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On Pouncare Type Inequalities for Functions from Sobolev-
Morrey Type Spaces with Dominant Mixed Derivatives
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Abstract. In this paper, are proved help of method integral representation are proved Pouncare
type inequalities for functions from Sobolev-Morrey spaces with dominant mixed derivatives.
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1. Introduction

Let G C R", 1 < p < o0; ¢(t) = (p1(t1), p2(t2), s pnltn)), ¥j(t;) > 0(t; > 0) is

i(t5)
Lebesgue measurable functions, tjli_)rr}rogoj- (t5) tjgr}rloo@j(tj) < K < oo, we denote the

set of vector-functions ¢(t) by A. Let e, = {1,2,...,n}, e Cep;and I = (ly,l2, ..., 1), I >
0 are integers (j € ey); and I® = (If, ..., [},), where [§ = [; for j € e; I§ = 0 for j € e,\e = ¢/;
For any x € R" put

1 .
Gy (@) = GNlyp(z) =GN {y Hlyg —al < 5wt € en} ,

and
be b;
[ e = |11 [ da; | @)
ae jeeaj

i.e. integration is carried and only with respect to the variables x; whose indices belong
to e.

Definition 1. The Sobolev-Morrey spaces with dominant mized derivatives 5117 gDﬁVV(G)

of locally summable functions f on G having the generalized derivatives D' f(e C e,) on
G with the finite norm

p— le
1fllst, wie = 22 HD pr,so,ﬁ;G’ v

eCen
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where
1l = 10y 9 = 510 (1 (0D Ul 00) - )
l‘/>07
|(90([t]1))|_5 = H (SOJ' ([tj]l))_ﬁj ) ﬂj € [07 1]7 [tj]l = min{latj} , J € en.

Jj€en

Note that the space Szl),%ﬂW(G) in the case 3; = 0(j € e,) coincides with Sobolev
space with dominant mixed derivatives SZZDW(G) which were introduced and investigated
by S.M. Nikolskii and were further considered in the papers [2]-[5].

For any t; > 0 (j € ey), there exists a positive constant C' > 0 such that | ([t];)| < C,
then the embeddings Ly, , g(G) — Ly(G), Szlmso,BWQG) — SII,W(G), hold i.e.

1fllpe < CIIf

o B.G Hstll,W(G) <C ”fHSéWﬂW(G) : (3)

In this paper, with method of integral representation, we estimate the norms of func-
tions from Sobolev-Morrey spaces with dominant mixed derivatives Sfo% BW(G) reduced
by polynomials, determined in n-dimensional domains satisfying the flexible -horn con-
dition.

In order words, we prove the inequalities type Pouncare as

ID”(f = Pealf o)llgoo < Clo Il s

where
HfHSl w(G@) = Z HDlef )
P8 0LeCen ¢, 8,G
s JEe
o(1) = max [T (¢5(1))% , sey = A
eCen jcen ! ! —vj — (1= B;p) <;, - 5) ,jee.

Such problems in different spaces were studied in papers [1,9,10].
Let M (-,y,2) € C3° (R") , e C ey, and by such that

1 .
S (M) = suppLe C L) = {:U sl < §<pj(Tj), je en}.

Assume that for any 0 < T; <1 (j € ep)

Yy
V = ———— € S Me y
0<t]-U§Tj {y p(te+T¢) ( )}

where (te —i—Te/) =tj, jE€e (te +Te') =Tj,je¢.
It is clear that V' C I (7, and suppose U + V' C G, where U is an open set, contained

in the domain G. Let
Ggo(T)(U) = (U + I@(T)(x)) NG = Z,



On Pouncare Type Inequalities for Functions from Sobolev-Morrey Type Spaces 37

and let U +V C Gy)(U).

Assuming that ¢;(t) (j € e,) are also differentiable on [0,7}], j € ey, and is obtained
that in for f € S;,W(G) determined in n-dimensional domains, satisfying the condition of
flexible ¢-horn, it holds the following integral representation (Vz € U C G) [8]

DUf(x) = 3 (=) (o5(T3) 7 x

e<en jee’
T plo(te+T¢), ,
XO[R[MéU) PG ( ¢((te+Te')) ) o (et 17) ) | >
< ] (st 2 T] &) (¢))dtedy. (4)
j€e Jj€Ee

2. Main results

Theorem 1. Let G C R™ satisfy the condition of flexible p-horn [5], 1 <p < g <oo, v =
(v1,v2,...,0,) , v; >0 be entire (€ ey,) , f € S;lw’ﬂW(G), and let

1 1 i
i =1l —v; — (1= B;p) <_)>07]€€n- (5)
p q
Then exists polynomials P,_1(f,x)

1D (f = Pea(fa)llg < Cre1) Y- |[D75)

M
,0,8,G
OeCen D, 8

Se;
where p(1) = géaefnjeen (p;(1))77,

g - Hi, ] ce
“J —’UJ—(l—ij) (%_%)7 .7 66/7
and C is constant independent of f.

Proof. At first note that in the conditions of our theorem there exists generalized
derivatives DV f in G. Indeed, if p1; > 0 (j € e,), p < g, it follows that for f € Szll,goﬁ —
fe SIZ)W(G). Then there exists generalized D' f € L,(G), it holds the following integral
representation (?7). Note that in case

(o er) ) -

:—mpcp(te+Te/),0<tj§Tj:1 (J €en)
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is valid:

;
DUf) = Pa(fim)+ 3 (—)le / / M) x

P#eCen 0¢ Rn»

y p(‘p (t€+1el> x) /
: p’(cp(t“rle),x) X

pte+1¢)" p(te+1¢)

x D" f(a+y) [T (05"~ 2 [ [ ¥j(t)dtcdy.

j€e j€e

The support of this identity is contained in the flexible p-horn x +V C G. Hence, by
the Minkowski inequality, we have

ID°(F = Pea (f Dl = D || B (e +17) | (7)

0#eCen @U
16
K. (a:,t€+16’) = //Me(”)x
0¢ R»

y p(“" <te+16/) x) /
, p’((p(te—i—le),x) X

pte+1¢)  p(te+1¢)

here

x D" f(x+y) [T (0t 2 T ] @) (t5)dtdy. (8)
j€e j€e
Applying generalized Minkowski inequality (7) for K¢(z,t) defined by equality (8) we get

-
|t 41| < cl/H(soj@j))”“” x

“L

i e
< TT ¢ (1) HRe (t n 16’) H dt€dy. 9)
where .
byt )

xp (go <te + 16/) ,:c) D" f(x +y)dy.
Help of inequality (¢ < r < 0o0) we get

1
T

I e s S
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1 _ 1 1
let1<p<r<os, s<r(l=1-1+1),
s % e
) (Ip"s

and apply Holder inequality for (% + (1 — %) + (% —

p
’ e p Yy
. e 1€ < Dl ‘M(v) g
e ) ([ el (g

0 |

_1
s

") (e

)

%) = 1) , we have

- (e s

D"

p(go(te—i-le,,x)) ) )
1) ,p<¢<t6+16)7x) dy® | x

x (R[Dlef(:wy)px(w(teym) dy x

plo(te+1¢x )
Jloe (s e 1) )

S =
3=

0 [
3=

Rn
Further, we will assume that there exists a function M,(z) such that |M,(z,y,2)| <

<C ‘Me(m) , for all (y, z) € R*™.
Let x be a characteristic function of the set S(M,). Then, we have
e (1) =
U, (t41¢)
11
P Y "
< sup /‘Dlefaﬁy) X<,>dy X
zeU ( ) 2] (te + 1€ )
le p "
X sup ‘D f(as—}—y)‘ dr | x
yev
) y )
X MYV | ———— || d . 11
[ (e )| -

For any = € U we have

[ R R e EUE R N (0| R

R (U+V)(p<te+1e)
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< [l sw[ av< s T tesan™,
Z

D,p,B,2 jeen
foryeV
[Py a <
Uofueae)
e p e
< [ sl arsore], T
P, 0,2
Z ]een
and

HSOJ

Jeen

I (s (1)

Jj€en

[ b (et )| -
HRe (-,t6+ 1@’)

<

T,Uw(te+le)

X HDlef

Dy, 0,2

By means inequalities (9), (10) and (15) for r = ¢ we have

e

Dy, 5,2

Substituting the inequality (??) in (??), we obtain the inequality (?7).
This completes the proof of Theorem 2.1.

(13)

(14)

Theorem 2. Let all the conditions of Theorem 2.1 be fulfilled. Furthermore, let I' € N

and if
1

1 )
b0 (D) <t e
p q
Then

1D (f = Pea(fs o)l gy < Coon(D) > ||
D+#eCen

)
‘p,v,ﬂ;G

1
where ¢1(1) = max ][], (¢1(1))%d .
eCen n

. i, jEe
S, ; = .
“ T —u- (=) (A1) -t e

Cy is constant independent an function on f. The theorem is proved analogously to The-

orem 2.1.
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An Application of Generalized Distribution Series on
Certain Classes of Univalent Functions

Saurabh Porwal*, G. Murugusundaramoorthy

Abstract. The purpose of the present paper is to obtain some sufficient conditions for generalized
distribution series belonging to the classes S*(«, 8,7), K(«a, 8,7) and inclusion relation of these
subclasses by R7 (A, B). Finally, we obtain some necessary and sufficient conditions of an integral
operator associated with the generalized distribution series.

Key Words and Phrases: generalized distribution, Analytic, univalent functions, convex func-
tion and starlike functions.
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1. Introduction

Let A denote the class of functions f of the form
o0
f2)=z2+) an2" (1)
n=2

which are analytic in the open unit disk U = {z: z € C and |z| < 1}. As usual, by S
we shall represent the class of all functions in A which are univalent in U and further, we
denote 7 be the subclass of S consisting of functions of the form

o0

f(z)=2= lanlo". (2)

n=2

The convolution (or Hadamard product) of two series f(z) = >..° jan2™ and g(z) =
Yoo o bn2™ is defined as the power series

() =D anbu".
n=0

*Corresponding author.

http://www.cjamee.org 42 © 2013 CJAMEE All rights reserved.
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A function f € A is said to be starlike of order @ (0 < aw < 1), if and only if

m(?&?)>m (z € U).

This function class is denoted by S*(a). We also write S*(0) =: §*, where §* denotes the
class of functions f € A that f(U) is starlike with respect to the origin.
A function f € A is said to be convex of order a (0 < o < 1), if and only if

Zf”(Z))
D4 (1 + >a, (ze€l).
) =<t
This class is denoted by IC(«). Further, K = KC(0), the well-known standard class of convex
functions.

It is an established fact that f € K(a) <= zf" € §*(«).

We recall the class $*(a, 3, 7) defined and studied by Kulkarni [10].
Let 8*(a, B,7) the subclass of T consisting of functions which satisfy the condition

f(z) -1
2(f'(z) —a) = (f'(2) = 1)
Where0<5§1,0§a<%and%§fy§1
Recently, some conditions of hypergeometric functions on the class S*(«, 3,7) have
been studied by Joshi et al. [9].
Now, we define a new class K(«, [3,7) be the subclass of 7 consisting of functions which
satisfy the condition

< B, (zel). (3)

2f"(z2) + f'(z) -1
2y(2f"(2) + ['(2) — ) = (2f"(2) + ['(2) = 1)

WhereO<B§1,0§a<%and%§7§l.
By using (3) and (4) we note that

f(z) € K(a, B,7) & 2f'(2) € S*(a, B,7).

A function f € A is said to be in the class f € R7(A,B) (1 € C\{0}, -1 < B < A<1),
if it satisfies the inequality

<B, (zel). (4)

f'(z) -1

A-Br-Bre -1 " FeY

The class R7 (A, B) was introduced earlier by Dixit and Pal [7].

The applications of hypergeometric functions ([9], [20]), confluent hypergeometric func-
tions [5], generalized hypergeometric functions [8], Wright function [17], Fox-Wright func-
tion [6], generalized Bessel functions ([4], [15]) are interesting topics of research in Geomet-
ric Function Theory. In 2014, Porwal [13] (see also [2], [11]) introduced Poisson distribution
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series and obtain necessary and sufficient conditions for certain classes of univalent func-
tions and co-relates probability density function with Geometric Function Theory. After
the appearance of this paper several researchers introduced hypergeometric distribution
series [1], confluent hypergeometric distribution series [16], Binomial distribution series
[12], Mittag-Leffler type Poisson distribution series [3] and obtain some interesting prop-
erties of various classes of univalent functions. Recently Porwal [14] introduced generalized
distribution series and obtain some necessary and sufficient conditions belonging to the
certain classes of univalent functions. Now, we recall the definition of generalized distri-
bution. Let the series > - ¢,, where ¢, > 0,Vn € N is convergent and its sum is denoted
by S, i.e.

S=3 1 )
n=0

Now, we introduce the generalized discrete probability distribution whose probability mass
function is

p(n>:§7 n:071727 (6)

Obviously p(n) is a probability mass function because p(n) >0 and ) p, = 1.
Now, we introduce the series

b(x) = 3 toa™, (7)
n=0

From (5) it is easy to see that the series given by (7) is convergent for |x| < 1 and for
x =1 it is also convergent.

Now, we introduce a power series whose coefficients are probabilities of the generalized
distribution

n=2
Further, we define the function

o0
tTL—l n

TKy(z) =2z — 57 (9)

n=2

Next, we introduce the convolution operator T'Ky(f, z) for functions f of the form (2) as
follows

THy(f,2) = Ko(2) () = 2= 3 Jan] 512" (10)
n=2

In the present paper, motivated with the above mentioned work, we obtain necessary and
sufficient conditions for generalized distribution series belonging to the classes K(«, 3,7),
S*(«, B,7) and inclusion relation of these subclasses by R™(A, B).
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2. Main Results

To establish our main results we shall require the following lemmas.

Lemma 1. ([9]) A function f € A and of the form (1) belongs to the class S*(a, 8,7) if

o0

Sl + B(1 = 29)]|an] < 267(1 - ). (11)
n=2

Our next lemma is a direct consequences of definition (4).

Lemma 2. A function f € A and of the form (1) belongs to the class K(«, 5,7) if

> n?[1+B(1—29)]an| < 28v(1 - a).

n=2

Lemma 3. [7] A function f € R™(A, B) is of form (1), then
lan| < (A—B)’Tn|, n € N\{1}. (12)

The bound given in (12) is sharp.

Theorem 1. If f € A is of the form (1) and the inequality

(1+8(1—=27)) [¢"(1) +3¢'(1) + (6(1) = ¢(0))| < 2B8y(1 —@)S (13)
is satisfied, then Ky(z) is of the form (8) is in the class K(o, B3,7).

Proof. To prove that K4(z) € K(c, ,7)from Lemma 2 it suffices to prove that

(1—a).

Zn 14+ 6(1—2 )] 5

Now

Zn 1+ B(1—27)] Sl
1 1-29) |
ZJW[Zn]tM

n=2

:Mi[(nf1)(n—2)+3(n—1)+1]fn71

S n=2
_ 1481 —29)
N S

WE

[n(n — 1)t, + 3nt,, + t,]

n=1
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_ Hﬁ(;—%y) ¢ (1) +3¢'(1) + (¢(1) — ¢(0))}
< 26y(1 - a).

This completes the proof of Theorem 1. <«
Theorem 2. If f € A is of the form (1) and the inequality

[1+ 801 = 27)] [¢'(1) + (6(1) = 6(0))] < 28+(1 = @)$. (14)
is satisfied, then Ky(z) is of the form (8) is in the class S*(«, 3,7).

Proof. To prove that K4(z) € S*(«, 8,7) from Lemma 1 it suffices to prove that

Soalt+ 801 - 2] 5t < 264(1 - a).
n=2

Now
> nl1 + (1 - 27)]
2l S
:Mé‘””[;w—lm b
4801 =29 &
- fﬂd [ty + t)
= LEAL=2054) 4 (o) - 0(0))]
<2B87(1 - o).

Thus the proof of Theorem 2 is established. «

Remark 1. The conditions (13) and (14) are also necessary for the distribution series
TKy(z) defined by (9).

Theorem 3. If f € R™(A, B) is of the form (2) and the operator TKy(f,z) defined by
(10) is in the class K(a, B,7), if and only if

(A—B)1 +Sﬁ(1 — 29)]|7| [¢,(1) 4 (o(1) — qb(o))} < 28y(1 - a). (15)

Proof. To prove TKy(f,z) € K(a, 3,7), from Lemma 2, it suffices to prove that

P =Y n?[1+ (1 —27)llan| < 28+(1 - ).

n=2
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Since f € R™(A, B) then by using Lemma 3 we have

o < =,
Hence
Pl SM_SBNT’ ;n[l + B(l - 27)]25”*1
_(A=B)[1+B(1 =27 |
_ - [nz;(n — 1)+ 1] th-
_(A-B)1+ 81 -29)]I7| -
! Z nty, + t,)
_(A-B) +SB(1 —29)]|7| {d) (1) + (6(01) — 6(0)
< 267(1 - a).

Thus the proof of Theorem 3 is established. «

Theorem 4. If f € R™(A, B) is of the form (2) and the operator TKy(f,z) defined by
(10) is in the class S*(«, B,7), if and only if

(A= B)[1+B(1 = 29)]|7|
S

Proof. The proof of above theorem is similar to that of Theorem 3. Therefore we omit
the details involved. «

[¢(1) = ¢(0)] < 28v(1 — ). (16)

3. An Integral Operator

In this section, we introduce an integral operator T'Gy(z) as follows

: TK,
TGy(z) = /0 t¢(t)dt, (17)

and obtain a necessary and sufficient condition for TG4 (z) belonging to the classes S*(«, 3,7)
and K(a, 3,7) .

Theorem 5. If TKy(z) defined by (10), then TGy(z) defined by (17) is in the class
K(a, B,7), if and only if (14) satisfies.
Proof. Since

[e.o]

tn n
TGy(z) =2z — Z nSl

n=2
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by Lemma 2, we have to prove that

Zn 1+51—2)] (1—a).

Now

S n?f1+ 81 - 29))

n=2
Z 1+ B(1 = 27)]tn
[1 B(1—29)] &
S ;[mﬂ)—lm
_ [14‘/8(;’_2'7)];[”_‘_1]75”
= AL 2005 4) + fo(a) - o(0)
<28v(1 - o).

This completes the proof of Theorem 5. <«

Theorem 6. If TKy(z) defined by (10), then TGy(z) defined by (17) is in the class
S*(a,8,7), if and only if

LHB0= 20 1500) - 6(0)] < 264(1 - ).

satisfies.

Proof. The proof of above theorem is much akin to that of Theorem 5. Therefore we
omit the details involved. <«
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On Basicity of Trigonometric Systems in Sobolev-Morrey
Spaces

Valid F. Salmanov, Seadet A. Nurieva

Abstract. This work is devoted to the study of basicity of the system 1 Ut U {sinnt}, ., and
{cosnt}, -, in one subspace of Sobolev-Morrey space. a

Key Words and Phrases: Sobolov-Morrey spaces, basicity.
2010 Mathematics Subject Classifications: 341.10; 46A35

1. Introduction

The concept of Morrey space was introduced by Morrey in 1938. Since then, various
problems related to this space have been intensively studied. Playing an important role
in the qualitative theory of elliptic differential equations (see, for example, [5, 13]), this
space also provides a large class of examples of mild solutions to the Navier—Stokes system
[12]. In the context of fluid dynamics, Morrey spaces have been used to model flow when
vorticity is a singular measure supported on certain sets in R [7]. There are sufficiently
wide investigations related to fundamental problems in these spaces in view of differential
equations, potential theory, maximal and singular operator theory, approximation theory
and others (see, for example, [6] and the references above). More details about Morrey
spaces can be found in [15, 19].

In recent years there has been a growing interest in the study of various subjects
related to Morrey-type spaces. For example, some problems in harmonic analysis and
approximation theory have been treated in [8-11,17].

The basis properties of trigonometric systems in classical spaces are well studied [1,
2, 14]. Study of the problems of the approximation theory in spaces such as Morrey has
recently started and it remains much to learn. Basicity of exponential systems in Morrey
type spaces is studied in [3,4,18]. Basicity of exponential system [5] in Sobolev-Morrey
spaces studied in [16]. In this paper we study the problem of basicity of trigonometric
systems in Sobolev-Morrey spaces. In the future, our goal is to follow the scheme of work
[16].

http://www.cjamee.org 10 © 2013 CJAMEE All rights reserved.
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2. Morrey-Lebesgue space

Let us give a definition for above-mentioned spaces. Let I be some rectifiable Jordan
curve on the complex plane C. By |M| we denote the linear Lebesgue measure of the set
McCT.

By the Morrey-Lebesgue space LP* (I'), 0 < ae < 1, p > 1, we mean a normed space of
all functions f () measurable on I' equipped with a finite norm |- || 5.0 (p):

o1 1/p
ufrm,a(r):(sgp\Bﬂr\ /B m\f(f)lpldﬂ) < o0,

where the sup is taken over all disks B centered on I'. LP'*(T") is a Banach space and
P (T) = L, (T), LP? (T) = Leo (T).

The embedding LP*t (T') ¢ LP2 (T") is valid for 0 < a1 < ag < 1. Thus, LP*(T") C
L,(T), Ya € [0,1], Vp > 1. The case of I' = [0, 7] will be denoted by LP*“.

Denote by LP® the linear subspace of LP® consisting of functions whose shifts are
continuous in LP*, i.e.

[P ={f € Lpa: If ( +8) = f ()] = 0,6 = 0},

The closure of LP® in LP® will be denoted by M LP®, i.e. MLP™ = Lpe.

3. Morrey-Sobolev space

Let 0<a<1,p>1.By Wpl’a we denote the space of functions which belong, together
with their derivatives of first order, to the space LP** (I") equipped with the norm

HfHW(},a = HfHLPa + Hf/HLp,a . (1)

Denote by Wpl’a the linear subspace of Wplﬂ consisting of functions whose first order

derivatives are continuous with respect to the shift operator. By M Wplﬂ we denote the
closure of this space with respect to the norm (1).
By %, we denote the direct sum of M LP* and C (C is the complex plane)

Lpa=MLP* @ C.
Let us define the norm in ., , in the following way:
Il g, = llullppe + AL VE = (4;X) € Lo
The following lemma is true.

Lemma 1. The operator (Ad) (t) = A + fgu(T) dr is an isomorphism from £, . onto
MW} .
p’a
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Proof. At first let us show that v (t) = (Au)t € Wz},a‘ Indeed, since LP* C L, C Ly,

then .
M@MW=W+/umm swm,lv <
0 Lpa Lp
o 1 t 1/p
< (m)? [N+ sup {1-&/ / u(r)dr dt} <
1c(o,7) U] 11Jo
p y1/p
< (@7 A+ sup { L a/(/ fu (r W) dt} _
1c(o,m) U]
= ()3 A+ (M5 ullg, 0m) < +00- 2)
Also, since v/ (t) = u (t) € LP*, we have v (t) € W .
Now we show that v (t) € MW, . From u € MLP it follows
o (+8) =0 Ollwg, = 0 +8) =0 Oligpe + o C+6) =0 () =

+llu(-+9)—u()|pa =0, §—=0.
Lo

+8
:H/ w(r)dr

Let us show that A is a bounded operator. We have

+ llu ()l o -
Lp

t
4@y, = [+ [ utrar

Taking into account (2)

A @y, < @P N+ (0)P lull, .m + lull Lo -
As the following relation holds
ullp, < Cillullp, < Collullpp.a,
we have the validity of the following inequality

[A @l <M A+ lullppa) = M ldll g, , , M = const.

Let us show that ker A = {0}. Let Au =0, i.e. A+ fo 7)dr = 0. If we differentiate
both sides, we get u () = 0, a.e. . Thus A = 0. We have u = 0 For Vv € MW, , taking
0 = (v;v(—m)) we have 0 € L, , and A (0) = v. It means that Ry = MWpa, where Ry
is a range of the operator A . It follows from Banach’s theorem on the inverse operator
that the inverse of A is a continuous operator. The lemma is proved.

The following theorem is true.

Theorem 1. System 1UtU {sinnt}, -, forms a basis for MW, (0,7) .
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Proof. 1t is known that system {cosnt}, is a basis in space M LP* [18].
Let us prove that the system {d_1} U {y,},~, forms a basis for .}, (0, 7), where

N 0 N 1 . n cosnt
— = = > 1.
U—1 <1>7u0 <0)7un < 0 >7n_1

Let us show that for Vi € .2}, , there exists the decomposition

<33

oo
=c_1l_1 + E Cplp, (3)
n=0

and this decomposition is unique. This decomposition is equivalent to the next decompo-
sition

o0
u(t) =co+ Z cpncosnt, (4)
n=1
and equality A = c_1.

Following [18] we obtain that there exists the decomposition (4) and it is unique.
Therefore the decomposition (3) also exists and unique. Le. a system {t_1} U {ln},~¢
forms a basis for .2, (0, 7). -

We can easily calculate that for the operator

t
Al = X+ /u(T)dT,
0

the following relations are true
Afr) =1, Aliig) = ¢,
A(ly) =sinnt, n>1
If A is isomorphism, then a system 1 U ¢ U {sin nt}n21 forms a basis for M Wp{a (0, ).
The theorem 1 is proved.
Theorem 2. {cosnt}, -, forms a basis for MW, (0,7) .

Proof. 1t is known that system {sinnt}, -, is a basis in space M LP* [18].
Let us prove that the system {ig} U {dy,},~, forms a basis for £, ,(0,7), where

aoz<(1)>,an:<_”slmm>, n>1.

Let us show that for Vi € .7, , there exists the decomposition

o0

U = Z Cply, (5)

n=0



14 Valid F. Salmanov, Seadet A. Nurieva

and this decomposition is unique. This decomposition is equivalent to the next two de-
compositions

o
- chn sin nt, (6)
n=1

A=co+ Z Cn.- (7)
n=1

Following [18] we obtain that there exists the decomposition (6) and it is unique. Let
us note that the decomposition (6) belongs to the space M LP* and since LP* C L, then
Hausdorf-Young inequality holds for the system {sinnt},>; in Morrey spaces LP*. Le. if
1 < p <2 then

[ee) 1/q
(Z Incn\q> < M|z,
n=1

where 1/p+1/q = 1.
Applying Hélder’s inequality, we obtain

Z|Cn| Z |”C"| < Z < > <Z|ncn|q> " < +oo.

n=1

In the case of p > 2 since LP** C L, C Lo then

1/2
(D neal?) ™ < Mull,

and similarly

ney| & 1/2
ney
- < E_ o (E |ncy| ) < 400

n=1

So, we show that the series Z |en| is convergent. Therefore in the decomposition (7)

the coefficient ¢g is uniquely deﬁned Thus, we have shown the existence and uniqueness
of the decomposition (5) for Vi € £, ». L.e a system {,},~, forms a basis for .Z), .. We
can easily calculate that for the operator

t
:)\+/u
0

A(tg) =1, A(ly,) =cosnt, n>1

§>

the following relations are true

If A is isomorphism, then a system {cosnt}, - forms a basis for MW, .
The Theorem 2 is proved.
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spaces L, ® C and L,

T.B. Gasymov, G.V. Maharramova*, S.Kh. Amiraslanova

Abstract. In this paper we study the spectral problem for a discontinuous second order differential
operator with a summable potential and with a spectral parameter in transmission conditions, that
arises in solving the problem of vibration of a loaded string with fixed ends. Using abstract theorems
on the stability of basis properties of multiple systems in a Banach space with respect to certain
transformations, as well as theorems on basicity of perturbed systems are proved theorems on the
basicity of eigenfunctions of a discontinuous differential operator in spaces L, ® C' and L,,.
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1. Introduction

Consider the following spectral problem with a point of discontinuity:
" 1 1
Ly) =~y +a@y=ryze({0,3)JU(31), (1)

y(0) =y(1) =0,
y(3 —0) =y(5+0), (2)
y'(5-0) =y (5+0) = Imy(5),

where ¢ (z) is a complex valued, summable function, A is the spectral parameter, m is
non-zero complex number. Such spectral problems arise when the problem of vibrations
of a loaded string with fixed ends is solved by applying the Fourier method. The practical
significance of such problems is noted in the wellknown monographs (for example [1-3]).
In case when the load is placed at the middle of the string, some aspects of this spectral
problem have been studied in [4,5]. In [6] was found asymptotical formulas for eigenvalues
and eigenfunctions, in [7] was proved completeness and minimality of eigenfunctions of
the problem (1),(2) in spaces L, @ C and L,. In [8-13] the problem (1),(2) was considered
in a special case, when ¢ (x) = 0, where the theorems on completeness and basicity of
eigenfunctions was proved in weight spaces L, ® C and L, , also in Morrey-Lebesgue type

*Corresponding author.

http://www.cjamee.org 17 © 2013 CJAMEE All rights reserved.
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spaces. We also note the work [14-17], where using different methods was studied the
spectral properties of the above considered problem in the case, when the load is fixed one
or both ends of string.

The spectral parameter with discontinuity point and with spectral parameter in boundary
conditions was considered in [18-20]. Such problems play an important role in mathemat-
ics, mechanics, physics and other fields of natural science, and their applications associated
with the discontinuity of the physical properties of material. The study of basis properties
of the spectral problems with a point of discontinuity sometimes requires completely new
research methods, different from the known ones. In [21,22] new method for exploring
basis properties of discontinuous differential operators has been suggested. The present
paper is an extension of the method of [6,7,12], and here developing the methods of [21,22]
we study the basicity of eigenfunctions and associated functions of the (1),(2) in spaces
L,®C and L.

2. Necessary information and preliminary results

For obtaining the main results we need some notions and facts from the theory of basis
in a Banach space.

Definition 1. Let X- be a Banach space. If there exists a sequence of indexes, such that
{nt} C N, ng < ngy1,n0 =0, and any vector x € X is uniquely represented in the form

oo Mk+1
r = E E CiUy;.
k=0i=np+1

then the system {un},cn € X is called a basis with parentheses in X .

For nj, = k the system {u,}, .y forms a usual basis for X.
We need the following easily proved statements.

Statement 1. Let the system {un}, o forms a basis with parentheses for a Banach space
X. If the sequence {npy1 — Ny }tpen s bounded and the condition

sup [[un | [[9n]| < o0,
n

holds, where {,},cn- is a biorthogonal system, then the system {un}, o forms a usual
basis for X.

Statement 2. Let the system {x,},cy forms a Riesz basis with parentheses for a Hilbert
space X . If the system {xn},cn uniformly minimal and almost normalized, the sequence
{nks1 — M }pen is bounded, then this system forms a usual Riesz basis for X.

Take the following
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Definition 2. The basis {un},cn of Banach space X is called a p-basis, if for any =
€ X the condition

(2{:|@aﬂnﬂp>p <Mz,
n=1

holds, where {Un}, cn- is a biorthogonal system to {un}, -

Definition 3. The sequences {un},cn and {¢n},cn of Banach space X are called a p-
close, if the following condition holds:

oo
> n = énl” < o0
n=1

We will also use the following results from [23] (see also [24]).

Theorem 1. Let {zy},, o forms a q-basis for a Banach space X, and the system {yn}, cn
is p-close to {xn}, cn, where % + % = 1. Then the following properties are equivalent:

i) {Un}nen- is complete in X ;

i) {yn}neN- is minimal in X ;

i) {Yn}pen- forms an isomorphic basis to {xn}, o for X.

Let X1 = X & C™ and {in},cny C X1 be some minimal system and {79,1} N C X =
ne
X*@® C™ be its biorthogonal system:

A~

ﬁn = (Un; Anly -y anm) ;ﬁn = (79717 Bnla ceny Bnm) .
Let J = {nq,...,ny} some set of m natural numbers. Suppose

6 = det |8

i,j=1,m"
In [25](see also [26]) has been proved the following theorem :

Theorem 2. Let the system {in},cn forms a basis for Xi. In order to the system
{un}pen,s where Ny = N\J forms a basis for X it is necessary and sufficient that the
condition § # 0 be satisfied. In this case the biorthogonal system to {uy} 1s defined

by

nENJ

L S N )y,
19* — 1 Bnl 67111 e ﬁnml
ﬂnm 67’11771 ce /Bnmm
In particular, if X is a Hilbert space and the system {uy}, - forms a Riesz basis for X1,
then under the condition § # 0, the system {un}neNJ also forms a Riesz basis for X.
For 6 =0 the system {“n}neNJ s not complete and is not minimal in X.
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Let X be a Banach space and the system {ukn}k:L—mmeN is any system in X. Let

al(.z), i,k =1,m,n € N, any complex numbers. Let

A, = (al(.,:)) T and A, = detA, ,n € N.

Consider the following system in space X :
m
Ukn :Zaﬁz)um,k: I,m;n € N. (3)
i=1

Following theorems have been proved in [12] (also [21,22])
Theorem 3. If the system {ukn}ty—Tom.nen forms basis for X and
A, #0,¥n € N, (4)

then the system {ﬂkn}k:L—mmeN forms basis with parentheses for X. If in addition the
following conditions

sup { || An|
n

A} < o0r sup {llugnll 19knll} < o, (5)
n

hold, where {Vkn}y_Tmnen C X7~ is biorthogonal to {ukn}y_Tmnen, then the system

{akn}k:ﬁ;neN forms a usual basis for X.

Theorem 4. If X-is a Hilbert space, and the system {ukn}klen;neN forms a Riesz basis
for X, for holding the condition (4) the system {lgn}y_Tmnen forms a Riesz basis with
parentheses for X. If in addition the condition (5) holds, then the system {ln }y_T7m.nen
forms a usual Riesz basis for X.

We need some results from [6]. For their formulation introduce the following functions:

T 1
n@=5 [ adn@ =3 [ aa (©

Theorem 5. The eigenvalues of the problem (1),(2) are asymptotically simple and consist
of three series: \; , = pin,i =1,2,3;n = 1,2, ..., where the numbers p; , hold the following
asymptotically formulas:

prn=3mn+ 0 (35),
p2n =3+ % +0 (3%), (7)

p3n =310 — G + 2+ 0 (;3),

3+2maq1+2mqa _ __1+mage

here indicated oy = T Jap = =2 gy = ¢ (%) g2 = G2 (%)
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Theorem 6. The eigenfunctions y; , (x) of the problem (1),(2) corresponding to the eigen-
values Ay, = (pl,n)z,i =1,3;n € N, hold the following asymptotically formulas

sin3mnx + O (%) , T € [0, %] ,
Yin (z) = (8)
Yisin3mnz 4+ O (1), x € [3,1],

sin3mnz + O (1), z € [0, %] )
yo (@) = ©)
fygsin37rnac+0(%), S [%,l],
O (z), v e [0,5],
Y3 (JL‘) = (10)
vamcos3n (- 3)a+0 (L), ae [4,1],

here indicated v1 = (1 +mq1) ,v2 =

mqgi—maq2 —
TSR g =m.

3. Main results

Now consider a problem on basicity of eigenfunctions of the problem (1),(2) in spaces

L,(0,1) @ C and Ly(0,1).

Theorem 7. The root vector system {gjm}fil—gneN of the operator L, which linearized
the problem (1), (2) forms basis in space L, (0,1) & C,1 < p < oo, and for p =2 it forms
a Riesz basis.

Proof. Since the operator L has compact resolvent, the system {go} U{%in}; 15,en Of
eigenfunctions and associated functions is minimal in L, (0,1)@® C. The conjugate system
{20} U{Zin}215.en is the eigenvectors and associated vectors of the conjugating operator
L* and is in the 2y, = (2 () ;Mzin (%)) form, where z;, (z),i = 1,3;n € N are the
eigenvectors and associated vectors of the conjugate problem and anologically we obtain
the asymptotically formulas:

sin37mx+0(%) ) T € [0, %] )
Z1n (37) = Cin - (11)
~1 sin 3mnx + O (%) , X € [%, 1] ,

sin3mnz +0 (L), x€]0,3],
Z2.n ($) = Con - (12)
Yosindmnz 4+ 0 (L), z € [3,1],
O(%)v xe[()’%]’
Z3,n () = c3n (13)
Y3cos3m (n— 1)z +0 (L), z € [3,1],
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Here indicated 71 = (1 4+ mq1),v2 = ™57 v3 = m, and cip, Con, 3, are the normalized

multipliers. We can easily calculate that, the c1,,, cap, ¢35, normalized multipliers hold

6 1 6 1 3 1
0N 0(Ne 0 (2)
1+ 2]y n 1+ 2|7 n |m| n

If we consider these at formulas (11)-(13), we will obtain for z;, () the following formulas:
ﬁsin&mw + 0 (%) , TE [O, %} )

Z1n (z) = i (14)

1 sin 3rna + O (

S
SN—
8
m
—
Lol
M

14271 |?
msin3ﬂna:+0(%), T € [0,%] )
zon (z) = i (15)
1+g‘7§2|2 sin3mnx + O (%) , X € [%, 1],
O(3), v e[0,3],
23y (z) = , (16)

73005377(71—%)35—#0(%), ze[3,1],

Let us introduce the following functional system for the separating the head part of the
asymptotically formulas:

( s§itn3d TN, x € [0, %] ,
Uy () =
y18tnImnx, x € [%, 1] ,
sind T, x € [0, %] ,
Uz () = (17)
Y28ind TNTX € [%, 1] ,
0,z €0,3],
ugy () =
Y3€083 T (n — %) T, T € [%, 1] .

Then from the formulas (8)-(10) implies that, the following relations are true:
Y (2) = un (2) + 0 (3),
Yo (1) = uzn (2) + O (3) . (18)
Y (2) = ugn (2) + O (3) .

One can easily seen that the system (17) implies from the following system by the conver-

sion
3
Uin = E :aijej,n
Jj=1
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( sin3 mnx,x € [0, %
el’n(x>_{ Oxeﬂ 73]3
)

[3:1
0.4
. 0, S )3
e2n (¥) = { sin3 ™, x

€3.n (z) = {

\

1 v O
0 0

Note that, since v3 = m # 0, for 1 # Yo, i.e. 2mq; +mgz + 3 # 0 the determinant will be

detA =3 —7173#0

On the other hand the system {e;n}, 13,y forms a basis for L, (0,1) , 1 < p < oo.
Really, according to the decomposition L, (0,1) = L, (0, %) @ Ly (%, 1) and since the
systems {e1n},cns {€in}izy gy form basis in L, (0,1), L, (3,1), their combination
will form a basis in L, (0,1). If we take it into consideration and apply Theorem 3, then
we obtain that the system {uin},_73,,cx forms basis in Ly, (0,1). Consider the system in
{0} U{tin};—13men in Lp (0,1) ® C, where

Gy = (0;1), % n = (uipn;0),i=1,3;n € N. (21)

It is clear that, the system {o} U {t;n},_13.,c forms basisin L, (0,1) & C. Let us show
that it also forms a ¢-basis, where ¢ = p/(p — 1). One can easily check that the system

{190} U {ézn}

, which biorthogonal to it is in the following form:

i=1,3;neN
Uo = (0;1),95 = (93n;0),i =1,3;n € N, (22)
where
ﬁ sin3mnzx, x € [0, %] ,
Yp (x) = . (23)
H(;T;l'Q sin3mnxz, x € [%, 1],
ﬁ sin3mnz, x € [0, %] ,

192,n (.%') = (24)

672 : 1
T2l sin3tnz, x € [3, 1] ,

0, z € [0,3],

193771 (ac) = . (25)
cos 3w (n— %) T, T € [%,1] ,

3
73
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Let 1 < p < 2. Then according to inequality Hausdorf-Young for trigonometric system
(see [27], p.153) for each f € L, (0,1) the inequality

1

3 oo q
(ZZ < frein >|‘1) < M|fl,,

i=1 n=1
is fulfilled, where M > 0 is a fixed number which does not depend on f Taking into
consideration that, the system {U;,},_13.,cx implies from the system {e;n}, _73.,cn DY

conversion
3
Uin =) bijejn
j=1

where b;; are the elements of matrix the (A~!)*. We obtain from here that for an arbitrary
fe€L,(0,1) & C the following inequality holds:

3 oo q %
(S5 a]') <
i=1 n=1
and implies the system {a; . }; _15.,cn 15 @ ¢-basis in L, (0,1) @ C . Let’s point

. 1 .
Yin = (yi,n (:E) s MYin <3>> ,t=1,3;n €N,

According the formulas (8)-(10) since y;, (3) = O (1), from (18) implies that the systems

{@M}i:ﬁ;neN and {aivn}i:ﬁ;neN are p-close,

3 oo
S ldin — tinl? < 0.
i=1 n=1

Thus, all the conditions of Theorem 1 are fulfilled and according t is theorem the system
{90} U {an}iﬁneN also forms an isomorphic basis to the system {to} U{tin},_13.,cn
in L, (0,1) & C.

Now suppose that p > 2, then 1 < ¢ < 2. Taking into account that in this case the
following inclusion is fulfilled:

Ly(0,1) C L, 0,1),

Then for f € L, (0,1) ® C' we obtain:

33 :
(el aalr) =i

This implies that the system {@;n},_73.,cy forms a p-basis in L, (0,1) ® C. Besides, the
systems {Jin};—13.nen 80d {in};_73.,cn are g-close in Ly (0,1) &C:

< M|
Ls®C /

LyaC’

3 oo

DD Mdin — dinllf ge < oo

i=1 n=1
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According the system {70} U {yjm}fiﬁne  is minimal in Ly, (0,1) ® C' and again applying
the Theorem 1, we obtain that it is an isomorphic basis to {0} U {@in},_13.,cn In
L,(0,1)&C .

In the case p = 2 according the Theorem 4 the system {do} U {@in};_73,,cy forms
a Riesz basis in Ly (0,1) & C. Besides the systems {go} U {Qi,n}zﬁneN and {ap} U
{@in}—13.necn are square-close,

3 oo
SN i — tinl? < oo
=1 n=1
and according Theorem 1 the system {@O}U{Qm}ﬁﬁne  forms a Riesz basis in L (0,1)®
C and this completes the proof of the theorem. The theorem is proved. «

Now consider the basicity {yo} U {%in};o135 nen Of the system of eigenfunctions and
associated functions of the problem (1),(2) in L, (0,1). Applying the Theorem 2 and 6,
we obtain the honesty of the following theorem.

Theorem 8. In order the system {yo} U {yz7n}zﬁ7 nen Of eigenfunctions and associated
functions of the problem (1),(2) forms a basis in L, (0,1), 1 < p < oo, and for p = 2
forms a Riesz basis, after eliminate any function y;p, (x) it is necessary and sufficient
that the corresponding function zin, (z) of the biorthogonal system satisfy the condition
Zi no (%) # 0. If zip, (%) = 0, then after the eliminating function y,, () from the
system, obtaining system does not form basis in Ly (0,1), moreover in this case it is not
complete and not minimal in this space.

In Theorems 6 and 7 the parameter m which included in the problem (1), (2), generally
speaking is a complex number. But in some particular cases it is possible to refine the
root subspaces of the operator L. So, if m > 0 and ¢(x) is a real function, then the
operator L , linearized of the problem (1),(2), is a self-adjoint operator in Ly & C, and in
this case all the eigenvalues are simple and for each eigenvalue there corresponds only one
eigenvector . If m < 0 and ¢ (x)- is a real function, then the operator L is a J-self-adjoint
operator in Lo @ C, and in this case applying the results of [28,29], we obtain that all
eigenvalues are real and simple, with the exception of, may be either one pair of complex
conjugate simple eigenvalues or one non-simple real value. In the case of a complex value
m the operator L has an infinite number of complex eigenvalues that are asymptotically
simple and, consequently, the operator L can have a finite number of associated vectors.
If there are associated vectors, they are determined up to a linear combination with the
corresponding eigenvector. Therefore depending on the choice of the coefficients of the
linear combination there are associated vectors satisfying the condition 22, (%) # 0, and
there are also associated vectors not satisfying this condition.
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Asymptotic Behavior of the Distribution Function of the
Riesz Transform

Khanim I. Nebiyeva

Abstract. It is known that the Riesz transform of a Lebesgue integrable function is not Lebesgue
integrable. In the present paper, we study the asymptotic behavior of the distribution function of
the Riesz transform of a Lebesgue integrable function as A — +o0o and as A — 0+.

Key Words and Phrases: Riesz transform, distribution function, asymptotic behavior, summa-
bility.
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1. Introduction

The j-th Riesz transform of a function f € L,(R?), 1 < p < 400 is defined as the
following singular integral:

‘ T Tj—Yj L
R] (f)(.CE) =) ill)% (ye R oyl>e) |l‘ — y|d+1 f(y)dya J 1,d,

where Cg) = %.

The Riesz transform is one of the important operators in harmonic analysis. It has
been shown in [2, 6, 10, 11] that this transform plays an essential role in applications to
the theory of elliptic partial differential equations.

From the theory of singular integrals (see [10]) it is known that the Riesz transform is a
bounded operator in the space L,(R%), p > 1, that is, if f € L,(R%), then R;(f) € L,(R?)
and the inequality

IR; I, < CPIIf |, (1)

holds. In the case f € Li(R%) only the weak inequality holds:

miw e R |(BN)@)| > A < Sl )

where m stands for the Lebesgue measure, CP), C} are constants independent of f.

http://www.cjamee.org 3 © 2013 CJAMEE All rights reserved.
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In [3, 4, 5,7, 8,9, 10] the boundedness of the operator R; in other function spaces (in
the spaces of Sobolev, Besov, Campanato, Morrey, etc.) was studied.

Note that the Riesz transform of a function f € L;(R?) is not Lebesgue integrable. In
work [1] using the notion of A-integrating functions, the analogue of Riss equality is proved
for the class of functions f € Li(R?). In this paper we study the asymptotic behavior
of the distribution function of the Riesz transform of a Lebesgue integrable function as
A — 400 and as A — 0+ and find a necessary condition and a sufficient condition for the
summability of the Riesz transform.

2. Asymptotic behavior of the distribution function of the Riesz
transform as A\ — 400

In this section we studying the asymptotic behavior of the distribution function of the
Riesz transform as A — +oo.
Theorem 1. Let f € Li(R%). Then the equation

lim Am{z € R*: |(R;f)(z)| >} =0 (3)

A——400

holds.
Proof: Since f € Li(R?), then for every ¢ > 0 there exists n € N and r > 0 such that

17 = 17l < o7 @

where [f[7(z) = [f]"x(B(0;7))(x), [f(2)]" = f(x) for [f(x)] <n, [f(x)]" = 0 for [f(x)] >
x(B(0;7))(x) - characteristic function of the ball B(0;7) = {z € R? : |z| < r}. Tt
follows from (2) and (4) that for every A > 0 the inequality

miz € R Ry(f ~ @] > 3} < S~ Al < o (5)

holds. Since the function [f]?(z) is bounded, then we get that [f]" € L,(R?) for each

T

p > 1. Tt follows that R;[f]* € L,(R?) for each p > 1. Denote

Fi(z) = R;([f]})(x) - x(B(0; 2r)), Fa(x) = R;([f]}")(x) - x(R\B(0;2r)).

Then
R;([f]7)(x) = Fi(z) + Fa(x),

The function Fi(x) is concentrated on the closed ball B(0;2r), and the function Fy(z) is
concentrated on the set R\ B(0;2r). For every p > 1 from the inclusion R;([f]?) € L,(R?)
it follows that Fy(z) € L,(R?). Since the function F(z) is concentrated on the bounded
set, then we have that Fy(z) € L1(R?%). Then for sufficiently large values of A > 0

Mz € R [Fi(2)] > 0} < / |Fy (z)|dz < = (6)
4 4 {(z€Rd: |Fy ()| >)/4} 8



Asymptotic Behavior of the Distribution Function of the Riesz Transform )

On the other hand, for any z € R%\ B(0;2r) we have

R(UD@] <) [ “””;fd@' 12 )y

B(0;r) |ZC -

<14 n _ @ 7<d
<X Ry = SR < 21

This shows that the function F5(z) is bounded. Then it follows from (6) that for sufficiently
large values of A > 0

n A
mize R (R(@] > 3} <mize B [R@)| >3} < ()
It follows from (5) and (7) that for sufficiently large values of A > 0

m{z € R': |(R;f)(z)| > A}

Smfe e B R (@) > 5} +mle € B |Ry(F @) > 5} < &

This shows that the equation (3) holds. Theorem 1 is proved.

3. Asymptotic behavior of the distribution function of the Riesz
transform as A — 0+

In this section we studying the asymptotic behavior of the distribution function of the
Riesz transform as A — 0+.
Theorem 2. Let f € Li(R%). Then the equation

i d . . —
Jim m{a € B (B 1) (@) > A=l || fa)da (®)
holds, where 04 = (d2d1),,(2)[%} and [451] - integer part of a number 4.
At first we prove the auxiliary lemma.
Lemma 1. If f € Ll(Rd and fRd x)dx = 0, then the equation
m{z € R%: (R f)(x)] > A} =o(1/A), A = 0+ (9)

holds.
Proof of Lemma 1. At first assume that the function f is concentrated on some ball
B(0;r) C R?. In this case, for values of |z| > 2r from the equality

Zj

BN = [ o Sy

:'Y(d)/ % y|d+1f( y)dy — )/B |x|d+1f( y)dy

B(0;r) |$*
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_ Tj— Y z; }
= - f(y)dy,
@ /BW) Lx—ywﬂ fafart | F)

we get that

2] — Jar — y| ™ A
. < )
‘(ij)(l’)’ = Y(d) /B(O;T) |:’xj |:E _ y|d+1 . |x’d+l + |l‘ _ y|d+1 ’f(y)’dy

d+1

1 |y
<7 / x| - |yl - + f(y)ldy
D Jion [' il 2 =+ e | M)

Co
< |z|d+1

where co = y(q)r(d + 2)29% Y| f||z,. Then it follows that
m{z € R*: |(R;jf) ()] > \} <m{z € R*: |2| <2r} + m{z € R ;70 > A}

d
2

:F(:H)-@r)der{xeRd: |z| < ‘”Q/?} :F(gil)' [(QT)dJr (C/\O>d+ly

2

whence it follows asymptotic equality (9).

Now let’s consider the general case. From the condition [p, f(z)dz = 0 it follows that
for any € > 0 there exist the functions f; and fo satisfying the condition: f = fi + fs, the
function f; is concentrated on some ball B(0;r) C R? and [p4 f1(2)dz = 0, the function
f2 satisfies the inequality [|f2|[z, < z&;, where C7 is a constant in estimation (2). Since
the function fi is concentrated on the ball B(0;7) C R? and [p, fi(x)dz = 0, then for
the function f equality (9) is satisfied, and therefore there exists A(¢) > 0 such that for
0 < A < A(e) the inequality

€

A
Am{z € RY - |(R; fi)(2)] > 5} < 5 (10)
holds. On the other hand, from the inequality (2) it follows that
A €
wmiz € B : |(Rif)@)] > 3} <261 folle, < (1)

for any A > 0. From inequalities (10), (11) we get

xm{z € R : |(Ryf)(@)| > A}

< xm{z € R : |(Rif1)(x)] > %}Jr)\m{x € RY: |(Rjfo)(2)] > g} <e

for 0 < A < A(¢). This shows that equality (9) was satisfied for all functions f € L;(R%),
satisfying the condition [ pa J(w)dz = 0. This completes the Proof of the Lemma 1.
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Proof of Theorem 2. In the case [p, f(x)dz = 0 the assertion of the Theorem
follows from Lemma 1. Let’s consider the case [, f(z)dz = a # 0. Denote by fi(z) =

d
anax(B(0; 1))(x), where ng) = F(QII), X(B(0; 1)) is a characteristic function on the
unit circle B(0; 1) and fa(z) = f(x) — fi(z). Then [p, f2(z)dz =0, and from Lemma 1
1
m{z € R%: |(ij2)(x)|>)\}:0</\>,)\—>0+. (12)

Since for any z € {x € R?: z; > 2}

|(R; f1)()] = n(a)vayl]

Ti—Yj
9 gy
/B(O;l) |z — y[d+t

|| +1 |z +1
Snmdlal/ T T = eyl T
(d) 1(d) B(:1) x| — 1[4+ (d) ||| — 1]+

|| 24
< Yyl o+ Yol
= Y(d) |z — 1]&+1 V(d) |z

1 24
[(R)f1)(z)] > ’V(d)|a|W - 7(d)|04||$|m7

and for any A > 0

0
> A} = de = 29

{wER™: |aj[>Alz]d+1)

1 d

1 1\ @1 1 /1)@
d' —_— = d‘ —_ = — —_
m{x € R : \:1:|d+1>/\} m{a}ER : \x!<</\> } ” (/\>

then we get that

|z,

d .
m{z € R : P

lim supAm{z € R%: |(Rjf1)(x)] > A} < Y(a)0dll, (13)
A—0+
liminfAm{z € R?: |(R;f1)(z)] > A} > Yaybalal. (14)
A—0+

It follows from (13), (14) that
Jim Am{e € B |(R;f2)(@)] > A} = @ falal. (15)
For any 0 < € < 1, by the inclusions
{z € R: (R fi)(@)] > (1+e)A\{z € R+ [(R;f2)(x)| > eA} C

C{ze Rt |(B;f)(x)| > A} €
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C{z e R": |(Rjfa)(w)] > eA}U{z € RT: [(R;fi)(x)] > (1 —)A}

and equalities (12), (15) we have

0
lmsupAm{a € R [()(@)] > 3} < 0%
A—0+ 1—¢
lminfAm{z € B |(B;f)(2)] > A} > 2@l
A—0+ J = 1+¢ )

This implies the equation (8) and completes the proof of the Theorem 2.
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Estimations of Functions from Lizorkin-Triebel Spaces
Reduced by Corresponding Polynomials

B.S. Jafarova, K.A. Babayeva

Abstract. In this paper the integral inequalities as estimation of the norms of functions reduced
by polynomials, are proved.

Key Words and Phrases: integral representation, the space Lizorkin-Triebel, flexible ¢-horn,
generalized derivatives.
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1. Introduction

In this paper, with help method of integral representation, we estimate the norms of func-
tions from the Lizorkin-Triebel spaces Fé’e(G), where [ € (0,00)", p,0 € (1,00), G C R"
(introduced and studied from point of view of embedding theory in papers [1]), reduced
by polynomials, determined in n-dimensional domains satisfying the flexible p-horn con-
dition. In other words, we prove inequality type

1D (f = Pealfs o))y < € |AD)| 1617, (61, (1)

where

1
- n 1
A1) = InauXAZ /H wi(t —vi—ptg Pi (t)dt,
) i @i(t)

5" (i(t), Gow) Di f()] dipi(t) @

(pa(t))" " wi(t)

n to
191,000 = 20| [

=1 0

Note that the normed linear space FIZ),Q(GSD) of functions f € L'¢(G) with the finite norm,
defined in paper [5]
17llet () = 1l +

http://www.cjamee.org 29 © 2013 CJAMEE All rights reserved.
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1

" T (0i0), Goy) DEF (O] diatt) |
2 {0/ [ (ei(0)" " ] ) [ )
where N
1 = 111 ) = ( / f(x)pdm) |
G
1
7 (i) £(a) = [ A7 (0100 G S (o)
-1
s A (i z), for [z,z+ m;p;(t)e;)] C G,
AT (pi(t), Gy fla) = { 0, D) for [[mzv—tmzil((?)el]]é_GZ((t))
A;nz (Soz(t)) f(l‘) = i(*l)mi_jcguf(x+j‘10i(t)6i)a € = {07"‘70?1707“'70}5
j=0

and let G € R™; 1 € (0,00)";m; € N; ki € No; 1 < p,0 < 00; ¢o(t) = (p1(t), ..., pn(t)),
©;(t) > 0(t > 0) be continuously-differentiable functions, tliIJrrlogpj(t) =0, tlir}rlogoj (t) =
— —

= L; <o00,j7 =1,2,....,n. We denote the set of such vector functions by A. For any
r € R™ we assume

1 .
Gw(t)(x) =GN Lp(t)(a:) =Gn {y Hyp — gl < §cpj(t), ji=1,2, ,n} .
In case p;(t) = t%,\; > 0, j = 1,2,...,n the spaces FZI)ﬁ(G), was introduced and studied

view of theory embedding in monograph [1].
Was proved that [6] for f € FAQ(G@), p,0 € (1,00), 1 € (0,00)", if

T

e -t t

:/1_11<p] J(QO()()l)lldt<oo 1=1,2,.
0 J= !

then there exists DV f € L,(G) and the following identity is valid [5]

T
v v = v ( (t),ﬂj’)
D"f(z) =fé<%><w>+21/ [2 ("5 )
1= 0 R

—1-v; QO,L (t)
o1 (1) dtdy, (4)

::]:

x fi(w +y,t)
_]21

=TT @i ”7/9 (@(yT , (g(z),)@) flx +y)dy, (5)

Jj=1 R
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where

1
il < [ 107 Gt o+ 6] e
X1

2. Main results.

Theorem 1. Let G C R" satisfy the condition of flexible p-horn 1 <p < q < 00, v =
= (V1, .., 0p), v; > 0 be entire j = 1,...,n; A1) < oo (i =1,...,n) and let f € Fé’e(Gq,).
Then

10" ( = Peaf. o)l < CLAD] It 6,

where A(1) = maxA®(1), A1) = | P (cpj(t))_”j_%Jré 20 4t and C the constant

pi(t)t

C—r

independent of f.

Proof. Under the conditions of our theorem, there exist generalized derivatives DV f €
L,(G) and for almost each point # € G the integral representation (4) and (5) with the
kernels is valid. In (4) and (5) if p (¢(t),2) = —2p(t), 0 <t <T =1 we get identity

D*fa) = F 4 3 [ [ 20 (25 2E0) fo s

where

w01 < [ 157 ()] @+ gt
1
the support of this identity (6) is contained in the flexible ¢ horn

s+ Vg =z+ |J {y: <¢?Zt)> eS(Li),izl,...,n},

0<t<T<1

where L; (,y) € C° (R™) (i =1,...,n) , and let

1 )
S(L;) =suppL; C I,y = {x ) < icpj(l),j =1, ,n}

Let U be is open set contained in the domain G; hence forth we always assume that

U+V(p) CG.
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Hence, by the Minkowski inequality, we have:

1D* (f = p—a(fs2)ll g < ZHF g (7)

here

/Lz(v)( y p(cp(t),w)>fi(x+y’t)x

p(t) o(t)
B
s () —1—v; @Z(t)
<1l (it 2 ) v ®)
Applying generalized Minkowski inequality (8) for F;(x,t), we get
. ) —1—v; Py (t
1Fi (0l < /HE [ j];[l%( O dt, (9)
here (o().2)
) o (v) Yy plpiL),T )
E;(z,t) _R[Li ((p(t), o(0) )fz(x—i—y,t)dy. (10)

From the Holder inequality (¢ < r < o0) we have
11
1E: (5 O)llqu < 1B (5 ) (mesU)a . (11)

Now estimate the norm [|E; (-, ¢)|,.;;. Let x be a characteristic function of the set S(L;).
Again applying the Holder inequality for representing the function in the form (10) in the
case l <p<r<oo,s<ras (lzl—%%—%),weget

S

S =
S =

X

12: (2 0)ll < sup /'fi(“y”px (Jt))

den

,and L; € C3° (R").

S

dy | . (12)

X sup /fi(w+y,t)|pdx /
yev
U U

/'f””“” (o) o

It is assumed that |L;(x,y, 2)| <
For any z € U we have
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< [ et vl dy < @ o) e e o] (13)
Utv "
Fory eV
[1srvori< [ 15@ord < @) |eo e e oo
U Utv "
i (N[ o
R[ L; <¢(t>>‘ L; Sj[[lgpj(t). (15)
From inequalities (12)-(15) it follows that
HEz ('at)Hr,U <y H % )li %
3 [COREACIO] (16)
and by the inequality (12) we have
1B: (0l < Co [T (050 (i)
j=1
J [COREACION] I (17)

From inequalities (7) and (9) for (r = ¢) we have

1D (f = Pealfs o))y < C |AD)| 11, g6

This completes the poof of Theorem 2.

The following theorem is proved analogously to Theorem 1.

Theorem 2. Let all the conditions of Theorem 2.1 be fulfilled. Furthermore, let ' €
(0,00)", 1 <0 <6 < oo, if

i1=1,2,...,n, then
D% (f = Balfo o)l gt g,y < € A 1 lle 6,

where AN (1) = maxA»' (1) and C the constant independent of f.
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