (15) on [0,7]. The lemma is proved.

It is clear that if wy,(t) = 4]0 fo x,y,t) cos \pxsinypydedy (b = 1,2,...5 n =
1,2, ...) are the solutions of the system (15), then the pair {u(z,y,t),p(t)} of the functions
w(@,y, t) = D> 07 > p0y U p(t) cos \gzsiny,y  and p(t) is a solution of the system (16),
(20).

Lemma 1 has the following corollary.

Corollary 1. Let the system (16), (20) have a unique solution. Then the problem (1)-(4),
(6) cannot have more than one solution, i.e. if the problem (1)-(4),(6) has a solution, then
1t 15 unique.

1. Denote by B3 [9] the totality of all functions u(x,y,t) of the form

oo o0

u(z,y,t Z Z Uk (t) cos Apx siny,y

n=1k=1
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in Dp, where each of the functions uy,(t) (k = 1,2,..; n = 1,.2,..) is continuously
differentiable on [0, 7] and

{ZZ(uz,n\|uk,n<t>uqoﬂ)2 } < 4.

n=1k=1

N =

Define the norm on this set as follows:

lu, y,t)llgs {ZZ(MH ki (t ”00T1> }

=1k=1

N[

2. Denote by E:?;, the space consisting of topological product
Bip x C[0,T].
The norm of the element z = {u,p} is defined by the formula

21, = e, 9, )l g+ [P oo -

It is known that BS,T and E; are Banach spaces.
Now let’s consider in the space E% the operator

(I)(U,p) = {q)l(u>p)> (1)2(u7p)}7

where

(o] oo
O (u,p) = u(x,y,t) = ZZ ) cos A\gx siny,y
n=1k=1

Do (u, p) = p(t),,
and iy ,(t) (k=1,2,..; n=1,2,...) and p(t) are equal to the right-hand sides of (15) and
(20), respectively.

It is not difficult to see that
B B Heno)

) <1,
1+ u%yna(t) alt)” 1+ u%ma(t)

L+ 1} pa(t) > pii pr(t),

T K}, B(s)ds

- 2 «@(s
148 @ > 108 < (AR 9D) O + ) = A+ A2+ A 5.

From these relations we obtain

{Z (N%,n||ak,n(t)||c[oj]>2 } < 3(22 )‘k |§0k:n| ) +

n=1 k=1 n=1k=1
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1
2
+3 (Z (A vn I erml) ) (Z (\ea |90k:,n|)2> +

n=1k=1 n=1k=1

N

+3

oY

S (0 leraml) ) +3(1+9)

n=Lk=L a(t) llep *
T 00 o0 % I oo oo %
0 n:lk:l =

+THp(t)HC[0,T} (ZZ <Mkn [[wk,n(t )HC[()T) ) ] ) (21)

k=1 k=1
//fxy, dedy

5Ol < |67,

|

+’ Oégt)‘ co,T) (ﬁ </0Ti i Fenlr)F dT>é ’

+
co,7)

N

p(t)

a(t +

~—

Q
(=)
=
/
N
3
i 3
MR
T[¢
~
=
s
-

s
h®
~

[l
+
oS
3
i 3
MR
bl
gk
F
AS)
x>
s
~
D=

n=1k=1

+T'[[p)ll oo,y (ZZ (i, [Jun(t) ®lleo.m) ) )} + ( (s [ (8)])? dT) +

2

(Z 'Yn |fkn )2 d7'>

n=1k=1

+ el cpo,m (ZZ pi Jlun(t Netom) ) } (22)

Assume that the data of the problem (1)-(4), (6) satisfy the following conditions:

1~S0($vy)v90x(xay)v‘me(l‘»y)a@y(x,y)a@xy(%?/)a@yy(%?ﬂ € C(wa)a
Qoa:acy(xu y), (pxyy(xvy)7 Soxxac(xvy)7 pryy(xa y) € LQ(QZIJy)ﬂ
gox(O,y) = (p(l,y) = Somc(lay) =0 (0 <y< 1)7
P(2,0) = @y(z,1) = pyy(2,0) =0(0 <z < 1).

2'f(x7y7t) € C<DT)7 fm(x7y7t)7fy(xvyat) € L2<DT)7
f (17y7t>:f (x707t):0(0§9673/§1, OStST)
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3.6>0, 0<alt)eC[0,T],0< B(t) € Cl0,T), h(t)eccCo,T],
ht)#£0 (0<t<T).
Then from (21)- (22) we obtain

N

o, 5.0l g, {i(xknuko |C[0T)} {iki(uknum ||COT])2} <

k=
< A1(T) + BuT) [p(0) oo s, . D)l g (23)
150y < As(T) + Ba(T) It oz e, Dl g (24)

where

A(T) = 5 [[paaa (2, y)HLQ(Qw) + 3 || Payy (2, y)HLQ(Qw) + 3 || Paay (@, y)HLQ(Qw) +

1
+3 lewaa (@, ) 1, (q,,) +(1+9) Ha(t) VT (5 1fe (@, )l Ly +3 ||fy(may7t)||L2(DT)) ;

clo,1]

1
By (T) =5(1+0) )| = o

1 1

Ax(T) = | [n(0)] 1Hc[o,ﬂ{’h (t)_/o /o Jlesy Ddedy com1

[e el t)

(ZZ ) W <”g0x(x,y)HL2(sz) + H‘Py(x?y)HLz(sz)

k=1k=

()

\/T||f($’y’t)||L2(DT)> + H||fx(x7yvt)HC[O,T]HLQ(Q )

clo.1]

n H||fy(a:,y,t)HO[O,T]HLQ(O,lJ }

Y
1

2@ = [0 (3 052)
1 BA(t)
X[ a(t) [l o Il (t) C[O,T}T+1 '

From the inequalities (23)-(24) it follows

e, 5.z, + 158 | cpoum <
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< A(T) + B [p(®) ooz e ) g, (25)
where ) )
A(T) :ZAi(T)7 B(T) :ZBZ'(T)’ :
=1 =1

So we can prove the following theorem.

Theorem 2. Let the conditions 1-4 be satisfied and
(A(T) +2)*B(T) < 1. (26)

Then the problem (1)-(4), (6) has a unique solution in the ball K = KR(”ZHE% <R=
A(T) +2) of the space E3..

Proof. Consider in the space E% the equation
z = %z, (27)
)

where z = {u, p}, and the components ®;(u,p)(i = 1,2) of the operator $(u, p) are defined
by the right-hand sides of the equations (16), (20), respectively. Consider the operator
$(u, p) in the ball K = Kp(|[z]l g3 < R=A(T) +2) of E3.

Similar to (25), we obtain the following estimates for every z, z1, 29 € Kp:

2] < ACT) + BT [p(0) g0 1, .0l ., (28)

[®z1 — Pzl pz < B(T)R <le(t) =2l cpory + llualz, y,t) — u2($7y=t)\|Bg’T) - (29)

Then from the estimates (28) and (29), by (26), it follows that the operator $ acts in
the ball K = Kg and is a contraction operator. Therefore, the operator $ has a unique
fixed point {u,p} in the ball K = Kpg, which is a unique solution of the equation (27),
i.e. a unique solution of the system (16), (20) in the ball K = Kg.

As an element of the space BS 1 » the function u(z, y, t) is continuous and has continuous
derivatives uz(z,y,t), uxm(x,y,zé), Uy(2,y,1), Usy(T,y,1), uyy(x,y,t)in Dr.

Now it is not difficult to see from (13) that

1
a(t)

{ZZ@memwf}sﬂ

n=1k=1

[tz v, )15, +
C[0,7] 2T

L2(Qxy)} '

Hence, it is clear that u¢(x,y,t), U (2, Y, 1), Utyy(z,y,t) are continuous in Dr.

It is not difficult to verify that the equation (1) and the conditions (2)-(4), (6) are
satisfied in the usual sense. Thus, the solution of the problem (1)—(4), (6) is a pair of
functions {u(z,t),p(t)}. By the corollary of Lemma 1, this solution is unique in the ball
K = Kpg. The theorem is proved.

i H 1f (2, y,t) + p(t)ul@, y, )|l o, H

Using Theorems 1 and 2, we obtain the unique solvability of the problem (1)—(5).
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Theorem 3. Let all the conditions of Theorem 2 be satisfied and the coherence conditions

1,1
/0 /0 o(z,y)dxdy = h(0) + 6h(T)

hold. Then the problem (1)-(5) has a unique classical solution in the ball K = KR(HZHE% <
R = A(T) +2) of the space E3.
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On the Solvability of One Inverse Boundary Value
Problem for the Linearized Benny—Luc Equation with
Non-self-adjoint Boundary Conditions

B.K. Velieva

Abstract. An inverse problem is investigated for the linearized Benny-Luc equation with non-
self-adjoint boundary conditions. First, the original problem is reduced to an equivalent problem
(in a certain sense), for which the existence and uniqueness theorem is proved. Further, on the
basis of these facts, the existence and uniqueness of the classical solution to the original problem
are proved.

Key Words and Phrases: inverse boundary value problem, Benny-Luc equation, existence,
uniqueness of classical solution.
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1. Introduction

Many problems in mathematical physics and continuum mechanics are boundary value
problems that reduce to the integration of a differential equation or a system of partial
differential equations for given boundary and initial conditions. Many problems in gas
dynamics, the theory of elasticity, the theory of plates and shells are reduced to the
consideration of high-order partial differential equations [1]. Differential equations of the
fourth order are of great interest from the point of view of applications (see, for example, [2,
3]). Partial differential equations of Benny — Luc type have applications in mathematical
physics (see [3]).

Problems in which, together with the solution of a particular differential equation,
it is also required to determine the coefficient (coefficients) of the equation itself, or the
right side of the equation, in mathematics and in mathematical modeling are called inverse
problems. The theory of inverse problems for differential equations is a dynamically devel-
oping branch of modern science. Recently, inverse problems have arisen in various fields of
human activity, such as seismology, mineral exploration, biology, medicine, quality control
of industrial products, etc., which puts them in a number of urgent problems of modern
mathematics. Various inverse problems for certain types of partial differential equations
have been studied in many works. Let us first of all note here the works of A.N. Tikhonov

http://www.cjamee.org 55 © 2013 CJAMEE All rights reserved.
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[4], M.M. Lavrent’ev [5, 6], V.K. Ivanov [7] and their students. More details can be found
in the monograph by A.M. Denisov [8].

The theory of inverse boundary value problems for fourth-order equations is still un-
derstudied. The works [9-12] are devoted to inverse boundary value problems for the
Benny — Luc equation.

The aim of this work is to prove the existence and uniqueness of solutions to the in-
verse boundary value problem for the Benny-Luc equation with non-self-adjoint boundary
conditions.

2. Statement of the problem and its reduction to an equivalent problem

Let Dy ={(z,t): 0<xz <1, 0<t<T}. Consider the following inverse boundary
value problem in a rectangle D7: find a pair {u(z,t), a(t)} of functions u(x,t), a(t)
satisfying the equation [3]

Ut (2, ) — Uge (2, 1) + QUzgar (2,t) — Pugen(z,t) = a(t)u(x,t) + f(z,t) (x,t) € Dp, (1)
with initial conditions
u(z,0) = ¢(z), u(z,0) =¢(x) (0<z<1), (2)
with non-self-adjoint boundary conditions
u(l,t) = 0,uz(0,t) = up(1,) , Upe(L,t) =0, Uppe(0,8) = Ugee(1,8) (0<t<T) (3)
and with the additional condition
u(0,t) =h(t) (0<t<T), (4)

where o > 0, 5 > 0 - are fixed numbers, f(x,t), p(z), ¥(z), h(t) - are given functions.
Denote 3
C4’2(DT) = {u(m,t) s u(x,t) € CQ(DT) Ut (2, 1),
uttmx($7 t)7 ua:a:x(wy t)) uazwzx(xa t) € C(DT)} .

Definition 1. By the classical solution of the inverse boundary value problem (1) - (4)
we mean a pair {u(x,t), a(t)} of functions u(z,t) € C*2(Dr), a(t) € C[0,T), satisfying
equation (1) and conditions (2) - (4) in the usual sense.

Similarly to [13], the following theorem is proved.
Theorem 1. Let p(z), (z) € C[0,1], h(t) € C?[0,T], h(t) #0 (0<t<T), f(x,t)€
C(Dr) and the conditions of consistency are hold
©(0) = h(0) , (0) = K0). (5)

Then the problem of finding a classical solution to problem (1) - (4) is equivalent to the
problem of determining the functions u(x,t) € C*?(Dr) and a(t) € C[0,T) from relations
(1) - (3) and the condition

h"(t) — uze(0,1) + 0Uzrrr(0,t) — Buge (0,t) = a(t)h(t) + f(0,t) (0<t<T). (6)
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3. Solvability of the inverse boundary value problem
It is known that [14], function sequences
Xo(z) =2(1 —x), Xop_1(x) =4(1 —x)cos \gx, Xop(z) =4sin gz (k=1,2,...), (7)

Yo(z) =1, Yor_1(x) = cos A\gx, Yor(x) =axsinN\px (k=1,2,...) (8)

form a biorthogonal system, and system (7) forms a Riesz basis for L2(0,1), where
A = 2km(k = 1,2,...). Then an arbitrary function J(x) € L2(0,1) is expanded into
a biorthogonal series:

V(z) = Jo Xo(z +Z192k 1 Xog—1( 219% Xok(z
k=1

where
1 1 1
Jo =/ Yo Yo (z)dx, Vop—1 =/ Vop—1Yop—1 (z)dx , o1 =/ Vop—1 Yop—1 (z)dx .
0 0 0
It is known that [15],

I(x) € C*10,1), 9 (x) € Lo(0,1),

921 =0, 9FV0)=9®)(1) (s=0,i -1 ),
then

o0 ' 1
§ )\2119 - H19(2Z) ‘
k:l( k U 2k— 1 2 Ly(0,1)

[e.o]

% 2 _ 1 H (2i) . 9(2i—1) ’2
< — .
; (A )™ < 5 |7 @)z + 200D (@) o) (9)
Under assumptions
9(z) € C%[0,1], 9D (2) € Ly(0,1),
92 (1) =0, 92 D) =9 V(1) (i>1,s=0,7 ),
the validity of estimates [15]:
o . 1 2
> (A k1) <3 ‘19(2”1 )‘ :
L2(0,1)
k=1
S 2i+1 2 <} (2i+1) (24)
;(Ak Doy ) < 5 || @) + 20+ 19 (@ )\LQ(OD (10)

is established. In order to study problem (1) - (3), (6), consider the following space.
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Denote by BS,T [15] the collection of all functions u (z,t) of the form

o0
t)=> g (t) Xp (x
k=0
considered on Dr, for which all functions ug (t) € C[0,T] and

Jr(u) = |luo(t )||c[0,T] +

+ (Z (Ai ||U2k—1(t)||C[O,T]>2> + (Z ()‘2 ”“%(t)”C[O,T})Q) ’

k=1 k=1

where the function X (z) (k=0,1,2,...) are defined by (7).
The norm in this set is defined as follows: |u(z, t)HBgT = J»(u).

Let E2 denote the space of vector functions {u(z,t),a(t)} such that u(z,t) € BS’T,
a(t) € C[0,T]. Equip this space with a norm

2l = lu(z, Ol g, + la®) ooz
It is clear that BS,T and E% are Banach spaces.
Since system (7) forms a Riesz basis in Ly (0, 1) and system (7) and (8) forms biorthog-

onal to the system of functions in Ly (0, 1), then the first component u (z, t) of the solution
{u(z,t),a(t)} of problem (1) - (3), (6) will be sought in the form

u(x,t) =g (t) Xo (z) + Zuqu (t) Xok—1 (x) + Zu2k ) Xog (v (11)

where

is the solution of the following problem:

ug (1) = Fy (t;u,a) (0<t<T), (13)
ng_l(t) + BzUQk_l(t) = mFQk_l (t,u, CL) (O S t S T, k = 1, 2, ), (14)
k
1
uly, (t) + Brugy (t) = WF% (t;u,a)+
k
206 (1 + 2002 268 e,

1+ B2 ugg—1 (1) muqu (t) 0<t<T, k=1,2,.), (15)
k k
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uk(O) = Pk, u%(O) :1/Jk (k‘:O,l,Q,...), (16)
moreover

2 _ A1+ aX})

1
B = 1+ BN s Fio(tu, ) = a(t)ug(t) + fr(t), fk(t):/o Fla, )Yy(2)da,

! 1
Pk —/U o(2)Yi(x)dr, = /0 Y(x)Ye(z)dz (k=0,1,..).
Solving problem (13) - (16) we find:

ug(t) = wo + Yot + /Ot(t — 7)Fo(T;u,a)dr, (17)

t
) /0 Foi_1(7;u,a)sin B (t — 7)dr,

1 .
Ugk—1(t) = @ag_1 cos Byt + ﬁwzk—l sin Byt + m
(18)

1 1 t
ugg(t) = cos Bt + — sinﬁt+/F T;u,a)sin B (t — 7)dr +
2k () = o cos B 5kw2k HE A 5 Jy 2k ( ) sin By ( )
e (14 222 + af); , 1. 1
d (l_i_l@k)\g)z; Bx) {t@%l sin Bxt + <ﬁk Slnﬁkt—tCOSBkt> @wziﬁl +
k

1 3 T
g ), (/o Fo— (€. ) sin By (£ =€) dé) sin B (¢ — 7) df} n
K
t
+5k(12i>§)\i)2/0 For_1(T;u,a) sin \g(t — 7)dT. 19)

After substituting the expression uy(t) (k

= 0,1,...) in (11), to determine the compo-
nent u(z,t) of the solution to problem (1) - (3), (

), we obtain:

u(z,t) = <g00 + ot + /Ot(t —7)Fo(T; 0, a)d7'> Xo(x)+

1

Po—1 sin Bt +
Bk

+ { P2k _1COS Bt +

t
M/o For_1(7;u,a)sin B(t — T)dT}XQk_l(x)+
k

00 1 ‘
+ Z {cpgk cos Bt + @”L/JQk sin Byt +
k=1
Me(1+ 2022 4+ aBA})
(1+BA3)3

t
Bl + 532 | Putrivaysingie - ryar+

1 1
[t@%l sin Bxt + ( sin Byt — t cos 5kt) —VYok-1 +
Bk Bk
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1 t T
+5k(1+5/\2)/0 </0 Fot-1 (&5 u, 0) sin i <t—€>d£> sin By <t_7>d7}+
t
G e [, Pl st 7| Xute) )

Now, from (6), taking into account (11), we have:
_ —1 Vi 2.1
a(t) = [h(t)] {h (t) = £(0,%) +4Z (AR + adp)uap—1 () + BARugy_y (¢ ))}' (21)

Further, from (14), taking into account (18), we obtain:

(AR + o ugp—1(t) + BAjusy () =

BX;

WFQk—l(t;ua a) — Biugp—1(t) =
k

= Fop_1(t;u,a) — ug, 4 (t) =
B2

1 .
=7 8% ——thog—18in Bt +

——k Fop_1(t;u,a) — Bi <<P2k1 cos Byt + B

¢
+ M/O Foi_1(T;u,a)sin Bi(t — T)dT) . (22)

In order to obtain an equation for the second component a(t) of the solution {u(x,t),a(t)}
to problem (1) - (3), (6), we substitute expression (22) into (21):

a(t)—[h(t)]_l{h”( £(0,1) +4Z [1+ﬁ>\2 et (t; U, a)—

t
—Bi (@Qk—l cos it + 51k¢2k—1 sin Byt + M/O Fop—1(75u,a) sin Bi(t — T)dTﬂ }
(23)
Thus, the solution of problem (1) - (3), (6) is reduced to the solution of system (20),
(23) with respect to unknown functions u(x,t) and a(t).
To study the question of uniqueness of the solution of problem (1) - (3), (6), the
following lemma plays an important role.

Lemma 1. If {u(x,t),a(t)} is any solution to problem (1) - (3), (6), then the functions
ug(t) (k=0,1,2,...) defined by relation (12) satisfy the counting system (17), (18) and
(19) on [0,T].

Obviously, if ug (¢ fo (z,t)Yi(z)dz (k=0,1,...)is a solution to system (17), (18)
and (19), then a palr {u(z,t),a(t )} of functions u(z,t) = Y po , uk(t) Xg(x) and a(t) is a
solution to system (20), (23).

Lemma 1 has the following
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Corollary 1. Let system (20), (23) have a unique solution. Then problem (1) - (3), (6)
cannot have more than one solution, i.e. if problem (1) - (3), (6) has a solution, then it
1S unique.

Now consider the following operator in space E:5F

®(u,a) = {P1(u,a), P2(u,a)} ,

where
O (u,a) = u(x,t) Z x), Pa(u,a) = al(t),
k=0
and ug(t), @or_1(t), Uk (t) and a(t) equal corresponding to the right side (17), (18) , (19)
and (23).

It is easy to see that

1 1

1+ BA2 > BAZ, < ,
g 1+ BX2 ~ BAZ

1—|—a
,/1+ Me < Bk <4/ Ak

Taking these relations into account, we find:

| N

/1+B

<1
)\kﬁ

1
T 2
o Bllogozy < lol + T o] + TVT ( /0 o <r>2df) + 72 at) oz a0 )l
(24)

(Z()\i||ﬂ2k—1(75)”c[0,T])2> <

k=1

S : 1 - 2 /1
(Z N [par-1]) ) + 2 %ﬁ (Z()\i\%kl’)?) t 3 %ﬁ

k=1

(/0 > % ok ( |)2d7> + Tla@®)llcom (ZO‘ZHU%1(t)HC[O,T})2> :
k=1

k=1

1
2

(Z AV [laar (1 ||COT])2) <
k=1

: 1 > 2 3 /1
) vy E (Z(Amm?) + gy E

k=1

/—\
Mg
>
3
g

\_/
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T o0 3 o 1
VT (/0 kz_:l()\%|f2k (1) )2d7> + T lla®)ll ooy (Z()\Z |U2kz(t)”C[07T])2> ] +

k=1

+3(1+2;;+a’6) {T (; N [pan- 1\)) (\/7+T> ﬁ(; N [ar1]) > +
F<T\F</O > OF okt (1) ) +

+T7 |a a()ll o, (Z()‘k”u% 1 HCOT] )

k=1

T o0
e { </o Z)‘k’f%l dr | +

p
+ T||a(t)Hc[o,T] (Z(Ai |U2k—1(t)||C[O,T])2> ] ) (26)
k=1
lalop < [ o {Hh" ool 4
+4 i/\—2 % I+a i(}\S‘ 2 % ﬂ = )\4 2
k 3 i lp2k-1]) R Vi (N [ 21 )7 | +
k=1 k=1 k=1
T 2
; ! </ Z)‘k|f2k1 T) +
+ T la(®)l| 0,1y (Z()‘Z |u2k—1(t)||C[O,T])2> ] ] +
k=1
+ (Z()\iﬂfzk Ol o7 !) + lla@ll oo, (Z()‘Z||u2k—1(t)”C[O,T])2> }} - (27)
k=1 k=1

(3), (6) satisty the following conditions:
(0<t S T).
(1) = 0,¢'(0) = #'(1),

Suppose that the data of problem (1) -
La>0,8>0,h(t) € C?[0,T], h(t) #0
2.0(x) € C*0,1], ¢®)(z) € Ly(0,1), ¢
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(1) = 0,¢"(0) = (1), (1) =0
3.0(@) € CU0.11, 00 () € Lo(0.1), (1) = 0, ¥(0) = V(1. ¥'(1) = 0.4(0)
@) fa(er8) € CD), funlort) € La(Dr) £ = O, £ul0,8) = Fllst) (0 <t <
& Then from (24)- (27) we find:
e, )5z, = A2(T) + Bi(T) a®)llcgo.zy o, Ol (28)
6()logo.zy = A2(T) + Bo(T) all o s, )., (20)

where

AUT) = 8@ a0y + T 1@ a0y + TVT 1 @)y + V|| (@)

L2(0.1)
WW o 2B o Ol oy SleP@ @]
FHM ) + 393 (a Moo ; T(Hm o (2, t) + 2f2 (@, )l Ly ) +
+3(1+2a+a5 <\[ H(’” o +< T) \/THMM(:U) Lo

6 T
|fx:r €z, t HL2 DT) E

T2 4 11T /1458 < 1—|—2a+aﬂ)T>’
a

Hf:]ca:(:[:a t)HLQ(DT) )

//
) = [0 0 - 5001
o\
_ 1+« 1+5
(5] { ﬁ [uw F [
1 /T(1+p)
5\ e Mes@ Dllsaion) +HHfmw)Ho[oﬂHMO,D}’

By(T) =2 H [h(t)rlHC[O . ((i A;Q) 'l ;O‘ \/ #T + 1)
’ k=1

From inequalities (27), (28) we conclude:
(e, Dllpg, + 1@l cior < AT)+ BT la®llcor @Ol s, . (60)
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where

A(T) = Al(T) + Ax(T), B(T) = B1i(T) + Ba(T).
So, the following theorem is proved.
Theorem 2. Let conditions 1-4 be satisfied and
B(T)(A(T) +2)* < 1. (31)

Then problem (1)-(3), (6) has a unique solution in the ball K = Kg(|| z HE;SF <R=
A(T) +2) from E3.

Proof. In the space E3., consider the equation
z =%z, (32)

where z = {u, a}, the components $;(u, a) (i = 1,2) of the operator $(u, a) are defined by
the right-hand sides of equations (20), (23), respectively.

Consider an operator $(u,a) in a ball K = K of E2. Similarly, from (30) we obtain
that for any z, z1, 29 € K the following estimates are valid:

182l g5, < A(T) + B(T) la(®)l| ooy e, 1)l g, < A(T) + BIT)(A(T) +2)%, (33)

821 — $all g5, < BOOR (Jlar(t) = ol + s (,6) = waar )l g ) - (34)

Then, taking into account (31), it follows from estimates (33), (34) that the operator $
acts in the ball K = Kg and is contracting. Therefore, in the ball K = Kpg, the operator
$ has a unique fixed point {u,a}, which is a solution to equation (32), that is, is the only
solution in the ball K = Kg to system (20), (23).

A function u(x, t) as an element of space BSVT, has continuous derivatives u(z, t), uz(z,t),
Uz (X, ), Upga (T, 1), Ugpgs(x,t) in Dy,

Similarly to [10], one can show that u;(x,t), ug(z,t), uw(z,t), v (x,t), e (z,t) are
continuous in D.

It is easy to check that equation (2) and conditions (2), (3) and (6
usual sense. Hence, {u(x,t),a(t)} is a solution to problem (1) - (3), (
the corollary to Lemma 1, it is unique. <«

) are satisfied in the
6), and by virtue of

Using Theorem 1, we prove the following

Theorem 3. Let all conditions of Theorem 2 be satisfied and the conditions of consistency

Then problem (1) - (4) has a unique classical solution in the ball K = Kg(|| 2z HE% <
R=A(T)+2) from E3.
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Empirical Analysis of Balance of Payments Dynamics

E.G. Orudzhev, N.S. Ayyubova

Abstract. The article deals with the construction of econometric model, which characterizes the
dynamics of the balance of payments, formed on the basis of economic and mathematical tools,
and serves to predict the preventive signals of the balance of payments crisis. Over time, the
unsteady character created by the denomination of the Azerbaijani manat was corrected, and a
multidimensional model of linear regression was created for the dynamics of balance of payments
development.

Key Words and Phrases: balance of payments, current account, export, import, investment,
manat rate, regression, adequacy, t statistics, F-criterion

2010 Mathematics Subject Classifications: C1, C12, C5

1. Introduction

At the beginning of the transformation process in a number of transition countries,
such as Azerbaijan, liberalization of the currency market and foreign economic relations
increased the level of openness of the economy and its integration into the world economy.
At present, the cooperation of the Azerbaijani economy with the world commodity and
financial markets has reached a broad and multidimensional level. Therefore, the study
of issues related to the regulation of foreign economic relations is particularly relevant.

The balance of payments is central to the macroeconomic regulation of the foreign
economic relations sector. The structure of the balance of payments is in principle de-
termined by economic indicators, such as foreign trade, receipts from direct and portfolio
foreign investments, in general, the prospects for economic growth. Therefore, along with
the problems of ensuring economic growth, high inflation and unemployment, the issues
of maintaining stability and stability of the balance of payments are among the priorities
of our state’s economic policy.

Recent processes such as global economic instability, volatility of oil prices in world
markets and surges influenced by various external and endogenous factors, devaluation
of national currencies lead to a balance of payments crisis. Monitoring of changes in the
structure and dynamics of the balance of payments in order to develop a set of preventive
and anti-crisis measures is one of the most difficult issues of monetary policy in state
regulation of the economy.

http://www.cjamee.org 3 © 2013 CJAMEE All rights reserved.
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The study of the causes and consequences of balance of payments crises, their early
detection and, in general, the search for ways out of the crisis, the development of effective
balance of payments methods are the most pressing economic policy issues in any market
economy. These issues are particularly important in countries such as Azerbaijan, whose
economies are heavily dependent on energy, foreign trade and other external factors [6, 8,
9]. (see: figure 1).

Both at the macro level and the micro level, modern economic theory inevitably turns
to mathematical and statistical models and methods, and this approach has now become
an important element of economic theory. Applying mathematics to economics first of
all reveals more important dependencies of economic variables and objects and creates
opportunities for formal description, because studying complex objects requires a high
level of abstraction [1]. Precise input information and deduction methods allow obtaining
results and making forecasts adequate to the object under study. Mathematical and
statistical methods inductively allow obtaining the newest knowledge about the object
under study about parameters and forms of dependent variables on the basis of possible
observations.

Relevance of the problem, theoretical and practical significance of methodological and
analytical approaches [2, 3, 4, 5], as well as balance of payments modeling, econometric
analysis of its interrelation with the main forming factors, analysis of changes in the
structure of the balance of payments, taking into account the interest and demand, we
have defined the creation of an econometric model that provides the balance of payments
as an object of research, forecasting of crisis prevention signals as a goal and includes
economic and mathematical tools for crisis prevention.

Figure 1. Dynamics of key indicators of Azerbaijan’s balance of payments in 2012-2018
(years) (million US dollars)
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The Balance of Payments is a statistical report that systematically reflects the final
results of the state’s foreign economic operations with other countries. Information on
the balance of payments and the position of the state with regard to international invest-
ments inevitably play an important role in the formation of domestic and foreign economic



Empirical Analysis of Balance of Payments Dynamics )

policy. This information also includes balance of payments analysis, identification of rea-
sons for contraindications, assessment of regulatory measures, assessment of the role and
interdependence of foreign trade and foreign direct investment, external debt, economic
growth, income distribution, and the current and financial balance of payments, is very
important and invaluable for analyzing the relationship between foreign operations and
exchange rates reflected in the accounts.

Any modern economic research is based on a combination of theory and practice,
joint application of statistical indicators with an economic model. Thus, while theoretical
models are used to describe and explain observed processes, statistical indicators are used
for empirical construction and justification of models. For both public policy and any
economic entity, the ability to predict the situation means reducing losses and damages,
increasing profits and, in general, getting as close to the desired result as possible.

Our research is devoted to building an econometric model based on the adequacy of
the balance of payments, which provides the projected values of the balance of payments
based on the main factors that determine its dynamics.

The regression methodology includes the analysis of stationary and, most importantly,
non-stationary series in order to predict the dynamics. LSM, GLS, VAR, taking into
account seasonality, the inclusion of models based on multicollinearity, etc. methods are
very popular in this area [4, 5]. The novelty and urgency of our research is connected with
application of the analysis of these methods to non-stationary time series.

In our initial research on modeling the dynamics of the balance of payments [7] regres-
sion analysis was carried out for the purpose of econometric analysis of dependence of the
current account of the balance of payments on general and foreign investments, export and
import, exchange rate of Azerbaijani manat. In the research, since the current account
of BP’s balance of payments depends on a variable, foreign investment FI, EX-exports,
IMP-import, the exchange rate of manat against the US dollar, the total investment in
GI for 1995-2017, respectively, the explanatory variables.

Table 1. Results of regression analysis (1995-2017)

Variable Coefficient Std. Error t-Statistic Prob.
FI -1.041597 0.214275 -4.861035 0.0001
EXP 0.855962 0.071390 11.98994 0.0000
IMP 0.040745 0.054360 0.749535 0.4638
CM 0.127631 0.220403 0.579079 0.5701
71 -0.074593 0.144352 -0.516739 0.6120
C -978.5116 1126.953 -0.868281 0.3973
Dependent Variable BP
Method Least Squares
Included observations 23 after adjustments
Sample (adjusted) 123
R-squared 0.986318 Mean dependent var 4332.196
Adjusted R-squared  0.982293 S.D. dependent var  6943.397
S.E. of regression 923.9354 Akaike info criterion  16.71462
Sum squared resid 14512163 Schwarz criterion 17.01084
Log likelihood -186.2181 Hannan-Quinn criter 16.78912
F-statistic 245.0926 Durbin-Watson stat  2.928609
Prob(F -statistic) 0.000000

Source: author’s work
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Based on the results of regression analysis with the parameters involved in the research,
the number of observations: 23; R2- Determination factor: 0,98; F statistic - Fisher
Criterion: 245,1; severity level: prob.- 0,00; DW-Durbin Watson’s statistic’s: 2,92. The
results are quite satisfactory. Explanatory variables included in the model according to
the determination coefficient explain the result variable by 98%. Criterion F received a
fairly reliable estimate with a high probability. However, the result obtained for the DW
criterion cannot be considered satisfactory. n = 23 and k = 5 (number of explanatory
factors included in the model) critical boundaries for DW criterion with indicators are
Dy, = 0,90 and Dy = 1,92 Since the calculated DW criterion value for the model is higher
than 2, the 4-DW value = 1.08 is compared with the critical value. Dy < 1,08 < Dy.
Alternatively, 4 — Dy < DW < 4 — Dy, we get a similar result: 2,08 < 2,92 < 3,1 DW
falls into an area of uncertainty and it is impossible to decide if autocorrelation exists.

Units of measurement of independent variables FI, EXP, IMP, GI included in the
model for regression analysis are expressed in US dollars. As it is known, in 2006 the
denomination of Azerbaijani manat was conducted in the ratio of 1:5000. One of the
explanatory factors is the exchange rate of KM manat in the national currency, which
created a serious problem for the stability of the considered time series. Thus, large
amplitude jumps occurred in time, which, in turn, formed a non-stationary sequence.
Unsteady time series lose their importance for econometric studies and are not suitable
for forecasting because the model is inadequate. For this purpose, the time series research
period was shortened, the number of observations was reduced to 12 and covered 2006-
2017 years. Continuing the regression analysis in a new chronological order, we obtained
results in Table 2 below.

Table 2. Results of regression analysis (2006-2017)

Variable Coefficient Std. Error t-Statistic Praob.
Fi -0.043786 0.851259 -0.051436 0.9606
EXP 0.940172 0.130751 7.190547 0.0004
IMP 0.075568 0.097305 0.776614 0.4669
CM -3669.255 3126497 -1.173600 0.2850
Gl -0.505909 0.394494 -1.282425 0.2470
C -365.0545 3458.028 -0.105567 0.9194
Dependent Variable BP
Method Least Squares
Included observations 12
Sample (adjusted) 112
R-squared 0.977251 Mean dependent var  9106.875
Adjusted R-squared  0.958293 S.D. dependent var  6616.478
S.E. of regression  1351.229 Akaike info criterion 17.56227
Sum squared resid 10954912 Schwarz criterion 17.80472
Log likelihood -99.37361 Hannan-Quinn criter 17.47250
F-statistic 51.54956 Durbin-Watson stat ~ 2.922200
Prob(F-statistic) 0.000075

Source: author’s work
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Number of observations from the 2nd regression analysis:12; R2-0,97; F statistic -
51,5 severity level: prob.=0,000075; DW-2,92. Thus, the model we have created for the
dynamics of the current account of the balance of payments at this stage of the research
looks as follows:

BP=-0,043786F1+0,940172EXP+0,0755681MP-3669,255CM-0,505909G1

According to the latest results, there are no significant changes in model quality, i.e.
the model quality does not increase or decrease significantly, and DW statistics still fall
into the zone of uncertainty. This does not tell us if there is autocorrelation in time, so we
cannot be sure that the model is adequate. In such cases, steps such as extending the time
sequence and editing explanatory factors in the model can be used to improve the quality
of the model. In the next stages of our study, in addition to these steps, appropriate
econometric tests will be applied to verify the adequacy of the model in more detail.

Current account deficits generated by the trade balance can be financed by capital
inflows in the following forms: foreign loans from other countries, the International Mone-
tary Fund, the World Bank; assets sold to foreign investors; direct investments that bring
foreign currency into the country in order to create new production facilities; foreign
exchange reserves.

The application of these measures contributes to the reduction of the country’s foreign
assets. However, if the government increases its external debt, which significantly exceeds
the current account deficit, then the country faces a balance-of-payments external debt
crisis. Proper regulation of these financial processes is very important for the balance of
payments and the dynamic development of the country’s economy as a whole.

2. Results

1. The time series of macroeconomic indicators were systematized for econometric mod-
eling of the current account of the balance of payments;

2. The model of multidimensional linear regression was created for the current account
of the balance of payments, assuming that foreign investments, exports, imports,
exchange rate of manat against the US dollar, total investments - macroeconomic
indicators are independent variables;

3. Corrected model for the period 2006-2017. was proposed by eliminating factors that
caused serious problems with the stationarity of time series, and an analysis was
performed to verify the adequacy of the model.

The urgency of the problem, the need to build an econometric model that reflects the
dynamics of the current account in the form of trends and indicators of full adequacy for
the forecast evaluation of the balance of payments, as well as the results of our study make
it necessary to continue the study.
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We believe that the results of the research will make it possible to identify real bal-
ance of payments trends and balance of payments dynamics that may be useful for the
CIS and Eastern European countries based on the analysis of interdependence of the bal-
ance of payments with macroeconomic indicators may be important in shaping regulatory
measures.

The results of the research can also be used as teaching material in lectures on economic
theory, economic mathematics, econometrics, statistics.
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Investigation of Propagation of Nonlinear Waves in a
Structure Consisting of Cylindrical Net System

J.H. Agalarov, M.A. Rustamova, T.J. Hasanova

Abstract. Cylindrical net movement at the smooth cylinder have been obtained on the base of
the general net motion theory. On the next basis system of the vectors: in direct of cylinder axes;
in tangential (rotated) to a cross-section of the cylinder: perpendicular (rotated) to the cylinder
axes. The case of the relative symmetrical filaments position is taken. In this research work the
strain impact to the net is considered. The task comes to the hyperbolic system of equations at
corresponding conditions. As far as the larger significance of parameters corresponds larger speed
of wave spreading, that leads to jumping on the front. To solve the task at the front, there are
using the law of mass preservation and law of a motion quantity changing to find out the jump
spread speed as a function of incline of filament from cylinder axis and speed of the impact.

Key Words and Phrases: wave front, spread speed, law of a motion, cylindrical base, net
motion, tension, angular acceleration

1. Introduction

On the basis of Kh.A. Rakhmatulin’s equations on the motion of a filament, the equa-
tions of motion of the net were obtained [1, 2]. On the dynamics of the netthere are
solved a number of flat and spatial problems in a rectangular Cartesian coordinate system
[3, 4, 5, 6, 7]. Here we consider the problem of the motion of a net on a cylindrical base.
In addition to the theoretical interest, the problem is of practical importance, for example,
the dynamics of flexible drill pipes.

2. General equations of net motion

The equation of motion of the net taking into account the reaction of the supporting
body and the geometric relationships will have the form unlike [2].

9 (a?)+—a (0972) = a—2?+ n
B 171 95, 272 —Patg p
__or _or
(1+€1)7'1—7851, (1+€2)7'2—7852- (1)

http://www.cjamee.org 10 © 2013 CJAMEE All rights reserved.
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Here 7 — is the radius of the particle of the net particle, P is the reaction force of
the cylinder I1,lo — are the relative elongations corresponding to the properties of the
filaments, 51,52 — Lagrangian coordinates of the particles of filaments, o1,09 — are con-
ditional stresses, defined as the sum of the tension of individual threads of one family
(intersecting a section of a filament of another family), referred to the original length of
the element in question.

Such a distribution of mass and effort is permissible with a sufficiently dense net, p —
is the mass of the net per unit area in the initial state, 71,72 - are the unit vectors tangent
to the filaments, 7 - is the normal to the surface of the cylindrical base.

3. Coordinate system

A basis of a cylindrical system is taken: a unit vector i - parallel to the axis of the
cylinder, j — the unit vector of the tangent(rotating) to the cross section of the cylinder,
k — unit vector perpendicular(rotating) to the previous ones.

Then
T{ = cos;i + siny1j; T2 = cosyai + sinya7, (2)
where 7 o- the filament angles formed with the axis of the cylinder.
Derivatives
o 9i  -0(cosy1) . 95  -O(siny)
95~ s, T as, TM™igs T/ as,
om di  -0(cosy2) , 97 - 0(sinys)
95, 18, "' a5, T"as, TV as,
Or considering
i Oi _0 9j sin’ylE 97 7_32'7172%
881 8S,  aS, r 9S
We get
o1 _ 8(00871){+ sén’y%E+ 8(sm’yl)3
851 8;91 T 651
0m  O(cosyr)- sinya—  O(sinye)-
= — k 3
95, 8% | v T as, 7 )

Also taking into account 7 = zi + rk, we have

o 9%
ot ot T

o*r 9% - —
8—7; = a—tfi—i-rej—i-erk (4)

w — angular velocity, ¢ — angular acceleration
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4. Equations of motion of a cylindrical net
Substituting (3) and (4) into (1) we obtain

0 0%x
25 (o1cosyr ) + 95, (ogcosvy2 ) = pw (5)

0 (o1siny1) + (oasiny2) = e
851 1 71 852 2 V2

o1 . g2 .
—sm’y% — —sm’yg =p+ prw2
T r

Next, the symmetrical arrangement of the right and left fibers is considered. Then equa-
tions (5), taking oy = oo =0, Y1 =-y=7v, w=0, =0,
will take the form

0’z

= P@ (6)

0
2%(

0, Cos7)

20stny =p

5. Geometric relations
We define the derivative of the radius vector 7 in S. Denoting ¥ = i + rk,

or axf_i_ 87% 873:7_1_ @7
a8~ 0S8 os 0S 85

y —circular coordinate, where according to (1) and (3)

Ox

hdadgyg

95 (14 ¢€)cosy (7)
Iy

35 = (1+e)siny (8)

Since the net does not rotate, then y = const, and

I[(1+e) siny]

ot =0

or

(1+ e) siny = sinyo 9)
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6. Stretching blow on the cylindrical net

Let the infinite unloaded net (Fig. 1) be driven from one end with a constant velocity

Since waves with greater deformation propagate faster than waves with less deforma-
tion, the wave front will undergo a jump (8). Assuming that the motion is self-similar, we
have.

S
= —; = bt ;
E= w=0f(&);
0¢ S oz / S S
—=——; —=0b — bt — =10 - —
O e b 0 (©) = O~ O F (©)
821' b "
G (10)
Substituting (10) into (5), we obtain
2(ocosy) = pe2f” (11)
(1+4¢)cosy=f (12)
Substituting (9) into (2) with o = Ee, we get sinyoctgy = f ;
[cos*y <SZ,7WO - lﬂ E = pef". (13)
siny
In (13), eliminating f, obtaining
[cos'y <8Z,n% — 1)} FE = p{QSin'yoctg/’y
siny
or
/ / 2 !
sinypctg vy — cos 7 = =5 sinvyoctg y
a
or
! !/ 2 !
—sinyocsc’y oy + siny ey = ——Zsinfyocsczfy o . (14)
a

The last equation has two solutions:

1. 7, = 0— constant parameter area

2. &2 =a? (1 - 22237> — region of a self-similar (homogeneous) solution
0

Let us consider the first case
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7. Stretching blow on the cylindrical net (Solution)

Let a semi-infinite unloaded cylindrical net be driven from the end with a constant
velocity v. Since waves with greater deformation propagate with greater velocity, the wave
front will undergo a jump.

Consider the motion of the net in the vicinity of the wave front [Fig. 1]:

Fig. 1. Motion of the net in the vicinity of the wave front

In time dt, the front propagates to the distance Ddt. For a deformed net, there will be
(v + D) dt. Denoting the values of density pg for an undeformed net, the law of conservation
of mass will have the form [Fig. 2] and p for a deformed net

p (D +v) = poD. (15)
The change in momentum poDwvdt will be equal to the momentum of the force
poDv + 20cosy = 0. (16)

We connect the net densities with the deformation of the net element [Fig. 2.

e dxg 9X
-—— - —

Fig. 2. Connection the deformation of the net with a density
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If the mass of the net element dM, the deformation e, the slope angles of the branches
in the initial and deformed state vy and -y, then

aM v
pp=——"7 ! p=—"77—-
cosvypdS (14 e) cosydS
or
1+ e)cosy
po = LY, (17)
cosYo

Substituting (17) into (15), we obtain

1
v — {( +e)cosy 1] D (18)
cosYo
Substituting (18) into (16), we obtain
D2 ocosY (19)

po [(1 + €) cosy — cosyo

Formulas (9), (18) and (19) allow to determine the shock wave velocity D, strain
(tension) and turning angle of the net branches at a given impact speed.
It should be noted that with increasing impact velocityvy — 0, we have
2 w170

D* = 20
po (14 € — cosyo) 20)

Setting 0 = Ee, defining from (9)

1+e:Si,1170; U:E(sinm)_1>
sy

and substituting in (19) we obtain

E (m - 1) co8Yo

siny

D? = , (21)
po (sinoctgy — coso)
or
D? _ o2 (sinyp — siny) cosyo
SINY9COSY — COS7YSINTy
or

D= a\/(sz’n’yo — siny) /sin (0 — )
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Life] o 026 035 044 033 062 0l [ }]
T

Fig. 3. v =T7;%=% =15
Three variants of shock wave velocity distribution are calculated depending on the
impact speed at the initial values of the angle of inclination of the branches of the net to
the axis:7; &3 {5
As can be seen from Graph 3, with increasing impact speed (decrease in ), the shock
wave velocity increases (up to 15%)
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1. Introduction

In this paper we study differential and differential-difference properties of functions
from intersection Besov-Morrey spaces

B}l’)l:,,,eu,go,ﬁ(GSO) (1)

was introduced in paper [13]. Note that the paper [13] was proved embedding theorems,
but in this paper we prove interpolation type theorem in Besov-Morrey space le?ﬁ, 0.8 (Gy).
Such type theorems were first proved in [2] and later in [1, 4, 5, 7, 8, 9, 10, 11, 13, 14, 15].

Let G C R, ¢(t) = (p1(t), -, n(t)), @i(t) > 0,5(t) > 0; 7 =1,2,...,n (t > 0) is
continuously differentiable functions. Assume that tl—igrlo ¢;(t) =0 and t—ligloo ©;(t) = Kj,

0 < Kj <oo,(j =1,...,n). Wedenote the set of such vector-functions ¢ by A. We assume
that [@([t])]~7 = T (;([61) ™%, 85 € [0,1] (j = 1,2,...,n) and [t = min{1, ¢},

j=1
For any z € R™ we put

G(,p(t) (:L') =GN I(p(t) (:L') =

1 )
=GN {y yy — x4l < §¢j(t),(j = 1,2,.--,71)},

Let I € (0,00)", m; € N, k; € Ny, 1 < p < 00,1 <8 < oo. The space Béﬁ’%ﬂ (Gy)
is defined [13] as a linear normed space of functions f, on G, with the finite norm (m; >
li—ki>0@G=1,..,n)):

1Fllst, i = Wl +

*Corresponding author.
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n g HAW (pi(t), Gs@(t))DkifH 0
l i op | dei(t)
N ; 0/ (pa(0)) TR pi(t) ’ (2)

where ty > 0 is a fixed number and

e P e o GG F{ ) B (3)
>0
N 1 N A 1 N N 1 N N N
Let Ay >0 (u=1,...,N), S A, =1, L= S du L sn 2w 1 shdu g sny e
p=1 b=t p=1" p=1"" p=1

and let Q(-,y), M; (-,y,2) € C5° (R"), be such that

We put

v 0 ) s}

noting V' C I,y and U C G, we assume that U +V C G.

Lemma 1. Let 1 <p, < q, <7, <00, 0<nt<T <1, v=(v1,...,vn), v; >0 be
integer (7 =1,2,...,n) ;AT (¢i(t)) f € Ly, ,.8(G) and let

o) — - . aqw (Y rle(D).2)
B(@) ER[R/nf( Tyt (so(T)’ 2¢(T) )
2 ple(D),z)
XQ(@(T)’ 20(7) )dydz’ @)
Ui
i _ T - —vj—2 gﬁg(t)
B () = 0/ L0 T st~ S Gy )
[ " (1)
7 _ T —I/J—2 907,
i (@) = / Lt O T oot Sy )
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XA (@i (6) ) f (z +y + ue;) dudy (8)

Then for any & € U the following inequalities are true

N
A
0D 1B, ) < O [T Dy i}
pn=1

<L sty ™ PG T sl 0
Jj=1 7j=1
N u A
sup H anUw(g) <Oy H {H(%‘(t))_li AT (@i(t%Gw(t)) f‘ » @B'G}
p=1 e
%@y TT (w5 (1) (10)
j=1
; N s ) Au
iﬁwmmmmﬁ%ﬂﬂww”i%*WW%WfMMJ
Qe [T w5 (lgh)™s ()
j=1

where Uy ey (T) = {a: |z; — ;| < 0 (€),j=1,2,...,n} ¥ € A, C1 and Cy -the con-
stants independent of v, &, n and T.

Proof. Apply the generalized Minkowski inequality for £ € U we obtain

2—1/-@;(75)
| ”H%Uw(o /HL D0, e @) H wilt det (12)

estimate the norm || L;(-, )] pUpie) (@)" Applying the Holder inequality with exponents

A 1 Au
Q= y = 1 2 N7 — =4q, —=1
g Auq ;:1 Qy ; ‘m
for |L;(z,t)| we obtain
A
1Ll 0,0 QHHL Mo vo@ ) (13)

By virtue of the Holder inequality, for (¢, <r,) (©#=1,2,...,N) we have

N

12 Ol < TTEE T 1L - (14

p=1
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Now estimate the norm HLi(',t)||ru7U¢<§)(f).Let X be a characteristic function of the set

S (M;). Again applying the Holder inequality for representing the function in the function
. . 1 _ 1 1 —

in thetform (8) in the case 1 < p, <7, < 00,5, < T4, = 1—E+a (n=1,2,...,N),
we ge

1Li GOl 07, 00 (2)

Pu oL L

<C swp /O/oAmi(cpi(é)u)f(w—l—y—l—ue,-)du X(

V&) \ 7 |70

| [ (G "™

Uyp(e) 1=00

DN | =
—
A

—
o~
S~—
8

S~—
N—

1 1

XA (i(B)u) f (& +y -+ uei) du| " X (;{t)) dy> e

<sup / 7@ @f&y ’;g’(‘f)) 57 (i), x>)
x A™ (pi(0)u) f (z +y + ue;) du‘pu X < 4 ) dy) "

o(t)
(I (2

It is assumed that |M;(z,y)| < C|M;(z)|, M; € C°(R™). For any « € U we have

| (Gl ™ 3 wc00)

R™ | —o0

1

S
Sp H

dy . (15)

X A™ (0i(8)u) f (z + y + ue;) du‘p“ X <¢i’t)> dy

< [ oGt s o)

(UAV) (@) 170

XA (pi(0)u) f (w+y+u) dul " dy <

o0

[ [Je (o b

Gy (T) -0
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x A™ (pi(0)u) f (y + uei> du’pM dy <
< () () AT (0. G I oy <
< (@) P (o (0) " AT (0, G 125 TT (o0
j=1

fory eV ((U+V)ye C Gow)

/

Uye(z)

o0

Jo it

—00

x A™ (pi(O)u) f (z + y + ue;) du‘pu X <y> dy

o(t)
< [

(U+V) (1) (@+y)

@i(t)”  2¢i(t)

X A™ (p;(8)u) f (x + ua) dur“ dy <

< (i) P il t) AT (il8), (U + V@) I i), <

< (o) 1 pu() 1 AT (0i(8), G I s [T 107,
j=1

[ ()]

From inequalities (15)-(18), we have

H —~

n
Sp

[Tei®-
Su b

(i ()75 AT (0i(1), Gopry) fllp o6 %

Sp

M;

I Li ('7t)|’mUw<£)(f) =G ‘

< (i) T Cosys o Gies) Tl i)
=1 =1

and by inequality (14) we have

M| (i) ™% AT (0(t), Goot) fllpp 8%

Sp

||Lz ('7t)”7"M,Uw(§)(5C) < C% ‘

1 Birn

(it PG ) TTws ) TT s

1 j=1 j=1

“w

x (i1 (1)) m

J

(19)

(20)
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From inequalities (12),(13) for r,, = p# and for any € U reduce to the estimation

N n
o ) Au *Bﬂ’#
< G5 TT {loi) ™ AT (i(t), G Flipu ) T10
p=1 Jj=1
In a similar way can prove inequality (9) and (11).
Corollary 1. For 1 <715 <19 < o0 the following inequalities:
sup | Bllq.p.mv < C* H {11 Fllpy o6} ™ (21)
pn=1
sup || By llgp.60:0 <
zeU
N n
n ] Ap /3]1’#
< C* TT {6eut) ™ AP (i), G Flles ) T (22)
pn=1 7j=1
sup || By, 7llq.,600 <
zelU
) N n BjP;L
m;
< & TT {li) ¥ A0, G e} 10 (23)

—

ki
o
<.

2. Main results

Prove two theorems on the properties of the functions from the space ﬂ pu 0,008 (Gy).

Theorem 1. Let G C R" satisfy the condition of flexible o-horn [11], 1 < p,, < g, < 00,
1<6, <oo(p= 1,2,...,]\7); v = (vi,v,.,vp), v; > 0 integer j = 1,2,...,n, Q} < o0

(i=1,2,...,n) and let f € ﬂ Bl” Opsps (Gy). Then the following embeddings hold
u=

N
D : () By g, (Go) = Ly (G)
pn=1

e. for f € ﬂ B”L O, 5 (Gy) there exists a generalized derivative D" f in G and the
n=

following mequal@tzes are true

A
N 3
1D” fllye < C'B@) [T S I/1 i , (24)
[LZl n P 9/474/’»5( <p)
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Au

1D fllyprsc < O2H I piqi<oo,  (29)
_1BPH 9uWﬁ(G )

in particular, if

T
n 1 ! -
Qo = / T (esy 0 2l g i=Tm),  (20)
o J=1

-3 x,
(pi(t)) »
then DY f (x) is continuous on G, and
N Au
sup | D" f(z)| < C1B(¢) 11 (27)
zeqG 1;[ D BM 1150100, @(Gw)

where 0 < T < min{1,Tp} is a fired number, C1, Ca are the constants independent of f,
C1 are independent also on T'.

Proof. At first note that in the conditions of our theorem there exists a generalized
derivative D”f. Indeed, from the condition Q% < oo {i=1,2,...,n}, it follows that

forfeﬂBl“ (G,) — BY

I~ . .
003 0503 (Gy) — B, 0, (Gy) there exists a generalized

derlvatlve Dl’ f € L,(G) and for it integral representation with the kernels is valid [13].

D e f&;) |yz”:/T 70/KV)< u 70(%;((7;)), x)> «
10

] u p(@l(t)7$) 1
XCZ(W)’ 2pi(t) 2

J <soz-<t>,a:>> A™ (4(6)u) x

n

fz+y+ ue) H —vj—2 zzggdtd . o
) = n () Vi— Q®) u  p(p(T),z)
) jr:[lw // ( 20 >
x Q) ((P(ZT)’ p(;ﬁé?)@) flx+y+ 2)dydz. (29)

Based around the Minkowsky inequality, from identities (28) and (29) we get

12l < | 750, o+ 2 1Bl (30)
’ 1=1



On Riesz-Thorin Type Theorems in the Besov-Morrey Spaces 25

By means of inequality (9) for U = G, M; = Q we get

n

M. o H{||f||pu,w/3,G} Hsog 5 G T g™, 6

J=1

£

and by means inequality (10) for U = G, M; = KZ-(V) n =T we get

Ap
. 32
p,cp,ﬁ} ( )

Substituting (31), (32) for 1 <6, < o0, py <0, (0=1,2,...,N) , we get inequality
(24). By means of inequalities (21) and (22) for n = T' we get inequality (25) .

Now let conditions Q% < 0o (i =1,2,...,n). Then from identities (28), (29) and by
the inequality (24) for ¢ = 00, p < 0 we get

N
1B, < Cati TT{ o™ A (i) Goo)
pn=1

|7 r@) = £ @) < 0> Qhe
=1

)

Ap

x| AT ), G )™ d) )
<1l / [ <soi<>>lﬁ‘ ] 2ilt)

p=1 0

As T — 0, the left side of this inequality tends to zero, since f;lgp) is continuous on G
and the convergence on Lo (G) coincides with the uniform convergence. Then the limit
function DY f is continuous on G.

Theorem 1 is proved.

Let v be an n-dimensional vector.

Theorem 2. Let all the conditions of Theorem 2.1 be satisfied. Then for Q% < oo
(i=1,2,...,n) the generalized derivative D" f satisfies on G the generalized Holder condi-
tion, i.e. the following inequality is valid:

Ap
rrAmG)D”quG_CH{\fHBm oo} HBLEDL )

In particular, if QiT,o < o0, (i=1,2,...,n), then

N A
|8 (0,6 07 @ < [[{Wlag, i} MHa(rl T GO
i wsOuses

zeG

where C' - is a constant independent of f, |y|,»,T and H.
H (|’Y| » P T) = maX{h" 7Qf'7|a Q|i'y|,T}
7

(Ho (7], 0, T) = max {|7| ?Qf'y|,0’ Qfﬂ,T,O})
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Proof. According to lemma 8.6 from [3] there exists a domain
Gy CGw=9r(z),9>0,r(x)=p(z,0G), v Q)

and assume that |y| < w,then for any x € G, the segment connecting the points x,z + 7
is contained in G. Consequently, for all the points of this segment, identities (28) and (29)
with the same kernels are valid. After same transformations, we get

A(,G)DVf (a |<H¢] ) =

=B (x77)+CQZ(Bl ($’7)+B2 (1:7’7/))7 (35)
i=1
where 0 < T < {1,Tp} we also assume that |y| < ¢,consequently |y| < min (w,T). If
x € G\ Gy, then
Ay, G) DY f (z) =
From (35) we get
1A (7 G) D" fllye < 1B )lg6.

<+§EI(H81 Do + 182 CAle) (36)

xygﬁ¢]’ﬁ/«//um@ww

Jj=1 0 R™ Rn
e ()" 2p(t) p(T)" 2¢(t)
Taking into account e, + G, C G, and from inequality (21) for U = G, we have
1B (g0 < CrIvl 1 llpg.s:0- (37)
By means of inequality (22), for U = G, n = |y|, M; = KZ-(V) we get
. < —l; m; X
1B1 (-, < C2 )7 AT (@), Con) F| (39)

and by means of inequality (23) for U = G, n = |y|, M; = KZ»(V) we get
i =l i
B2 (g, < Os|@yr| | (o) AT (00 Co) £| - (39)
From inequalities (36)-(39) for cases p, < 6,, we get the required inequality (33).
Now suppose that, |y| > min (w,T"). Then we have

1A (7 G) D flly e < 201D" fllye < CWT) [ID flly 6 1R (]9 T)I -

Estimating for ||D” f[|, ; by means of inequality (24), in this case we get estimation.
This completes the proof of Theorem 2.
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Inverse Problem For A Third Order Hyperbolic Equation
Ulvu Alizadeh

Abstract. In this work a nonlinear inverse boundary value problem for a hyperbolic equation
of the third order is investigated. Using the Fourier method, the problem is reduced to solving
a system of integral equations, and using the contraction mapping method, the existence and
uniqueness of a solution to a system of integral equations are proved. The existence and uniqueness
of the classical solution to the initial problem are proved.

Key Words and Phrases: hyperbolic equation, inverse problem, integral condition of overde-
termination.

2010 Mathematics Subject Classifications: 35125, 35R30

1. Introduction

There are many cases when the needs of practice lead to problems of determining the
coefficients or the right-hand side of a differential equation according some known data of
its solution. Such problems are called inverse problems of mathematical physics. Inverse
problems are an actively developing branch of modern mathematics. Inverse problems for
partial differential equations of various types were studied in many works [1-5]. In inverse
problems, along with the initial and boundary conditions characteristic of a particular
direct problem, additional information is given, the need for which is due to the presence
of unknown coefficients or the right-hand side of the equation. Additional information,
called an overdetermination condition, can be presented in various forms.

In the proposed article, an inverse boundary value problem with additional integral
conditions for a third-order hyperbolic equation is studied.

2. Statement of the problem and its reduction to an equivalent problem

Let Dy = {(z,t) : 0 <z <1, 0<1t<T} Next, let f(z,t), g(z,t), w(x),pi(x),
(1 = 1,2.3), hi(t) (i = 1,2) - be the given functions defined for x € [0,1], ¢ € [0,T].
Consider the following inverse boundary value problem: It is required to find the triple
{u(x,t),a(t),b(t)} of the functions u(zx,t),a(t),b(t) related by the equation [6]:

uttt(x7t> - uta:ac(wat) + utt(xat) - O‘uﬂcm(wat) = a(t)u(x7t) + b(t)g(.%’,t) —i—f(l‘,t) (1)

http://www.cjamee.org 29 © 2013 CJAMEE All rights reserved.
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when the initial conditions are fulfilled for the function u(zx,t)

u(z,0) = po(z), u(z,0) =p1(z), un(z,0)=p(z) (0<z<1) (2)
boundary conditions

uz(0,8) =0, u(l,t)=0 (0<t<T), (3)

and with additional conditions

1
/ w(z)u(z,t)de =hi(t) (0<t<T), (4)
0

U(Oa t) = h2(t) (0 <t< T)a (5)

where 0 < a < 1 — is a given number.
Denote

6(2’3) (DT) = {u(a:, t) ’ ux(xa t)? uﬂcx(‘rv t)’ ut(x7 t)7 Utz (37, t)’ um(x, t)’
Utt(l‘, t), Uttt(ZL‘, t) eC (DT) } .

Definition 1. By the classical solution of the inverse boundary value problem (1) - (5)
we mean a triple {u(z,t),a(t),b(t)} of functions u (x,t) € C*3) (Dy) , a(t) € C[0,T] ,
b(t) € C[0,T], satisfying equation (1) and conditions (2) - (5) in the usual sense.

Similarly to [7], the following theorem is proved.

Theorem 1. Let f(x,t),g(x,t) € C(Dr), pi(z) € C[0,1] (i = 1,2,3),h; (t) € C3[0,T]
(i = 1,2) and the conditions of agreement are fulfilled:

1 1 1
/0 w(@)po (z) dz = hy (0), / w(z)pr () dx = 1 (0). / w(z)gs (x) dz = h (0)

@0 (0) = ha (0), @1(0) =h5(0), @2(0)=h3(0).

Then the problem of finding a classical solution to problem (1) - (5) is equivalent to
the problem of determining functions u (z,t) € C>3) (Dr) , a(t) € C[0,T], b(t) € C[0,T]
from relations (1) - (3) and

1
a(t)hy(t) + b(t)/o w(z)g (x,t)dx =

1

1 1
=h{'(t / w(z)f (x,t) de— / w(T)utgr (@, t)dr + W (t) —a | w(@)ug(z, t)dz , (6)
0 0 0

a(t)ha(t) (t) + b(t)g(0,t) = hy'(t) — f(0,1) = uta(0,) + h3(t) — auae(0,2),  (7)

1
h(t) = ha(t) g (0,8) — ha(t) /0 w(@)g (z,t)dz (0<1<T).
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3. Solvability of the problem

The first component u(z, t) of the solution {u(z,t),a(t), b(t)} to problem (1) - (3), (6),
(7) will be sought in the form

u(z,t) = 3 up(t) cos Mz, A = g(% —1), (8)
k=1

where .
ug(t) = 2/0 u(x,t) cos \pxdz (k =1,2,...).
Then, applying the formal Fourier scheme, from (1) and (2) we have:
uf (t) + ul(t) + Nuf(t) + aXiug(t) = Fr(t;u,a,b) (k= 1,2,.5 0 <t <T), (9)
ur(0) = wor, wp(0) = p1x, up(0) = o, (k=1,2,...), (10)

where

1
Fr(t;u,a,b) = fr(t) + a(t)ug(t) + b(t)gr(t), fr(t) = 2/0 f(z,t) cos \pxdz,

1 1
g (t) = 2/ g(x,t) cos \gzdr, @i, = 2/ wi(r)cos \grdr(i =0,1,2; k=1,2,...).
0 0

Solving problem (9), (10), we find:

ug(t) = 1 { [(7;3 + BE)eowt 4 et [ak(ak — 29;) cos Bit+

by,
1 )
+@(%§ + ki — apBi — ajyk) sin 5kt” wox+
axt ¢ 19 2 o ..
+ | —2yke™*" + 7" | 2 cos Bit + B*(Oék + Bk — Vi) sin Bit | | o1+
%
1 t
X |:€akt 4 et [_ cos Bit + ﬂ— (v — ay) sin Bkt” wor + / Fy(1;u,a,b)x
% 0
X [eak(tT) + et [’Ykﬁ_ % in By (t — ) — cos By(t — 7')” dT} (k=1,2,..),
%
(11)
where
1 V3 1 1
a = oy + Bk — 3’ Br = 7(0411@ — Bik), W= 3 §(Oé1k + Bik),

b = o2 + B2 + 42 — 20,7k,
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moreover

After substituting the expressionsu(t) (k
nents u(z,t) of the solution to problem (1) - (3

o0

u(x,t) = Z

k=1

Ui

b

L
B

(V8 + i —

Ulvu Alizadeh

{ [('7;3 + Br)et 4 et [ak(o‘k — 2;) cos Byt+

By — k) sin 5ktH Yokt

1 .
+ [_kaeakt + et [27k cos Bt + @(ai + ﬁ,% — 'y,%) sin ,Bkt” o1+

1
+ {eo"“t + et {— cos Bt + —
Bk

y [eam—r) L ) [M
Bk

Differentiating (13) we find:

1
/ { [ak(w% + BR)et +

t
(K — ag) sin Bkt” Ook + / Fi(T;u,a,b)x
0

sin (e~ ) s (¢ = )| | ar | cos v

e
cos Bt + =k

et {—ak(vi%-ﬂi) 3,

(VK — k)

x (V& + B7) sin ﬁktH Yok + {—2041{71@6%’5 + ekt [(a% + B2 4+ %) cos Bit+

Vi
_}_7
B
1

Bk

|3

+

(e — ax) + 5k> sin B (t —

(ai - /313 - 713) sin 5ktH Pk + [akeo‘kt + ekt {—ak cos Bt+

1,2,..

) — ay,cos Bt — 7)” dT} (k

Now from (6) and (7) taking into account (8), respectively, we have:
1

a(t)ha(t) +

b(#) /0 w(@)g (2, 1) do =

X

t
(,8,3 + 7,3 — agYk) sin 51&5” por, + / Fy(7;u,a,b) [ake%(t—r) + (=T
0

).

ooV 2) Loy
3) 7% o1 21 \"* 3 ’
(12)
—41/2 1/3

N 2V (e Y]

s\\"73) % a7) To7 3
(13)
= 1,2,...) in (8), to determine the compo-
, (6), (7), we obtain:

(14)

(15)
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1

1 00
=n{"(t) + hi(t) _/0 w(z)f (z,t) dx+Z)\i(u;§(t) + auk(t))/o w(z) cos \pxdx , (16)

k=1

a(t)ha(t) (t) + b(1)g(0,t) = hy'(t) + h5(t) — f(0,8) + Y Ni(up(t) + aux(t)).  (17)
k=1

Suppose that

1

h(t)zhl(t)g((),t)—hg(t)/o w(x)g (x,t)de #0 (0<t<T).

Then from (16) and (17) we obtain:
1
_ -1 " " . wlx x T _
alt) =) { (W0 + 10 - [ wl)f .0)d2) 90,0

1
— (hg’(t) + hi(t) — f(O,t)) /0 w(z)g (x,t) de+
N 2 4 10(} X ) COS xr — 1W T T X
# 3N + o) <g<ovt> [ @i~ [ w0 )} L)
b(t) = [h(t)]"! {(hz'<t> R f <o,t>) (1)

1
(h’{'(t) + 1 (t) — f(0,%) —/O w(z)f (x,1) dw) ha (t) +

N 2 i’ — 1w X ) COS X
—i—;/\k(uk(t) b aug(t)) <h1 (£) — hy (1) /O () cos Aed )} . (19)

Further, from (11) and (15), we obtain:

up(t) + aug(t) = blk { [(04 + ar)( + BRet + et [Oék(fmkz — 20, — Vi — BR) ¥
X cos [t +%((% — ar)( + BR) + a(k — Br — ) Sinﬁkt” Yokt

+ [—2(04 + ag) et 4 et [(204% + af + B + 7p) cos Brt+

(oot + 5 o)+ ulad - 8 ) sin e | e+ (ot ety

1 .
+ et [—(a + i) cos Bt + a(ayk — aay, + B + 74 — ax) sin Bkt” Pkt
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t
+/ Fi(t;u,a,b) [(a + ak)eo"“(t_T) + ee(t=7) [(—a + ay,) cos B(t — )+
0

(B - a4 ) sinput =) | ar b =12 (20)

In order to obtain an equation for the second and third components of the solution
{u(z,t),a(t),b(t)} of problem (1) - (3), (6), (7), we substitute expression (20) into (18)
and (19) :

o) = o { (w0 + 10 ~ [ o@r w0 ) g00.0-
- (o mo - s00) | @)g (1) drt
+Z {[a + ap)(7p + Bpe™t + et [ak(aak — 207k — 7k — BR)X

X cos Bt +7k(('}’k — ar) (v + BR) + a(k — Br — ) Sinﬁkt” Yokt

Bk
+ [—2(& + ag)yRe®tt 4 et [(204% + a2 4 B2 +~2) cos Brt+

+51k(a(ai + Bt — ) +wlof — Bt —7p)) sin BktH P1x + [(a + ag)e™ 4

1 .
L et [_(a + ay) cos Bt + @(a% — aay + Bt + 7 — agk) sin 5kt” Pop+

t
# [ Bt (- aners 7 o | Ca o cos it - 1)+
0

+ (Wﬁ: % — o) + 5k> sin B (t — 7)” dT}

<g(0,t) /Olw(m)cos/\ka:dx—/Olw(:z)g(az,t) dx) } (21)

b(t) = (1)) {(hg%w ) - f (o,t>) ha (1)

1
(h'l”(t) + hi(t) — £(0,%) —/0 w(@)f (2,t) dfﬂ) ha (t) +

(e 9]

Z {[a + ap) (7} + BRet 4 et |:Oék(040¢k — 207, — 7 — BR)X
k=1
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X cos Bxt +%((% —ar) (v + BR) + (i — Br — ) Sinﬁkt” okt

+ [—2(04 + ak)%eo‘kt + ekt {(Qa’yk + ozz + ﬁ,% + ’y}f) cos Brt+

-Uimw&+ﬁz—ﬁ>+w«ﬁ—ﬂz—ﬁ»mnm4]%k+ka+amwﬂ+

1 .
4+ Ykt [—(a + ay;) cos Bt + a(a'yk — aoy, + B,% + 7,3 — agk) sin ﬁkt” or+

¢
+/ Fy(1;u,a,b) [(a + ak)eo"“(t#) + W (t=T) [(—a + ag) cos Bt — 7)+
0

1
+ (%;_ a(’yk — o) + 5k) sin By (t — T)” dT} <h1 (t) — ha (t) / w(z) cos /\kxd:ﬂ> } :
k 0
(22)
Thus, the solution of problem (1) - (3), (6), (7) is reduced to the solution of system
(14), (21), (22) with respect to unknown functions u(z,t), a(t) and b(t).
The following lemma is true.

Lemma 1. If {u(z,t),a(t),b(t)} —is any classical solution to problem (1) (1)-(3), (6),
(7), then the functions

1
up(t) = /u(x,t)cos)\kzndzn (k=1,2,...)
0

satisfy the system (11).

Corollary 1. Lemma 1 implies that to prove the uniqueness of the solution to problem
(1) - (3), (6), (7), it suffices to prove the uniqueness of the solution to system (14), (21),
(22).

Now, in order to study problem (1) - (3), (6), (7), consider the following spaces:
1. Let us denote by B%T [8] the collection of all functions u(z,t) of the form

u(zt) = Zuk(t) COS AT, A = g(Qk - 1),
k=1

considered inDy for which all functions uk(t) € C[0,T] and

o 1/2
Jr(u) = <Z(>\%Huk(t) ||C[O,T])2> < o0.

k=1

The norm in this set is defined as follows:

e, )l o, = ().
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2. Let us denote by E2 the spaces of the vector of functions {u(z,t),a(t),b(t)} such
that
u(z,t) € BgT,a(t) € C[0,T7,b(t) € C[0,T] .

We equip this space with a norm:
Il = e, Ol gz, + oo + POlloor -

It is known that BST and E% are Banach spaces.
Consider the following operator in space E3.

®(u,a,b) = {®1(u,a,b),P2(u,a,b), P3(u,a,b)},

where

ak(t) cos A\g, , o (’LL, a, b) = a‘(t)v ) @3(?1, a, b) = E(t)

NE

Qi (u,a,b) =u(z,t) =

B
Il

1
where @,(t) (k = 1,2,...), a(t) and b(t) are equal, respectively, to the right-hand sides

(11), (21) and (22).
Accept the notation

1 1\ ., 2
| 1N o, 2
/82k—2<(04—3>/\k+27)+

Then

i ((a— ;) A£+227)2+217 (Ai— ;)3] . (29)

arg = gk, Bk = —V Pk -

Hence, taking into account (23) and (24), we obtain:

) Qo — Bok 9a 11
i+ ik = | /amr — B = i <P
oo + Yoo+ ) 53,
It is easy to see that
1 90 13 1 o+ Bk 9a 5
< - < — —_ = =l-—-——| < — - =
| < ok + Bk 3’_ 5 T % €1, [kl ' 3 5 S ti=e

V2 5 1 1 1 1\? 1
M= < B <= (a-— Sla- =) + o A =an
E3M = 3 < Br < 2<04 27>+ 4<Oé 27) +27k k= €4k,
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b = (o —)* + B > Bi > €3A%,
Taking these relations into account, we find:

1/2

) 1/2 o0 1/2 .
(zuzuaut)rm)?) < po(T) (z@mkw) 4 (D) (zumkw) N
k=1

k=1 k=1

o0

1/2 oo 1/2
+p2(T) <Z()‘I2c|902k:’)2> + p2T)VT (/0 Z()‘i|fk(7')|)2d7> +
k=1

k=1

o0

1/2
+p2(T)T ||a(t)| o,y (Z(Ai Iu;e(t)llqo,n)Q) :

k=1

+o2(T)VT [[6(t) | 010,17 </0 > (A lgk(r) ’)2d7> ; (25)
=1

la()ll e, < H[h(t)rlHC[O,T]

(Wre+ @) — [ wt@is 01 90,0~

g

- (w04 @) - 500.0) [ ot e.00ds

+
0,7

o 1/2 )
+<ZA,£> <Hg<o,t>|| con [w@)l| 101 + ' /0 w(x)g (z,t) da)

X
co,T]

o 1/2 0 1/2
X{Os(T) (Z(Aiwow) + pa(T (Z Al @) ) -
k=1

k=1

00 1/2
+p5(T) (Z(Ailwzk\) ) + ps(T (/0 > R Ifk(7) T> +

k=1 k=1
00 1/2
+p5(T)T" [|a(®) | 0,19 <Z()\2 ||Uk(t)||0[o,T])2> +
k=1
+os(T)VT 6| clory (/ > ’914:(7')’)2d7'> ] } (26)
0 k=1
[0y = 007

o1 —
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XHK%%%%%@)—f@ﬂ>hMﬂ—

_|_

clo,1]

1
Qﬁ@+wu>f@wlwwﬁmww)m@

) 1/2
+ (Z AIZQ) (Ih1 @I crory + b2 Ol cpom lw (@) Lo0,1) ) *
k=1

0o 1/2 00 1/2
x {P&;(T) (Z()\i|¢0k|)2> + pa(T) <Z(>\2901k |)2> -

k=1 k=1
o 1/2

1/2 T oo
+p5(T) (Z(Ailwzk\)2> + ps(T)VT (/0 Z(A%Ifk(7)1)2d7> +
k=1

k=1

o)

1/2
+p5(T)T" [[a(®)l 00,1y <Z()\i ||uk(t)||C[O,T])2> +

k=1

T oo 1/2
+p5(T)VT [Ib(t)[| o1y (/0 > ’919(7')’)2d7'> ] } ’ (27)
k=1

where

1
po(T) = {(5% +ehe T 4 gpes2T [51 + 2e9 + 6—(5% +ei4 5153)} } ,
3

6 1
p(T) = \gg {ngealT +q 2T [262 + ;(5% +e3+ 63)] } )
3 3

V6
€3

pa(T) = £26 {eelT + e2T [1 + ;3(51 + 52)} } :

€3
ps(T) = 61% {(a b€+ e2)enT 4 T [51(a61 + 2ae0+
+ 2+l 2((51 +e2)(e3 +e3) +afed + &5+ 5153))] } )
pa(T) = 51§ {252(a +1)estT 4 2T [e% +e3 +ei+
+2ae9 + ;(sg(af +e34e3) +afe? +e3+ 5153))] } :

1 1
p5(T) = = {(a +e1)estT 2T [a +e1+ E—(a&?g + e Fed el + 6152)] } :
3 3

Suppose that the given problem (1) - (3), (6), (7) satisfy the following conditions:
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1. @i(x) € C?[0,1], ¢! (x) € L2(0,1) and ¢L(0) = p;(1) = ¢¥(1) =0 (i =0,1).
2. pa(z) € CHO,1], () € La(0,1) and ¢h(0) = p2(1) =0 .

3. f(l‘,t), fz(mvt) € C(DT)7 fx:r(x’t) € LQ(DT) and fx(oat) = f(lvt) =0 (0 <t<
7).

4. g(.’L‘,t), gac(x7t> € C(DT)7 gzx(xﬂt) € L2(DT) and gac(()?t) = g(l,t) =0 (0 <t< T)'

5. h(t) € C3[0,T] ,h(t) = hi(t) g (0,t)—ha(t) [} w(z)g (z,t)dzx #0(0 <t <T),w(z) €
Ly(0,1).

Then from (25) - (27) we have:

[a(z, )l gz, < AUT) + BuT) [la®) | cro,my llulz: O)ll gz, + CLT) bl (28)

la@ e = A2(T) + B2 (T) la®)llcpory 1wl )l gy .+ C3(D) 16 oo, - (29)

1) | o < AST) + Bs (D) el cpoy (e, Dll g, + O5(T) [0 cpor - (30)

where
Al(T) = po(T) ng/(x)HLQ(O,l) + pl(T) H@ll//(x)HLQ(OJ) +

o2 |5 @) 00y + PDNVT (s (@) o

Bi(T) = pa(T)T, C1(T) = p2(TIVT || e (@, )| 1y Dy -

e
g

- (0w - o) [ o@)g (1) da

X
0,7

\ (w0 + ni - | @) f (a1 i) (0.0~

0

+
clo,1]

X
clo,T]

1
/ w(z)g (x,t) da)
0

0o 1/2
™ (Z >‘k2> <H9(07t)|| co) lw@) o00) + '

k=1

% (p3(D) |48 @) | 1y 02y + 1T |4 @) 0y +

+05(T) 65| 1y 0y + P5TVT | e Dll o))

~ 1/2
By(T) = H[h(t)]_IHC[O,T] <Z )‘kQ) X
k=1
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1

/ w(z)g (z,t) dx)
0

Co(T) = H[h(t)]_luc[o,T] X

00 1/2
X (Z /\1;2> (g, ) cro.m lw(@)l o0,1)+

k=1

X <Hg(07t)” cor) lw@)| o0 + ‘
clo,T]

1
+ | [ w@a.a

)P5(T)\/T||gm($at)||L2(DT) )

clo,T]

aa(®) = [ <A (0+ 10 - 10.0) 1o -

1
- (h’l"(t) + 1 (t) = f(0,1) —/0 w(z)f (z,1) dw) ha (t) +

clo,1)

o0 1/2
+ (Z A;f) (b1 I ey + b2 O cpory (@) 2201 ) %
k=1

% (p3(T) 6@ | a0y + 2@ |91 @y 0y +
p5(T) 40 0y + 5TV el Ol ) }
B3(T) = H[h(t)]_IHC[O,T]

00 1/2
(Z Ak2> (IIhl Ol coy + 2 O e,y W@ La(0,1) > ps(T)T
k=

1
C3(T) = H[h(t)]_IHC[o,T] X

o 1/2
x (Z Af) (!hl @Ol cror + b2 O croy lw @) L20,1) )

k=1

From inequalities (28) - (30) we conclude:

(e, D, + 18Ol cior + [B0)] ., <

< A(T) + BT o legoay I, g, +CT) Ol ooy
where
A(T) = Ai(T) + A2(T) + A3(T)
B(T) = Bl(T) + BQ(T) + B3(T) ,C(T) = Cl(T) + CQ(T) + Cg(T) .

So, the following theorem is proved.

) ps(T)T',

(31)
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Theorem 2. Let conditions 1-5 be satisfied and
(A(T)+2)(B(T)(A(T)+2)+C(T)) < 1. (32)
Then the problem (1)-(3), (6),(7) has a unique solution in the ball K = Kg(||z HE% <
R= A(T) +2) from E3.
Proof. In space E% consider the equation
z=oz, (33)

where z = {u, a,b}, the components ®;(u,a,b) (i = 1,2,3), of the operator ®(u,a,b),
are defined by the right-hand sides of equations (14), (21), (22).

Consider the operator ®(u,a,b) in the ball K = Kg from E3. Similarly to (31), we
obtain that for any z1, 29, 23 € K the following estimates are valid:

12 . < A(T) + B(T) [la(®)lloro,ry llu(z: O)ll g3, + CT) 160l o7y »

< A(T)+ (A(T)+2)(B(T)(A(T)+2)+ C(T)), (34)
@21 — Pzof| g <

< B(T)R([lar(t) = a2(®)llcpo,ry + llua (@, 8) = uala, )l gz ) + C(T) [101(8) = b2()ll 0,77 -
(35)

Then, by virtue of (32), from (34) and (35), it is clear that the operator ®(u,a,b),
satisfies the conditions of the contraction mapping principle on the set K = Kg. Therefore,
the operator ®(u, a,b), in the ball K = Kg has a unique fixed point {z} = {u, a, b}, which
is a solution to equation. (33), i.e. is the only solution of systems (14), (21), (22) in the
ball K = Kp.

The function u(x,t), as an element of space BS’T, is continuous and has continuous
derivatives uy(x,t), uzy(z,t) in Drp.

Similarly, [7], it can be shown that w;(x,t), wze(z,t) uw(z,t), uw(x,t) are continuous
in Dp.

It is easy to check that equation (1), conditions (2), (3), (6) and (7) are satisfied in
the usual sense. Then, {u(z,t),a(t),b(t)} is a solution of problem (1) - (3), (6), (7). By
the corollary of Lemma 1, it is unique in the ball K = Kg. Theorem is proved.

Using Theorem 1, the last theorem implies the unique solvability of the initial problem
(1) - (4).

Theorem 3. Let all conditions of Theorem 2 be satisfied and

/0 w(@)go (z) dz = hy (0), /0 w(@)er () dz = 1, (0), /0 w(z)ps (z) dz = 1 (0)

0 (0) = h2(0), ©1(0) =h5(0), 2(0)="n5(0) ..
Then problem (1) - (5) has a unique classical solution in the ball K = Kg(||z|| B <
R=A(T)+2) from E3. .
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