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Basicity of Linear Phase Exponential System in Grand-
Sobolev Spaces

Seadet A.Nurieva

Abstract. We define a separable M Wp)l(a, b) subspace in grand-Sobolev spaces. Then we show
that this subspace is isomorphic to the direct sum of some subspace of grand-Lebesgue space and
complex plane and so the system 1 U {ei(”‘m‘”g"”)t}mz forms a basis for the space MW, Y(—m,7),
where a € C' is a complex parameter.
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Lately in mathematics, there has been an upsurge of interest in non-standard spaces
(see [17, 18, 19, 20, 21, 22]). The study of differential equations in non-standard Sobolev
spaces requires the knowledge of basicity properties of trigonometric systems in corre-
sponding non-standard function spaces. Basicity properties of some trigonometric systems
in such spaces have been treated in [23, 24, 25, 26, 27, 28, 29].

{ ei(n+o¢signn)t} (1)

. (2)

The study of basicity properties of the systems (1) and (2) in Lebesgue function space
probably dates back to Paley-Wiener [6] and N. Levinson [7]. Riesz basicity of (1)-type sys-
tems was studied in Ly by M.I.Kadets [8], and in L, by A.M.Sedletski [9] and E.I.Moiseyev
[10, 11]. This field was further developed by B.T. Bilalov [12, 13, 14, 15].

Grand-Lebesgue spaces LP) have been introduced in [17] in the study of Jacobian in
an open set. These are the functional Banach spaces, and they have wide applications in
the theory of partial differential equations, theory of interpolation, etc. The study of some
problems of harmonic analysis in these spaces is of special interest.

As these spaces are not separable, basis and approximation-related problems remained
unsolved in them. In [25], some M P) subspace was constructed, interesting from the point
of view of the theory of differential equations. In [26, 27], basicity properties of the systems
(1) and (2) have been studied in this subspace.

)
nez

1U {ei(nJrasignn)t}
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Grand-Sobolev spaces have been studied in many works, including [17]. In this work,
we explore the basicity of one exponential system for a subspace M Wp)l (—m,m) of grand-
Sobolev space.

So, let 1 < p < co. A space LP) (a,b) of measurable functions satisfying the condition

b =
Iy = s (55 [1orae) <oo Q

O<e<p—1

in the interval (a,b)CR is called a grand-Lebesgue space.

Denote by MP)(a, b) the set of all functions satisfying the condition Hf (-+9)— f((?) H | —
P

0as d — 0 and belonging to L) (a,b), where
¢ _ f(t),tE(a,b),
t0={ 0%

It is clear that the set MP)(a,b) is a manifold in LP) (a,b). Denote by MP)(a,b) the
closure of MP)(a,b) with respect to the norm (3).

Denote by Wp)l (a,b) the space of functions which belong to L) (a,b) together with
their derivatives equipped with the norm

1wy = £ 1y + 11 Nlp)- (4)

We will call this space a grand-Sobolev space:

Wy (a,b) = {f \ £, 1€ IP(a,b), [1f Iy + 11F 1y < OO} '

It is easy to prove that this is a Banach space. As is known, L?) (a,b) is not separable.

Therefore, Wp)l (a,b) is also not a separable space. Denote by M Wp)l(a, b) the set of all
functions which satisfy the condition Hf/ (-+6)—f (5)H : — 0 as 6 — 0 and belong to
P

Wp)l (a,b), where

£ - f(t),tE(a,b),
f(t)—{ 0. 1¢ (ab).

It is clear that the set ]\Zpr)l(a, b) is a manifold in Wp)l (a,b). Denote by MWP)I(a, b)

the closure of MWP)I(CL, b) with respect to the norm (4).
The following lemma is true.

Lemma 1. The operator A(f,\) = A+ flff (1) dr creates an isomorphism between the
spaces MP)(a,b) ® C and MWp)l(a, b), where C is a complex plane, 1 < p < oo.

Proof. Let f € MP)(a,b). Then



Basicity of Linear Phase Exponential System in Grand-Sobolev Spaces )

HA+LU«ﬂm HA+LUwﬂm

= + 11 Flly < 1AM+
W) p)

/:f(r)dr

OMM&W%ﬁMW,ﬂﬂﬂﬂbS&Mbﬁ&Wwﬂﬁ&Mmmwm
P c L' | P C P C IP~¢ (K, Ky, K3, K, are constants). Thus, HA(f,)\)HWp) <
K([Al+ [ fll)), i-e. A is a bounded operator. For v = A + fjf (1) dr we have v' = f (t).
Then v € MWp)l(a, b).

Let’s show that kerA = {0}. Assume A (u, \) =0, i.e. A+ f;f (1)dr = 0. Differ-
entiating both sides, we get f(t) = 0 a.e. Consequently, A = 0. Let 0 = (U,,U (a)) for

Yo € MWp)l(a, b). Then o € MP) (a,b)®C and A (¢) = v. This means R4 = MWp)l(a, b),
where R4 is a range of the operator A. By Banach inverse operator theorem, the inverse
of the operator A exists and is continuous. The lemma is proved.

:

+ 1 £1l,)-
D)

We will significantly use the following theorem.

Theorem 1. (/26]) Let —2Rea + % ¢ Z,1 <p<oo. Then the system (1) forms a basis
for the space MP)(—m,m),1 < p < oo, if and only if d = [—2Rea + %] = 0 ([a] denotes
the integer part of o). The defect of the system (1) is d = [72Reo¢ + ﬂ When d < 0,
the system (1) is not complete, but minimal in MP)(—m, 7). When d > 0, the system (1)
is complete , but not minimal in MP)(—m, ).

So the following theorem is true.

Theorem 2. Let —2Rea + ]% ¢ Z,1<p<oo. Then the system

1 {etrosmr} 6

forms a basis for the space Z\ﬂ/Vp)1 (—=m,7), 1 <p < oo, if and only if [—2Rea + ﬂ =0.

Proof. Let [—QReoz—{— ﬂ = 0. Let’s first prove that the system 4_, = ((1)), uy =

<iaeiat> g (i(n—‘rozsignn)ei(”"'a”g””)t
R =

e—ima Uy, e—im(ntasignn)

) ,n = +1,42, ..., forms a basis for the space

MP) (—z,w) @ C. To do so, it suffices to show that Vi, = (%) € MP) (=7, 7) @ C the
expansion
U= c 1y +colg + Y oty (6)
n#0

exists and is unique. This expansion is equivalent to two following expansions:
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u (t) = coice’™ + Z Cfi(nJrasignn)ei(”“‘“gnn)t’ 7
n#0
A=—mc_1+ Coe*iﬂ'a + Z Cfe*iﬂ'(n+ocsignn). (8)
n#0

By Theorem 1 ([26]), the expansion (7) exists and is unique. As Ve € (0,p—1), LP) c LP~¢
and [—ZRea + 1%] = 0, by [16], Hausdorff-Young inequality is true for the system (1) in
grand-Lebesgue space LP), too. That is, if 1 < p < 2, then

1/q
eol” + 3 lenl” | < Mljul,_. < Mull,
n#0
where p — € and ¢ are mutually conjugate numbers: p%s + % =1
Using Holder’s inequality, we obtain
1 1
q
q
’CO|+Z‘CH_|CO|+Z ||C n| <leo| + Z’ B E}Cfn‘ < 00
n#0 n;éO n#0 n#0

When 2 < p, we can find € > 0 such that 2 < p — ¢. Therefore,

LP) c IP~¢ C [

Similarly we have

[N

1 2
lcol > fen] =leol +> ||cn\_rcoy+ ZW S letn] | <o

n#0 n;éO n#0 n#0
So, the series >, |ct| is convergent. Therefore, the expansion (8) also exists and is
unique. This implies the existence and uniqueness of the expansion (6), i.e. the system
AUt U{at} ,n==£1,£2,...

forms a basis for the space MP) (—m,m) @ C. As the operator A is an isomorphism, the
system
{Ad_ 1} U {Adg} U{AaT} n=+1,£2,...

must form a basis for the space M Wp)l (—m,m) . Simple calculations show that
At =1, Ady= ™,

Aut = eilntosignn)t  — 49 49
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That is, the system 1 U {e"("“‘“g”")t}mz forms a basis for the space MI/Vp)1 (=m,m).
Now let [—2Reo¢+ ﬂ > 0. For certainty, we assume [—2Rea+ ﬂ =1,ie. 1<
—2Rea + 5 < 2.

Let’s rewrite the system (5) as 1U {e™elot; e~ikteiat]
—it/2

n>ok>1  and multiply every

term of it by e . After making some transformations, we obtain:

e—zt/2 U {ezntez(oc—Q)t;e zkte i(at35)t

}n20$21

i

. . . . 1 . . 1
= 6—1t/2 U {eltel(n_l)tel(a_i)t' e—zkte—z(a+§)t}
n>0,k>1
=¢ it/2 U {ezntez(a—&—Q)t;e zkte z(a+2)t} .
n>—1,k>1

Denoting o = o + %, we can rewrite the last system as

) o . 7
e—zt/Q U {ezntewc t; e—zkte—za t} ) (9)
n>—1k>1

As —2Rea’ + % = —2Rea + % — 1, we have 0 < —2Rea’ + % < 1. In this case, due to the
fact we have proved above, the system

1 U {einteialt. e—ikte—ia/t} (10)
’ n>0,k>1
forms a basis for M Wp)l (—m,m). It is clear that if we remove {1} from (10) and add the
functions e~*/2 and €@ ~D!  we obtain the system (9). It is known from the theory of
bases that in this case the system (8) cannot be a basis.
Note that the basicity properties of the systems (9) and (5) are absolutely identical.
Because it is easy to verify that the operator of multiplying by e~%/2 is an automorphism

in MW ! (=7, 7). So, in case [—QRea + ﬂ = 1 the system (5) does not form a basis for
MI/Vp)1 (—m,m). The case of [—ZRea + %] > 1 can be treated similarly.

Let [—2Rea + ﬂ < 0. For certainty, assume [—2Rea + ﬂ =—1,ie—-1 < —2Rea +
1

Let’s rewrite the system (5) as 1U {e™eiot; e~ikteiat]
it/2

nsok>1  and multiply every

term of it by €**/¢ . Once again, after making some transformations, we obtain:

. . . 1 . 1
ezt/Q U {ezntez(a+§)t; e zkte i(a 2)t} —
n>0,k>1

— ezt/2 U {6—ztez(n+1)tez(a+2)t;e zkte i(la—73

)t}
n>0,k>1

= ezt/Z U {ezntez(oc 2)t;e zkte (o 2)t} ]
n>1,k>1
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. 1 .
Denoting & = o — % , we can rewrite the last system as

eit/2 U {einteia”t. e—ikte—iaut} ) (11)
’ n>1,k>1
As —2Rea” + % = —2Rea + ]l) + 1, we have 0 < —2Rea” + 1% < 1. In this case, due to the
fact we have proved above, the system

. . . L
1U {eznteza t;e—zkte—za t (12)

}n207k21

forms a basis for M Wp)l (—m, 7). It is clear that if we remove {1} and ¢t from (12) and

add the function /2 we obtain the system (11). It is known from the theory of bases

that in this case the system (11) cannot be a basis.
Note that the basicity properties of the systems (11) and (5) are absolutely identical.
Because it is easy to verify that the operator of multiplying by e*/2 is an automorphism

in ]\ﬂ/[/p)1 (—m,m). So, in case [—2Rea + ﬂ = —1 the system (5) does not form a basis
for MI/VP)1 (—m, ). The case of [—ZRea + H < —1 can be treated similarly. Thus, if the

condition [—2Reo¢ + ﬂ = 0 is not satisfied, then the system (5) cannot form a basis.

The theorem is proved.
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Completeness of the Perturbed Trigonometric System in
Generalized Weighted Lebesgue Spaces

S.I. Jafarova

Abstract. A double exponential system with complex-valued complex coefficients is considered
in generalized weighted Lebesgue spaces. Completeness of this system in Ly,.y,, spaces is studied.

Key Words and Phrases: exponential system, basicity, variable exponent, generalized Lebesgue
space
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1. Introduction

In the context of applications to some problems of mechanics and mathematical physics,
since recently there arose great interest in the study of different problems in generalized
Lebesgue spaces L, , of variable summability rate p(-). Some fundamental results of
classical harmonic analysis have been extended to the case of Ly, | (for more details see [9-
12]). Note that the use of Fourier method in solving some problems for partial differential
equations in generalized Sobolev classes requires the study of approximative properties
of perturbed exponential systems in generalized Lebesgue spaces. Some approximation
problems in these spaces have been studied by I.I. Sharapudinov (see, e.g., [11]).

In this work, we consider the completeness of a double exponential system with complex-
valued complex coefficients in the spaces L,.).,. The completeness is reduced to trivial
solvability of the corresponding homogeneous Riemann problem in the classes H;E-);p X_1
Hq_(.);p, where ¢ (t) is a conjugate function of p (¢). Note that when considering the basicity
of such systems in L,.).,, unlike in the case of completeness, the solvability of correspond-
ing Riemann problem is studied in the classes H;r(.);p x_1H _(.);p. That’s why we treat the

completeness separately. The scheme we use is not new. We just follow the works [2;4].

http://www.cjamee.org 11 © 2013 CJAMEE All rights reserved.
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2. Needful Information

Let w = {z:|z| <1} be a unit ball in the complex plane and I' = dw be a unit
circumference. Let p : [—m, 7] — [1,4+00) be some Lebesgue measurable function. The
class of all Lebesgue measurable functions on [—7, 7] is denoted by Lg. Denote

def
L0 [Cirer
Let
L={f €Lo: I, (f) < +o0}
For p™ = sup [vrai]p (t) < 400, L becomes a linear space with the usual linear op-
-7,

erations of addition of functions and multiplication by a number. Equipped with the

norm ;
def )
11,y = inf {)\ >0:1, <)\> < 1} )

L becomes a Banach space which we denote by L,). Let

de
WL _f {p:p(—7) =p(r);IC >0, Vi, ty € [—m,m|:|t1 —t2] < % =

= b ()~ p(ta)] < =y}

Throughout this work, ¢ (-) denotes a conjugate function of p (-): Wlt) + ﬁ = 1.
Denotep™ = inf [vmip (t).

—T, T
The following generalized Holder inequality is true:

/_ﬂ 1F () g @)ldt < c(p7:07) 1fllyey 9y

where
1

_ 1
c(p;ph) —1+i—7
p
We will significantly use the following easy-to-prove:
Statement 1. Suppose
pe WL, p(t) >0,Vt € [-m,7];{ai}y C R.

The weight function
m
t) = !t!a(’H!t—Ti\ai (1)

belongs to the space L,y if the following mequahtzes are true:

1
a; > ————, Vi =0,m;
p ()

where — T =T < T < ... <Tpm=7,T70=0, 75#0,Vi=1,m.
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To obtain our main results, we will also use the following important fact:

Property B. If p(t) : 1 < p~ <pt < 4oo, then the class C§° (—m,m) (class of finite,
infinitely differentiable functions on (—m,m)) is everywhere dense in Ly.y.

Define the weighted class (. , of functions which are harmonic inside the unit circle
w with the variable summability rate p (), where the weight function p (-) is defined by

(1).
Denote
Py, = {u tAu=01in wand [lull,. ,= Oilrlgl || (re™) Hp(%p < —I—oo} .
We will need the following
Lemma 1. Letpe WL,p~ > 1, and the weight p(-) satisfy the condition

— <o <
p(Tk) q (7k)
If fe Lp(')yp’ then 3pg > 1: f € Ly,.

The following lemma is also true:

Lemma 2. Letp € WL,p~ > 1, and the weight p(-) satisfy the condition (2). Ifu € hy. ,,
then 3pg € [1,400] : u € hy,.

Using these lemmas, one can prove the following theorem:

Theorem 1. Letp € WL,p~ > 1, and the inequalities (2) be fulfilled. If u € hy.) ,, then
E|f S Lp(-),p"
. 1 Tr
u(re®) = o [ o -0, 3)
2 J_,
where ,
P (a) = W;:% is a Poisson kernel.

On the contrary, if f € Ly ,, then the function u defined by (3) belongs to the class

hp(')vp'

Similarly we define the weighted Hardy classes H +

o0),p- By Hy, we denote the usual

Hardy class, where py € [1,+00) is some number. Let
+ — + .
Hp(')’p = {f S I‘I1 : f+ S Lp(%p(aw)} s

where f1 are nontangential boundary values of f () on dw.
It is absolutely clear that f(-) belongs to the space H;r(_) p only when Ref and Imf

belong to the space hy.y ,. Therefore, many properties of the functions from hy(),p are

transferred to the functions from H;r(.) s Taking into account the relationship between

’ .
ezt

the Poisson kernel P(a) and the Cauchy kernel K. (t) = _%—, it is easy to derive from
Theorem 2.1 the validity of the following:
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Theorem 2. Letp € WL,p~ > 1, and the inequalities (2) be fulfilled. If F' € Hp(.) o then
Ft e Lyt
1 (™ Fr(dt 1 [T

— | K. (t)FT(t)dt. (4)

F(z)= — _ =
(2) 2 J_1—ze % 27w J__

On the contrary, if F* € Ly(,ps then the function F' defined by (4) belongs to the class

H;r(.) ,» where F*(-) are nontangential boundary values of F (-) on Ow.
Following the classics, we define the weighted Hardy class me_(,) p of analytic functions

on C\w of order £ < m at infinity. Let f(z) be an analytic function on C'\w of finite
order k < m at infinity, i.e.

f(z) = fi(2) + fa(2),

where fi(z) is a polynomial of degree k < m, fa(z) is the principal part of Laurent

decomposition of the function f(z) at infinity. If the function p(z) = fo (%) belongs to

the class H; b then we will say that the function f (z) belongs to the class me_(') o
Absoluteiy similar to the classical case, one can prove the following:

Theorem 3. Let p € WL,p~ > 1, and the inequalities (2) be fulfilled. If f € H;r(.

).’
then

Hf(reit) - f+(eit)}|p(_)7p —0, r—1-0,
£ (re) |

where fT are nontangential boundary values of f on Ow.

v = T @)y T 10,

The similar fact is true also in mef(.) p classes.

Theorem 4. Letp € WL,p~ > 1, and the inequalities (2) be fulfilled. If f € me_(.) 7
then ’ '
Hf(re”) — f_(e”)Hp(')’p -0, r—1+0,

Hf (Teit) HP('%P - Hfi (eit) Hp(-),p’ r— 1+ 07
where f~ are nontangential boundary values of 0 (t) = arg G (e“) on Ow from outside w.

The following analog of the classical Smirnov theorem is valid:

Theorem 5. Let p € WL,p~ > 1, and the inequalities (2) be fulfilled. If u € H{ and
_l’_
Lp(.%p , then u € Hp(~),p'
e + - +
Denote the restrictions of the classes Hp(-)vp’me(-)vp to Ow by Lp(.) and L

: . P p(-).p’
respectively, i.e.

+  _ g+ ) - _ -
Loy = Hp(~),p/3w s mLpy = me(~)7p/3w'
We will need the following result:

Theorem 6. Let p € WL,p~ > 1, and the inequalities (2) be fulfilled. Then the system
ESFO) = {emt}nzo( E™ = {e*i”t}an) forms a basis for L;(.),p (mL;(.),p),l <p < +oo.
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We will also need the following easy-to-prove lemma, which is derived immediately
from the definition of weighted space Ly, ,-

Lemma 3. Let
p € C[—m, 7| and p(t) >0, Vt € [—m, 7] .

Then the function (t) = [t — c|* belongs to Ly.) ,, if
a> —ﬁ,forc;ém, Vk=1,m,

an

o+ o, > —ﬁ, for c = Tg,.

3. Main Assumptions and Riemann Problem Statement

Let’s state the Riemann problem in the classes H;t(l),p. Let the complex-valued function

)

G (t) on [—m, 7] satisfy the following conditions:

i) Function |G (t)| belongs to the space L,y for some r : 0 < r~ < rt < +oo, and
|G () e Ly forw: 0 <w™ <wt < +oo.

i1 ) Argument 0 (t) = arg G (t) has a following decomposition:

0(t)=00(t) +01(t),

where Oy (t) is a continuous function on [—m, 7| and 01 (t) is a function of bounded variation
on [—m, 7.

It is required to find a piecewise analytic function F* (z) on the complex plane with a
cut dw which satisfies the following conditions:

a) F*(z) € Hj ) : 0 <p~ <p* < 4oo;

b) F~ (2) € mH, ;0 <vT < vt < 4o0;

¢) nontangential boundary values on the unit circumference Ow satisfy the relation

Ft(e") =G t)F~ (e") =g(t), for ae. t € (—m,m),
where g € Ly : 0 <p™ < pT < +oo is some given function.

Note that in the case of constant summability rate, the theory of such problems has
been well studied (see [3]).

Consider the following homogeneous Riemann problem in the classes H;r(.) X me(.) o

FT(2) = G()F (2) =0, z € 0w. (5)
By the solution of the problem (5) we mean a pair of analytic functions

+() F— + -
(F7(2); I (2)) € Hyyp X mHy() 0

whose boundary values satisfy a.e. the equation (5). Introduce the following functions
X (z) analytic inside (with the sign ”+”) and outside (with the sign ”-”) the unit circle:

™ it
X1 (2) =exp {417r/ In|G (eit)‘ eit+zdt} ,

o et —z
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it
X (2) _exp{ /9 6 +Z }7

where 6 (t) = arg G (e"). Define

[ Xi(2), 2l <1,
Zi(z) = { (X ()], 2] > 1, i=1,2 and Z () = Z1(2) X Za(2)

Let {sx}] : —m < s1 < ...s, <7 be points of discontinuity of the function 6(¢) and

{hi}] : he=0(sg+0)—0(sx—0),k=1,r,
be the corresponding jumps of this function at these points. Denote
ho = 0/ (=) = 0 () ; A = b0 () — 0o (—7) .

Let
(0

- L .
} exp{4ﬂ_/_ﬂ90 (1) ctgt QTdT}
and

hg
u(t) = HZ:O {sin |} 2m  where sg = .
As is known, (see [3]), the boundary values |Z; (7)| are defined by the formula

hg
}_27r
b
_hg
} 27

sup vraz'{ ‘Zl_ (eit)}il} < 4o00.

(771-771')

t—m

uo () = {sin

t—m

‘Z{ (eit)} =uo (t) [u(®)]" {sin

i.e.
.

|Z2_ (eit)‘ =g (t) H {sin

k=0

t—Sk

It follows directly from Sokhotskii-Plemelj formula that

Thus, for ‘Z - (eit) ‘_1 we have the representation

t— sk

hy
}2-rr

127 ()| = |20 ()] uo @] {sin

k=0

Represent the product |Z~p| ™" as follows:

l
1270|727 | ol T T N - )



Completeness of the Perturbed Trigonometric System... 17

where

{tk}ézo = {71 }ie; U{sk}i_o, and By’s are defined by

m 1 r
Br=— Zaix{tk} (7:) + o Z hixgey (si), k=0,1. (7)
=1 i=0

By virtue of Lemma 2.3, we obtain that if the inequalities

1
q(ty)

are true, then the product |Z_p|_1 belongs to the space Ly, i.e. \Z‘|_1 € Ly

‘)7/)7
if the inequalities (8) are true, then the function ®(z) = % belongs to the classes H:t.

B > — k=0,r, (8)

1. SO,

Then, according to [3], ®(z) is a polynomial P, (z) of degree mg < m. Thus,
F~(z2) = Py (2)Z (2).

Let’s find out under which conditions the function F~(z) belongs to the space H | . We

p():p
have l
127 p| = |Z1| Juo| [ 1t — txl™™.
k=0
Consequently, if the inequalities
B < 1 k=0
k TN =y,
p(tk)
are true, then it is clear that F'~(7) € L, ,, and hence F~ € mH ), So, if the
inequalities
1 1
_7<5k<7,k:077", 9
a0 < ) )

are true, then the general solution of homogeneous problem
Ff(r)=Gi(r)Fy (1), 7€ dw,

in the classes H | x,, H_, can be represented as follows:
p();p p(),p

Fo(2) = Py (2) Z (2),

where P, (z) is an arbitrary polynomial of degree my < m.So the following theorem is
valid:

Theorem 7. Let the {S;}]’s be defined by (7) and the inequalities (9) be true. If

p(m) T gl
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then the general solution of the homogeneous Riemann problem (5) in the classes Hp(.) pXm

)

Hp_(.) , can be represented as
F(2) = P, (2) Z (2),

where Z (-) is a canonical solution of homogeneous problem, and Py, (-) is a polynomial
of degree mg < m.

This theorem has the following direct:

Corollary 1. Let all the conditions of Theorem 8.1 be satisfied. Then the homogeneous

Riemann problem (5) is trivially solvable in the Hardy classes H;(_) X ,1pr(.) »

7p
4. Reducing The Completeness of Exponential System with Complex
Coefficients to Boundary Value Problems

Consider the following exponential system:

{A (t) e B (1) e—i<"+1>t} (10)

nezZ4 ’
where A (t) = |A(t)|e®; B(t) = |B (t)|’® are complex-valued functions on [—,].

We will consider the completeness of the system (10) in the space Lyy,p- It is known

[6] that the conjugate space of Ly, is isometrically isomorphic to the space L
1
p(t)
the equality to zero of any function f (¢) from the space L.y, which satisfies the relations

)ip e
+ Wlt) = 1. Therefore, the completeness of the system (10) in Ly, 1s equivalent to

/7r A(t) ™ f (t)dt = 0; "B () e I (Ydt = 0, Vn € Z,. (11)

7 -7

Assume that the following main condition is satisfied:

esssup{ A1) |B (t)yﬂ} < +o0. (12)

[_7'(771—]

From the first of equalities (11) we have

/ AW EMT (1) dt = % £ () 7dr = 0,¥n € 7,4, (13)
- Ow

where T (1) = A (arg7) f(arg7) 7, 7 € Ow.

It is absolutely clear that f* (7) € Ly (Ow). Then it is well known (see [5], p.205) that
the conditions (13) are equivalent to the existence of a function FT () from H;" whose
nontangential boundary values on dw coincide with f* (7) : F* (1) = f* (1) a.e. on dw.

Similarly, from the second of equalities (11) we have

/ i B ()"t () dt = E f~(r)m"dr =0,¥n € Z,, (14)
Ow

o i
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where [~ (1) = B(argT) f(arg7), 7 € dw. For the reason stated above, the equali-
ties (14) are equivalent to the existence of a function ®* (z) € H;" whose nontangential
boundary values @ (1) on dw coincide with f~ (1) : T (1) = f~ (1) a.e. ondw.

It is absolutely clear that F*(7); ®*(7) € Ly, (0w). Consequently, if we ad-
ditionally require that p(¢) € WL, then from theorem in [7] we obtain the inclusion
Ft(z); ®% (2) € H;(.);p. Representing f (¢) in terms of F* (1) and ®* (), we obtain the
following conjugation problem:

A (argT)

+ () —
F () B (argT)

T®t (1) =0,7 € Ow.

Define the function F'~ (z) analytic outside the unit circle:

F(2) = 1<I>+<i>\z|>1

z

It is absolutely clear that F'~ (c0) = 0. Moreover, F~ (1) = 7®* (1), 7 € Ow. Then we
arrive at the following Riemann problem:

Fr(r)—G(r)F~(1)=0, 7€ 0w,
L F (15)
where N
G(r)= Blara ) Ezll;i:;,r € Ow.

By definition, we have F~ (z) €_; Hq_(.),p. Consequently, if the system (10) is in-
complete in Ly, then the Riemann problem (15) is non-trivially solvable in the classes

(Ht)p’ _1H_()p>

Now let’s assume that the problem (15) is non-trivially solvable in the classes (th-)'p; _1Hq_(_),p> )

ie. Ft(z )e H+()p, F~(2) €-1 H,,,. Define

P} (2) = F~ (1) for ]2\ <L

We have F~ (1) = ®] (1), 7 € Ow and ®* (0) = 0. Then it is clear that the function
Ot (2) = 2710] (2) will be analytic when |z| < 1, and moreover, ®* (2) € H;E_).p. Thus,

Fr(r)—G((r)t®*t(r) =0, 7€ dw,

or

G oI
A(argT)T B(argT)’ '

Denote f (t) = £




20 S.I. Jafarova

It is absolutely clear that f(t) € Ly.),. From FT(z), ®"(z) € H{" we obtain the

equalities

P

/ F+(T)TndT=0;/ ®F (1) m"dr = 0,Yn € Z,.
Ow Ow

Expressing F'T (7) and ®* (7) in terms of f (arg7) as 7 € Ow, we have

At)e M f (t)e™de =i A(t)e™F(t)dt =0,Yn € Z,;
Ow -7

B(t)f (t)e™de™ =i / B(t)e'™ V(1) dt = 0,Vn € Zy.
Ow —
Obviously, f(t) # 0 on [—m,mw]. Then these relations imply that the system (10) is

incomplete in Ly,(.),,. So we have the following:

Theorem 8. Let p : 1 < p~ < p™ < +oo, p(t) € WL, and complez-valued coeffi-
cients A(t) ; B(t) satisfy the condition (12). Then the exponential system (10) is com-
plete in Ly.y., only if the Riemann problem (15) is only trivially solvable in the classes

(1

a(-);p’ —14,

6;(-);0 ’

5. Completeness of Exponential System with Complex Coefficients in
Ly

In this section, we apply the results of previous sections to obtain the sufficient con-

ditions for the completeness of exponential system with complex coefficients in Ly.y,,. So

let’s consider the system
{A(t) eint; B (t) e—i(n+l)t} 7 (16)
ne€zZ

where A (t) = |A(t)]e®; B(t) = |B ()| are complez-valued functions on [—m, ).
Assume that the following conditions are satisfied:

1)sup vrai { <|A|jEl ; |B\i1>} < +o0,
[—m,7]

2) The function 0 (t) = «(t) — B(t) is piecewise continuous on [—m, | with points
of discontinuity {s;}] : —m < s1 < ..<s, <m. Let {hx}] =60 (s +0)—0(sx—0),
k =1,r, be the jumps of the function 6 (t) at these points and hg = 0 (—7) — 6 (7).

3) g—fr + p(;k) ¢ Z (Z is a set of all integers), wherehis a jump of the function 6 (t) =
a(t) — B(t) at the discontinuity point si, k = 0,7; so = 7.

Define the integers n;, i = 1,7, from the following inequalities:

1
p(sk)

h _ 1 —
< gp TNk nk_1<q(sk),]€—1,’l“,

(17)
ng = 0.
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Let
Ar = o-fa(=m) —a(m) + § (x) - B (-m)] -
The following theorem is true:

Theorem 9. Let the coefficients A (t) and B (t) of the system (16) satisfy the conditions
1)-3), where G (eit) = %, the z'nteger n, is defined by (17), p(t) e WL, 1 <p~ <p*™ <
+oo. Then, if A, ¢ Z and A, >
Lp(-);p'

Proof. Let the conditions 1)-3) be satisfied. We first assume that the inequalities
(17) hold for ny = 0,k = 1,7. Let G (t) = %, t € [-m,m|. As established above, the
completeness of the system (16) in L,.)., is only equivalent to the trivial solvability of the
Riemann problem

p(ﬂ) then the system (5.1) is complete in the space

Ft(e"y—G@)F~ (e")=0, te[-m7],

(18)
T -1
F 6Hq(-);p’ Fmea Hq(~);p'
It follows from (17) that n, = 0, and hence hy = 27A,. Suppose —ﬁ < A < ﬁ.

Then, by Corollary 3.1, the problem (18) has only the trivial solution. Consequently, by
Theorem 4.1, the system (10) is complete in L., in the considered case. Now let A, ¢ Z

and A, > ( L for example, A, € [ Gk (177) + 1). Consider the system

{A@) e™: B (t) e_i”t}neN . (19)

Reduce it to the following form:

{A (t) eint; B (t) e—i(n-i—l)t} , (20)
nezZy
where A (t) = A (t) e = |A(t)| ) and & (t) = t+a (t). Calculate A,, which corresponds
to the system (20). We have
A =t
o

(@ (=m) —a(m)+ B(r) =B (=m)] = A — 1.

Thus, A, € (—ﬁ, ﬁ) Then it follows from the previous discussion that the system
(20), and hence the system (16), is complete in Ly.)., Continuing this process, we obtain
the completeness of the system (16) in L,.),, for A, > —

Now let’s consider the general case. Let all the COIldlthIlb of the theorem be satisfied.

Express the unit function e (t) on [—m, 7] in the form e () = e?2&°®):

0, —m <t< sy,

2mn, s1 <t < sg,
arg e (t) =

2N, , sp <t <,
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where ny , k = 1,r are the integers defined by (17). Replace the coefficient A (t) with the
function A (t) which is equal to it: Ag (t) = A(t) - e (t). So, ag (t) = arg Ap (t) =a(t) +
arg e (t). Consider the system

{AO (1) e™: B (1) e*“nﬂ)t} (21)

nezy '

It is absolutely clear that the basis properties of the systems (16) and (21) in L., are
the same. We have

Oy (t) =arg Ag(t) —arg B(t) = a(t)+arge(t) — B(t) =0 (t) +arg e(t).

It is clear that the points of discontinuity of the functions 6 (¢) and 6 () are the same.
We have

hY = 6o (s +0) — g (s, — 0) = hy, + arge (s +0) — arg e (s, — 0) =

= hi+2n(ng —ng—1), k=1,r,

where ng = 0. Thus

R
_— = — — _ k‘ = 1 .
o o’ + ng ng—1, T

On the other hand
h) =6 (—7) — O () =0 (—7) — 0 (7) +

+arg e(—7) — arg e(w) = hg — 27n, = % =A,.

Then it follows from the previous discussion that for A, > _Wlﬂ) the system (21), and

hence the system (16), is complete in L.,
Theorem is proved.

P

Let’s apply the obtained theorem to the special case

{ei[nJra sign n}t} (22)

nez ’
where a € C is a complex parameter. Basis properties of the system (22) in the spaces
Ly, have been well studied. From Theorem 5.1 we have

Corollary 5.1. Let p(t) € WL, 1 <p~ <p* < o0 and Rea € Z. If Rea < 55,

then the system (22) is complete in Ly.).,-

References

[1] Bilalov B.T. Basicity properties of exponential systems in L,. Sib.Mat.Journal, 2006,
v. 47, Nel (in Russian).



Completeness of the Perturbed Trigonometric System... 23

[2] Veliev S.G. Boundary value problems and exponential bases, Baku, “ELM”, 2006,
282 p. (in Russian).

[3] Daniliuk LI. Irregular boundary value problems in the plane, M., ”Nauka”, 1975, 256
p. (in Russian).

[4] Javadov M.G. On completeness of some part of eigenfunctions of non-self-adjoint
differential operator. DAN SSSR, 1964, v.159, Ne4 (in Russian).

[5] Privalov L.I. Boundary properties of analytic functions. M.-L., Gostexizdat, 1950, 205
p. (in Russian).

[6] Sharapudinov LI. On topology of the space LP() ([0, 1]). Matem. zametki, 26:4 (1979),
pp.613-632 (in Russian).

[7] Kokilashvili V., Paatashvili V., Samko S. Boundary value problems for analytic func-
tions in the class of Caushy type integrals with density in LP(") (). Bound. Value Probl.,
2005, Ne1-2, pp. 43-71.

[8] Kovacik O., Rakosnik J. On spaces LP() and W*P(). Czechoclovak Math. I., 1991,
41(116), pp. 592-618.

[9] Kokilashvili V., Paatashvili V. On Hardy classes of analytic functions with a variable
exponent. Proc. Razmadze Math.Inc., 2006, 142, pp.134-137.

[10] Sharapudinov LI. Some problems of approximation theory in spaces LP(%®) (E).
Anal.Math., 33:2 (2007), 135-153.

[11] Kokilashvili V., Samko S. Singular integrals in weighted Lebesgue spaces with variable
exponent. Georgian Math. J., 2003, v.10, Nel, pp. 145-156.

S.I. Jafarova
Institute of Mathematics and Mechanics of NASA, Baku, Azerbaijan
E-mail:

Received 03 June 2021
Accepted 01 September 2021



Caspian Journal of Applied Mathematics, Ecology and Economics
V. 9, No 2, 2021, December
ISSN  1560-4055

Conditions for the boundedness of the GG-fractional inte-
gral and G-maximal function in modified G-Morrey spaces

G.A.Dadashova

Abstract. In this paper we find conditions for the strong and weak boundedness of the G-
fractional integral and G-maximal operator.

Key Words and Phrases: G-fractional integral, G-maximal function, modified G-Morrey spaces,
Hardy-Littlewood-Sobolev inequality.

2010 Mathematics Subject Classifications: 42B20, 42B25, 42B35

1. Introduction

The study of boundedness of the fractional integral operator, singular integrals, max-
imal function were studied by lots of researchers in the last decodes. Morrey estimates
of such kind of operators is a more recent problem and is still very popular. Just as an
example we recall the study made in [1,3,7,8,10,11].

In this paper we introduce modified Gegenbauer Morrey space (G- Morrey space) and
prove Adams type theorem on the boundedness of the G- fractional interal. The result
obtained is an analog of the corresponding theorem obtained for Riesz potential in [4].

Let 1 <p < oo and 0 < A < n. The classical Morrey spaces is defined by

My (R") = {f € Lo (R") < [ fllor < 00}, (1)

1 1/p
o i=sup [ —— x)|P dx ,
1110 9p<w/n/61f< ) )

the supremum, is taken over all cubes Q C R™. It is well known that if 1 < p < oo then
Mpo(R") = LP (R") and M), (R") = L* (R").

Morrey spaces were originally introduced by Morrey in [15] to study the local behavior
of solutions to second-order

Morrey spaces were originally introduced by Morrey in [15] to study the local behavior
of solutions to secon-order elliptic partial differential equations.

where

http://www.cjamee.org 24 © 2013 CJAMEE All rights reserved.
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In [1], Adams for the Riesz potential

_ f(y)dy
Jaf(ac)—/Rn ]m—y[”_o"0<a<n

on the Morrey space proved the following theorem.
Theorem A. [1] Let 0 <o <nandlet 0 <A <n,1<p<(n—2A)/a

1. If 1 < p < (n— ) /a then the condition 1/p —1/q¢ = a/ (n — \) is necessary and
sufficient for the boundedness of J, from M, ) (R") to My (R").

2. If p =1, then the condition 1 — 1/q = «/ (n — \) is necessary and sufficient for the
boundedness of J, from M; y (R") to Mg\ (R").

In the work [12] is proved analog of this theorem for the Gegenbauer fractional integral
on G- Morrey space.

The structure of the paper is as follows.

Section 1 is for informational purposes. In Section 2 are given some definition, notation
and auxiliary results. In Section 4 is proved the theorem of strong and weak boundedness
for maximal operator and also the Hardy-Littlewood-Sobolev type inequality for the G-
fractional integral in modified G-Morrey spaces.

2. Definition, notation and auxiliary results

The generalized shift operator associated with the Gegenbauer differential operator G

1 1
o (22 3D e s D 1
introduced in [7] has the form
T(A+3) (7
AN f(chz) = 2/ f(chazchy — shashycos @) (sin ¢)* 1 de.
D =TT ()

Let L, (Ry,G) = L, (R+), 1 < p < oo, denote the space of u (z) = sh**z measur-
able functions on R, = (0, 00) with finite norm

- :
sy = ([ 1 nasithods )" 1 < p <

1Al sy = Il = essuplf (cha)].
’ TER

For all measurable sets E C R, put uE = |E|, = [, sh® zdx.
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Also but WL, (R+), 1 < p < oo, denote the weak space L, \ (Ry) of locally integrable
functions f (chz), x € Ry with finite norm

1
I lwr,\re) = Sup {z € Ry : |f (cha)| > r}[}
reliq

D
= supr / shPzdx | .
reRy {z€Ry:|f(chzx)|>r} N

In what follows, the expression A < B will mean that there exist a constant C' such
that 0 < A < CB, where C' may depend on some inessential parameters. If A < B and
B < A, the we write A ~ B and say that A and B are equivalent.

Denote H, = (0,7) C Ry. Further, we need the following relation (see [14] Lemma 2.3

by z = 0,y = 2X)
v~ (snT)
]Hr|)\—/0 sh tdt~(sh2> , (2)

where
220+ 1, 0<r <2,

’y—w(r)—{ 40, 2<r < oo,
and 0 < A < 1/2.

In [10] the Gegenbauer maximal function (G-maximal function) is defined as follows:

Mg f (chz) = sup
( T>0‘H |)\

/ Achy f (chx)| sh® ydy.

In what follows we need the following Fefferman-Stein type inequality.
Theorem B ([9, Theorem 1.4]). For every 1 < p < oo and every 0 < t < oo the
inequality

T

/ Ay (M f (cha))” sh*ydy < / Ay | (ch )l sh*ydy
0 0

is true.
Theorem C ([10, Theorem 1.5]). The Chebyshev-type inequality

1 T
2 (0.0): A, Maf (cha) > o] < /0 A%, Maf (ch ) sh™ydy

is true for all @ > 0 and t > 0.
Theorem D [10] a) If f € L; ) (R), then for all a > 0 the inequality

1
o€ Ry s Maf (ch) > a}ly £ + Ifllp, .-
b)If fe L,x(R4), 1 <p<oo,then Mgf (chx) € L, (Ry) and

HMGfHLp’A(RH S ||fHLpA(R+) :
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Corollary E. If f € L, (Ry), 1 <p < oo, then

I 1
11m

[ A8 () sty = £ )

for a.e. x € R.

3. Some embeddings into the G- Morrey and modified G-Morrey spaces.

We introduce the following nonation analogously in [8].

Definition 1. Let 1 < p < 00, 0 < A < 1/2, 0 < v <, [sh], = min{1, sh}. We
denote by Ly, (R4) the G—Morrey space, and by I~/p7,\,l, (Ry) the modified G—Morrey
space, as the set of locally integrable functions f (chx), x € R4 with the finite norms

1
p
HfHLp/\U(R+)_ sup <sh /Achy chx)|p5h2>\ydy> ,

5y = s (5] [ 2, 15 o situay) "

zrER,
respectively.
Note that
Lpao (Ry) = Lyno (Ry) = Ly (Ry).
EP,A,O (Ry) C Lp v (R4) ﬂ Lipx (R+)
and

max {[1£ll,,,, /10, } <IfIz, . -

Definition 2. Let 1 <p < oo, 0 <A< 1/2,0<v <. We denote by WLy, (Ry) the
weak G—Morrey space and by WLy, 5, (Ry) the modified weak G—Morrey space as the set
of locally integrable functions f (chx), x € Ry with finite norms

P

t —V
7wty iy = S0 7 s ((shg)

reRy xteR4

{y € (0,t) : Aé\hy |f (chz)| > TH)\)

1

p

= sup r sup < shz’\ydy ,
reRy xteR4

”f”WZp,A,V(RH = Sup r sup <

reRy z,teR4

{yE (0,6):A%, | f(cha)|>r}

1

v € (0.): A}y, If (eha)| > T}D P

3=

t
= sup r sup {sh] sh® ydy
reERy xteERy 2 1 {ye (0,t): chy|f(ch:1: |>r}

respectively.
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Note that WLy xo (Ry) = WLyx(Ry) = WLyro(Ry), Lpaw (Ry) € WLy, (Ry)
and [|fllyp, < I fll, 0 Loaw (Re) © WLy, (Re) and || fllyz o < IfIIz

Lemma 1. Let 1 <p< oo, 0<A<1/2,0<v<~. Then

A DA A

Lyrw (Ry) = Lpaw (Ry) [ Lpa (Ry)

and

11z, =max {Ifllg, ., £z, } -

Proof. Let f € Ly, (Ry). Then

1
r »
£y = s ([ 8,15 )l sty

r,reRy

< sup < /Achy [ (chx) |psh2’\ydy>

= [Ifllz

p A’

and

T P
iy = s ((s05) " [ 43, 15 na)p sty

z,rER

1
r]-—v P
< sup <[3h2}1 / Achy|f(chx)|psh2’\ydy>

z,reR
=Ifllg, .,

Therefore, f € L, (R+) () Lpa (R4+) and the embedding

IN/p,)\,V (R+) - Lp,/\,u (R+) ﬂ Lp,)x (R+)

is valid.
Let f c Lp,)\,l/ (R+) m Lp,)\ (R+) Then

1
Hf‘|LpAV(R+)_ sup (Sh / Achy‘f (chx)|P hQ}‘ydy)

z,reR4

1
= max { sup <[sh;} / Achy |f (chz)P shQ’\ydy> ' ,
z€R1,re(0,1] 0

1
swp ([ a8, 15 ) sy }
z€Ry ,re(1,00) 0
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< maX{”fHLp,A,u ) HfHLPA} .

Therefore, f € Lpry (Ry) and the embedding Ly, (Ry) () Ly (Ry) C Ly, is valid.

Thus Ly, (R+) = Ly (Be) (V Ly (By).
Let now f € L, (R+). Then
v [" »
<<5h2> /0 Aé\hy |f (chx)? sh2’\ydy>

1

|| ” p,)\,l/( Jr) , R

" / Ay I (cha)l? sh”ydy>

£z, .-
. If r > 2arcsh 1, then sh; > 1 and

since by 0 < r < 2arcsh 1, shg <1 and [shg]l = shj

we have
T - T
Sh§ 3h§

4. Hardy-Littlewood-Sobolev inequality in modified G—Morrey spaces
In this section we study the I:p, A~ boundedness of the G—maximal operator M.
Theorem 1. 1) If f € ﬂl,,\ﬂj (R4), 0 <wv <7, then Mg f € WINLLA,,, (R4+) and
IMe Sz, ,, Sz,
2)If f € Lpry (Ry), 1 <p < oo, then Mgf € WLy, (Ry) and
Sz, -

IMafly, .,

-

Proof. 1) From the definition of weak modified G—Morrey spaces
t] N g
sh—= {y € (0,t) : Az Mc f (chz) > T‘}‘)\ .

v
Mea fllw7 = sup r sup ]
| Wiy, () Jup o s 2,

Applying the Theorem B and also Theorem A we get
L1 [T 2
. < h— A
~ C
Mol < s ([shg] [ a8, 1f @)l snydy
e T, teERL 1 0

= Ifllz, ., -

Assertion 2) follows from Theorem A.
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We consider G—fractional integral introduced in [14].

J&d (chz) = / Hy|y AN f (cha) shPydy.
0

The following Hardy-Littlewood-Sobolev inequality in modified G—Morrey spaces is
valid.

Theorem 2. Let 0 <a <y, 0<v<y—apandl <p<TE.

(%

v —

< <

R )
@M—*
»Q\'—‘
N

_is necessary and sufficient for the boundedness of the operator J¢ from ip Av (Ry) to
qu)‘ay <R+)'
2)Ifp=1

<1- “

<
—v

=29
S
2

_is necessary and sufficient for the boundedness of the operator J& from Lixy (Ry4)
tOLq,A,V (R+)

Proof.
1) Sufficiency. Let 0 <a <7, 0<v<y—ap, 1 <p< X and f € f)p)\’,, (R4).

From (2), we have
ch ’f Ch&?’
|JEf (chz)| (/ / > syhy — sh2Mtdt

= A (ac,?“) + Ao (.%',T’). (3)
We estimate A (x,r). Let 0 < r < 2, then by (2) we obtain

chz) r/2 (chx
A (x,r)\g/o (C’””f( W ydy <Z/ —C’”f‘f ) sh*ydy

3 y)2A+1 a o 2,\+1 a

e N roN-22-1 [7/% o
< Z (Sh2j+1) <3h2j+2> /0 chy |f (chx)| sh* ydy.
=0

Using the inequality (see [3], Lemma 2.2)

t<sht<elt, A>0 (4)
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and also shat < asht at 0 <a <1, we have

a = . —2X—1 /27
A1 ()] £ (shg) D (279%) (shigr) /0 Ay |f (cha)| sh*ydy

< <shg>a Mcaf (chx) g 9 I
< (shg)a Megf (chz).

Let 2 <r < oo0. Then

Aq (z,7)

r AN chx
</ chy|f( )|sh2’\ydy
0

~ (8h%)4>\_a

o - pr/27 AX chx
< / chy ’f( )lshg)\ydy

~ ]:0 r/2j+1 (sh%)4>\—a

e a _ r/27
SO (shgrm) (shgrm) [ Ayl (hal sy
=0

S (sh%)a Mcaf (chx) Z Pl
=0
r\ o
< _
S <5h2> Mef (chx).
Combining (5) and (6) we obtain
r\
Aq (z,7) < (sh§) Maf(chz), 0 <r < oo.

Now consider Ay (z,7). By Holders inequality we get

1
A (1) < < | Ay 15 ha)l sy sh”ydy) ’

1
v

% (/OO (sh y)(ﬁ/eroz—v)p’ sh2/\ydy> P

= A9 - Aso
Let v < 8 < 7 — ap. Using the inequality [7]

42,71

< [Ifllz

i A
Lp v P

31
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we obtain )
0o i+l P
A S (3 [ A If (cha)P (shy) ™ shydy
§=0 217
1
o0 ; rlVv p
<HA%tﬂ 27+ sh3]|
SRl L\ S (shair)
/p > ’
riv _ (e
< J2shg] " k) (o2 Al
7=0
< [sh2)7 (sh2) " 151
~ 211 2 Lpaw
since shax > ashx at a > 1.
For As.9 we have
oo 4
Agp = </ (sh y)('g/ﬁaﬂ)p/ sh2’\ydy> ’
< (sh T.)ﬁ/p-#a—v-ﬁ-v/p’ < (sh r)ﬁ/p+a—v+7(1—1/p)
< (Shr)B/P-l-a—v/P < (Sh g)ﬁ/ﬁai’wp‘
Taking into account (9) and (10) in (8), we obtain
riv/p r\a=v/p
< — — -
Ay (@) S [shg| " (shz) A, -
Thus from (5) and (11), we get
rv/p r\a—/p T\
« < _ _ - o
|J&f (chx)] < ({shQ} : (sh2) HfHLp,A,V + <5h2> Mcaf (chx))

< min { <shg>a+(yi'mp ”f”ip,A,V + <5hg>a Mcf (chz),

(Shg>0ﬁ’7/17 17z, + (shg)aMGf (ch:r)},

for all r > 0.
The right-hand side attains its minimum at

- P/
v (v—ap Wi,
2 ap Megf (chz) ’
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p
B v—v—ap HfHZpﬁA’V K
sh— = .
2 ap Mg f (chx)

Applying (13) and (14) in (12), we get

and

ap

1-=£ 1-3=
|J&f (chz)| < min (]ng(chm)> ) (]\@f(chx)) ||f||1ip,A,V .

I1£1lz nalr

P,V DAV

Then O
P _b
&S (cho)l S (Maf (cha))? I1f1; 7

Hence, by Theorem 1, we have

/ [J&f (cha)|? shPxda < ||£I|%7 / \Mqf (ch )P sh® zda
0 DAV 0

RN
~ 211 Z;DA,V
From this it follows that
1&f (challlr,,, SIAT |

i.e., J& in bounded from I~Lp,>\7,, (R4) to qux’,, (Ry).

33

~ Necessity. Let 1 < p < (y-v)/a, f € flpy)v,, (R4+) and J& is bounded from
Lpyu (Ry) to Ly, (Ry). Let the function f (cha) be non-negative and monotonically on

R, . The delates function f;(chx) is defined as follows [6]:

(o1 (02) ) = oy < 1 (o (cnd) ) o 0
(o () ) =y < 5 (o (1L ) 2 <

(15)

We suppose [sh%] | 4 = Max {1, sh%}. Let 0 < t < 2. Using the symmetry of the operator

A)\

ony (see [7]) AN f (chy) = Aé‘hyf (chx) we will have

1
ri—v [T P
||ft”[~/p,)\,y = sup <{sh2] ) /0 A?hy | ft (chy)[? Sh2>‘ydy>

z,re€Ry

r]—v T A t
< sup [shf} AL el ch | cth= |y
z,rER4 211 0 2

()= - (52)o

P 1
sh”ydy)
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1 t
£\ p r1—v rcth§ N o) t
= <sh2> x7i1€1%+ <[sh2} . /0 Agyy 1f (chu) [P sh (th2> udu

2241 r z
_ <m;> " <[(sh2) cthéh)

reRy [Sh%]l
r t -V rcth% %
X sup [(sh) cth] / AN | (chw)P sh® udu |
z,reERy 2 2 1 0
" 2A+1 " ; 22 +1—v
P P D
S <$h2> |:Cth2:| - ”fHLp,)\,u S <th2> Hf”i/p7>\7y
ht 22+1—v
_ ("2 ” S ST
B (ch§> Iz, ., = (ch%)%*“ 11z,

t a+ l/—2p)\—1
< <sh2> 11z, .

¢ ori-%
< <sh2> Hf”iw,y ,0<t<2.

On the other hand, by 0 < t < 2, we get

- L R AP P 2 !
HftHLp’)"V B mﬂs"léngr <|:5h2]1 /0 Achy |ft (Chm” sh ydy)
i A t P P
> sup [shf} AL \felch | th= |y || sh™ydy
T,reR4 2 0 2
t t t
Kth2> Yy=u,y = (cth2> u, dy = <cth2> du]
t % r1—v rth% \ o t %
= <cth2> x,?«lég+ [shﬂl /0 A% 1 f (chu)|P sh (cth2> udu
22+1 v
o hE)thi] \ P
> (ctht) " MR
2 rery  [shi], P
t t
= | cth— th—
(02) * [
1

22+ v

t\"p p©
> (eth’ 1z,

2241

SN

|” Wi, .,

1+

1
P

(16)
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2241—v

t p @
= | cth; IFllz, .,

¢ ori-%
> <sh2> 1z, .

Combing (16) and (17), we obtain

et
Ifellz, ., = <3h2> Iflz,,,  0<t<2.

Now, let 2 <t < oo, then from (15) we have

r1—v 7
HftHip,M,: sup <[sh2L /OAg\hy|ft(ch;g)|Psh2,\ydy>

z,reR
()

> sup <[shr}_y/ AN sh”‘ydy)
T,reR4 21 0

t t t
[<th2> y=u, y= (cth2> u, dy = (cth2> du]

p p

1 v rthi %
= (ctht> ! sup [Shq / ’ Aé‘hy |f (chu)|P sh®* <ctht) udu
2 :E,T€R+ 2 1 0 2

22+1

t —v Tthi p
> (cth> ’ sup [shq / ’ AN | f (chu) P sh® udu
2 z,rER4 25 0
(ot [(sh5) thsl \ ™ oy
= | cth sup o 11z N
2 @,reRy [sh3], e

22+1 v 4A—v
= tht o tht ’ > tht o
=\ ) . ||f||LMW e HfHEp,A,V

v—4X at v—y

t\*t e ; =
= oy 11z, = (13 Iz, .- 25t <o

2
On the other hand, at 2 <t < co, we get

r1-v "
1, = s ([s] 7 [y e cna) ity

r,reRy
r t p 1
r1-—v P
< h— A} h( sh— h* yd
_95778"16111;+ <[s 2]1 /0 chy |f <c <5 2) y> sh*ydy

35

(18)

(19)
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t du

1 t
t\ » r1-v [Tsha u
hi [hf} A ha) P shr g
(s05) Ii‘;&(s 00 [ s i S
2241

t » rq—v rsh%
< | sh= sup [shf} / AN | f (chw)|P sh® udu
2 201y

r,reR L 1

4 z
t\ shl) shi P
< (sng) <upm> 171,
reRy [Sh§ Ll
" _AX " v
p p
= (svg) " [sv] s,

v—4X

¢ a+T
< <5h2> 1z, ..

¢ a_,_%
_ <5h2) 1£llz,,, 2 <t<oo. (20)

B =

hSAl

Combing (19) and (20), we obtain

v=y

t at=y
15, % (sn3) " 16l .. (21)

Thus from (18) and (21), we have

v—y

t\ 2o
Ifell; . =~ (shs Ifllz,,, 0<t<oo. (22)
AV 2 Py, v

From (2) 0 < t < 2, we have

r1-v " a
196l = s ([sng] " [ 10 chlt sy

z,reERL
rv 7 a t ! 2
< sup [shﬂ Jaf | ch cth§ y || sh*ydy
r,reERy 1 0

t t
[(cth2> Y=z, dy = (th2> dz]
AT [sno] Mh%uaf(h 9 sh2 (tnl) zd
= 2x7i1612+s210 af (chz)|?s 5 ) 202

q

Q=
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22+1

t\ “a T’Cthf q
< (th) sup [sh ] / |J&f (ch 2)|? sh®zdz
2 r,reRy 0

22+1 v
t\ ¢ shi)ctht a
:(th) q <supw> 178z, .

2 TERy [3 %]1
‘ 2241 ‘ v
q q
— — — a ~
= (th2> I:Cth2:|1 ”JGfHLq,A,u
2241 v
<(eanl) " el e
S \|C 5 C 5 1+H GfHLq,A,u
v—22—1
<(arnl) e
< (etny 1&flz, .
v—2A—1
t q o
< 5h§ ||<]GHLM7V

v—oy

t q o
_ <5h2> 181z, . 0<t<2.

On the other hand by 0 < t < 2, we get

1
HJg;ftHiq’A’V: sup ([sh /\JGft chy)|q3h2)‘ydy>

"E7T€R+
—V T o t 2)\ %
> sup [sh } gef (en (ths) y)| sh?Pydy
z,rERY 2 0 5
t t
: t
t E ri1-—v Tthg t
<c 2> x,i&%([s 2]1 /0 |J&f (ch2)|9s <C 2> B

2241 z
t) " [(sh3) th3], \* | e
> (cth2> (sup ] HJGfHEq’A’U

reRy [ 9

q

N——
Q=

2,\+1

W(ffhi) < §>
b,z (o

ch% a
> sht ez, ..,

1761l

q,\,v

q
a ~
) NN

37
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v—y

t\ « o
= <Sh2> ”JGfHI:q’)\’U 5 O <t< 2. (24)

Thus from (23) and (24), we obtain

v—ry
o t a (0%
161z, ~ (sh5) T 19801, 0<t<2 (25)

Now we consider the case, then 2 <t < co. From (15), we have

1

ri—v (" q

96, = s ([sng] " [ 15ttt sy
A 1 Jo

z,reER4
r t q 3
—y q
> sup ([sh;} / Jaf <Ch (th> y) sh”‘ydy)
T, reERy 1 0 2
t t
{(th2> Y=z, dy = <cth2> dz]
£\ ry—v [T 2) t ’
_ (et nr o f(chz)9sh? (ethl ) zd
<c 2> a:,ilengr [s 2}1 /0 |J&f (ch2)|%s <c 2>z z
2A+1 <
h5)ths], \*
> (cmt) " ((up LBV " gy,
2 rery  [shg], o

4

N\ @ A
= Cth§ th§ ) ||<]G.f||iq’)\7u

AN—v v—-y

t a a t\ ¢ o
> (chQ) 1I&fllz, , , > <sh2> 17&flz,,, 2 <t <oo. (26)

r1—v " t
(6% - < r o 12
||JGft”Lq,)\,u = xf}ég+ <[5h2]1 /0 Je (ch <sh2> y>
i) y=z =B
2 Sh§
£\ "
q ri—v >
= h— h— J& ht)|4 h2)\< >d >
(8 2) x,ilé%([s 2}1 /0 |J&f (cht)|? s L 2

t _, prshi
- (sh> ’ sup [shq / ’ | J& fi (chz)|? sh**zdz
2 T,reRL 2 0

-

On the other and by 2 < < oo, we obtain

q 1
sh”‘ydy) !

Q|

SR
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—22+1 z
AR AN [shs (sh5)] N " | ja gy
— (sn5) (,i‘;% ) Wz,

NS 1 N
S Sh§ Sh§ HJGfHEq,)\,u

v—4X

< (sng) " Wsl;
2 q,\,v
N
_ <3h2> 17aflz, . 2 <t <o (27)
Combing (26) and (27), we have
8z, = (s ) 15l ,, 2 <t <o (25)
Thus (23) and (28), we obtain
-
U, ~ (shg ) 18,0 0 <t <. (29)

Since J& is bounded from Ly, (Ry) to Ly, (Ry), ie.

1eflz,,, S Iz
q,\,v

p A’

then taking into account (18) and (29), we obtain

v=oy v—y
t\ e t\ e
8z, ~ () 19801, % (sh5) * UAl, .,

£\ (-3)
< (sn5) 171z

(shg)a”(%_%) ,0<t<?

(sh) G 2 <h <o

P,Av

Sz, .,

If ) — ¢ <&, thenat t — 0 we have | J&fill; =0, forall fe Lpry (Ry) )
}D : % T 72, then at ¢ — oo we get ”Jgft”Eq,A,V =0, forall fe Ly, (Rs4).
o 8]
Therefore 5 < i < 7"
Sufficiency. Let f € L; », (Ry), then

As well as is

{z € (0,r) - [JGf (chx)| > 2B},
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< |{.le € (0,7") 1Ay (iU,’l“) > BH)\ + |{:E S (0,?”) Ao (%,7“) > 5}’)\ :
& f (chx) sh* ydy
As (z,7) = / A -
N T
_ i /QjHT Ag‘hy |f (ch )| sh* ydy
i (sh$)™™"

[2J+1sh 1l PNV T
LIMJ = (27sh5)* ™ <Sh§> [Shi}l HfHLl’M

< (shg)" " [shg] 11z, (30)

<fll- (Sh%)oﬁu—v’ if 0<r<2arshl, (31)
Ly (sh%)aiﬁy, if 2arcsh1 <r < oo.

Also

< [t

According the inequality (7) and Theorem C, we obtain

{z € (0,r) : Ay (z,7) > By

5‘{$€(0,T>Mgf(6h$)>ciw,} 5
2 A
1 v
E(sh“ )[ LHfHEl,A,«/’ 0<r<oo. (32)

If (sh5)™ [shg]l{ HfHE1M = (3, then from (30) we obtain |Ag (z,7)| < S and conse-
quently, [{z € (0,7) : A2 (x,7) > B}|, =0. Thenby 0 < r < 2arcsh 1 (sh%)OHW_7 £z, oy =
B and from (31), we have

1 14
o€ O.r): 1 (cha)] > 28Y1, S 5 (sh°F) [shg] WAl .

B %t B 1 ] ,Yju%a v
= (shg)" " [shg] = (87080, ) T s (33)
And for 2arcsh1 <r < oo, 8 = (sh)""’ 11z, . and from (32), we have

o € (0.r): 1785 eha)] > 28}, 5 5 (sh°5) [sn] A1z,

ol

= (3) [sng), = (7 00, ) 3] @)

Finally from (33) and (34), we obtain

{z € (0,r) - [JGf (chx)| > 2B},
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yY—v

< [ong)win (57415, ) (5 W) T

Y q
< lshg) (870, )
where by condition of the theorem

(%

y—v

T o< 17Y L2
Y -a Y-v-a oy

<1--<

Q| =

Necessity. Preliminarily we established the estimates for ||J& fillyyz . From (15)
q, A,V
for 0 <t < 2, we have

u -V
1J& fellwz, . = sup sup [shf] / shPydy
a4, reRytzueR 211 {ye(O,u):A’\ ‘Jgft(chx)|>r}

chy

> supr sup [Shﬂ}‘” / shPydy
reRy zu€Ry 211 {yE(O,u):A’\ |Jgft(ch(th%)y)‘>7“}

chx

t t
[(th2> y=zdy = <cth2> dz}
1+1
= (ctht) %
2

1

—y a
X sup (rtht) sup {shg} / sh? ((ctht> z) dz
reR, 2 T, u€ER L 211 {zE(O,uth%):Aé‘hz|Jgf(ch)|>rth%} 2

1
7 hY) tht
> (ctht> sup <rtht> sup w
2 reRy 2 uceRy [Shé] 1

1
. 7
X sup [(shu> tht] / sh? (ctht> zdz
z,u€ER L 2 2 1 {zE(O, uth%):A/\ ‘Jgf(czh)’>rth%} 2

SN

chx

2241

> <ctht) ! [tht] T %
2 2],
1

t t]7" !
X sup ((Shr> th) sup [(shu) th ] / sh* zdz
reRy 2/ 2) sueR, 27211 J{ze(o,utht):AN, | Jaf(ch)|>rtht}

“Tchx

22—1

t\ ¢ t % a
> thg th§ ||JGft|‘Wf/q,A,u ’

1
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v—oy

t\ ¢ o
> <th2> HJGft|’WI~1q7A,U ’ (35)

On the other hand at 0 < r < 2, we have

1
q

ul-—v
1785w, = s sup | [sng] shPydy
N reRyzueR, 201 J{yeuyad, | fi(cn(cth 2)y)|>r}

chax

(== ()

1
t\a —v t
- (th) sup sup [shg} / sh?A <th> 2dz
2 r€ERyzuERy 211 {zE(O,ucth%):AA |Jgf(chz)|>r} 2

1
q

chx

22+1 v
t\ @ sh¥) cthi q
g(th2> " sup <W> 178w,

uERy [sh3],
2A+1—¢q v—2A—1
< t v a < t ? a
S I e €34 7
AN
= sh§ ||JGfHW£qYA’V . (36)
From (35) and (36) it follows that
" X
q
980wz, = (515 ) W65, 0 <7 <2 (37)

Now we consider the case then 2 <t < co. From (15), we get

Q=

ul-—v
HJca:ftHWi“V > supr sup {sh§} / sh2\ydy
" r€RL wuERL L Jyeou):|AY,  J& fi(ch (ths)y)|>r}

chax

(8- ()

1 1
t q -V t q
= (cth) sup sup [shg} / sh?) (cth) zdz
2 r€ERyzucRy 20 ZG(O, uth%):|AA Jgf(chz)‘>r} 2

chax

1

q
sh”zdz)

22+1 +1

t a t ul"v
= <cth> sup rth— sup [sh—} /
2 r€ERy 2:c,u€R+ 25 ze(O,uth%):|A>‘ Jgf(chz)‘>rth%}

chax
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22+1 t z
AN [(sh3) th3], )
> (ahg) T s L) 18 e
< 2) reri \ [sh3]y Whane
4ax v
= (cthy )" |ng| 1871
=|cC 5 9 ) GI WLy x .

v—4aX v—4X

t 7 . LY 7 e
> () " Wefli,, = (shg) e, .,

v—oy

t q o
- <3h2> 17 flws, .. 2<t<oo (38)

On the other than, we have

Q=

ul—v
||JgftHW£“V < supr sup [Sh§} / shP\ydy
” reR+ z,u€R4 1 {yE(O,u):|A)‘ Jgft(ch (sh%)y)|>r}

chax

t dz
[<3h2> y=2z dy = shﬂ

t\ ¢ uy—v
= <sh> sup r sup [shf} /
2 réeRy zu€R4 211 ye(O,ush%HA* Jgf(chz)|>rsh%}

1

q
sh”ydy)

chx

(shg) "5 (o [(shg) 5], )" |
Tsup <7“S 2> uselgl [Sh—%]l H GfHWLq’)\’V

reRy
t
< (snt
< (3)
v—X\

t q
= (Sh2> ”Jg;ftHWiq,)\,l, , 2< 1< o0. (39)

v—2X—1 v—4X

t q
Iefllwi,,, S <sh2> 1eflwi, ..

According to (38) and (39), we obtain

t q
i, = (s05) " 198 hlhwi, . 2t <. (40)

Thus from (37) and (40), we have

v—oy

t q
il = (s05) " 198 hlhi, . 0<t <. (41)
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From the boundedness J& from L, (R4) to WL, (Ry) and from (22) and (41), we

have

Y—Vv

t q
ehli, < () 1985w, .,

y—

(it =
< (snf) " s
t\T [\
<(ong) " (sng) Wl
a—(v—u)(l—l)
t q
— (sn5) 171z, .

(sh%)a_v(l_%) , if 0 <t<2arcshl,

LAy (Sh%)af('yfu)(lfé)

S IFIlg
, if 2arcsh1l <t < oo.

If1— % < £, then at ¢ — 0, we have HJgftHWj;q’M =0 forall f€ Ly, (Ry). Similarly,

if 1 -1 > 2 then at t — oo we obtain [|J&filly 7 ., = 0forall fe Ly, (Ry).
q,A,V

q v

Therefore, % <l-1l<_ o

1]

q — v’

References

D. R. Adams, “A note on Riesz potentials,” Duke Mathematical Journal, vol. 42, no.
4, pp. 765778, 1975.

L. Durand, P. M. Fishbane, L. M. Simmons, Expansion formulas and addition theo-
rems for Gegenbauer functions., J. Math. Phys. 17, 1976, 1933—-1948.

G.A.Dadashova, On some properties of the Lorentz-Gegenbauer spaces

V.S. Guliyev, J. Hasanov, Necessary and sufficient conditions for the boundedness of
B-Riesz potential in the B-Morrey spaces. J. of Math.Anal. and App., 347 (2008),
113-122.

V.S. Guliyev, E.J. Ibrahimov, S.Ar. Jafarova, Gegenbauer harmonic analysis and
approximation of functions on the half line. Advances in Analysis, Vol. 2, No. 3,
2017, 167

E. Ibrahimov, V.S. Guliyev, Conditions for the Lp, A-Boundedness of the Riesz Po-
tential Generated by the Gegenbauer Differential Operator, Mathematical Notes 105
(5-6) (2019), 674-683



Conditions for the boundedness of the G-fractional integral and G-maximal function... 45

[7] Vagif Guliyev , Elman Ibrahimov, Generalized Gegenbauer shift and some problems
of the theory of approximation of functions on the metric of , Trans. Natl. Acad. Sci.
Azerb. Ser. Phys.-Tech. Math. Sci. 35(4) (2015), pp. 19-51.

[8] V.S. Guliyev, J. Hasanov, Yusuf Zeren, Necessary and sufficient conditions for the
boundedness of the Riesz potential in modified Morrey spaces. Journal of Mathemat-
ical Inequalities, 5(4) 2011, 491-506

[9] V.I. Burenkov, V.S. Guliyev, Necessary and sufficient condi-tions for boundedness of
the Riesz potential in the local Morrey-type spaces, Potential Analysis, 30 (2009), no.
3, 211-249.

[10] V.S. Guliyev, E. Ibrahimov, Necessary and sufficient conditions for the boundedness
of the Gegenbauer-Riesz potential on Morrey spaces. Georgian Mathematical Journal,
25 (2018), no. 2, 235-248

[11] E.J. Ibrahimov, A Akbulut, The Hardy-Littlewood—Sobolev theorem for Riesz poten-
tial generated by Gegenbauer operator, Transactions of A. Razmadze Mathematical
Institute 170 (2), 166-199

[12] E.J. Ibrahimov, SA Jafarova, On boundedness of the Riesz potential generated by
Gegenbauer differential operator on Morrey spaces, Trans Natl Acad Sci Azerb Ser
Phys-Tech Math Sci 37(4), 49-70

[13] E.J. Ibrahimov, GA Dadashova, SE Ekincioglu, On the boundedness of the G-
maximal operator and G-Riesz potential in the generalized G-Morrey spaces, Trans.
Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci 40(1), 111-125

[14] E. J. Ibrahimov, V. S. Guliyev, Saadat A. Jafarova, Weighted Bounded-
ness of the Fractional Maximal Operatorand Riesz Potential Generated by Gegen-
bauer differential Operator

[15] C.B. Morrey, On the solutions of quasi-linear elliptic partial differential equations.
Trans. Amer. Math. Soc. 43, 1938, 126-166 .

G. A. Dadashova
Institute of Mathematics and Mechanics of NASA, Baku, Azerbaijan
E-mail: gdova@mail.ru

Received 10 July 2021
Accepted 17 October 2021



Caspian Journal of Applied Mathematics, Ecology and Economics
V. 9, No 2, 2021, December
ISSN  1560-4055

Mixed problem for systems of semilinear hyperbolic equa-
tions with anisotropic elliptic part nonlinear dissipations

Gunay Yusifova

Abstract. In this paper we investigate the mixed problem for some class of quasi linear hyperbolic
equations with nonlinear dissipation and with anisotropic elliptic part. The theorems of local
solution and global solution are proved.
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1. Introduction

The solution of a series of technical problems is brought to non-stationary equations
with derivatives of a different order by space variables [1, 2]. For these equations, the
problem with initial conditions in time reduces to abstract hyperbolic equations in some
function spaces. Those terms of these equations in which only derivatives with respect to
space variables participate are called the anisotropic elliptic part.

In this paper, we study a mixed problem for systems of hyperbolic equations with an
anisotropic elliptic part in a certain cylinder whose base is a certain three-dimensional
cube. The existence and uniqueness of local and global solutions of this mixed problem
with Dirichlet boundary conditions are proved.

2. Statement of the problem and main results
Let us introduce the following notation: = = (1, x2,z3) € I3,
z1(a) = (a, 2, 23), x2(a) = (21,a,23), x3(a) = (z1,22,a).

Let us also introduce the notation:

(u,v) = /H u(x)v(x)dr,u,ve Ly (II3), [Ju|| = v/ {u,u).

http://www.cjamee.org 46 © 2013 CJAMEE All rights reserved.
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Let us consider the mixed problem for systems of semilinear equations

wrge + Sy ( 1)L1kD2A1’“u1 + Jure| ult = g1 (u1, u2)
U + Sy (— I)LQ’“DZAZ’WQ + gt gy = g2 (u, uz)

with boundary conditions

DZbu (t, 2, (0)) = D%y (t,2, (1) =0, Bp=0,1,.., Ay —1,i=12, k=123, (2)

fckl

and initial conditions
ui (0,2) = ¢; () ,uit (0,2) =i (z), wellgi=1,2 (3)
where Ajp € N, i =1,2, k=1,2,3, g1 and go are the following non-linear functions
g1 (u1,ug) = arfur +uglP P2 (ug 4 ug) + brfua [P Hug P2,
g2 (w1, ug) = aglur + ug [P P2 (w1 + ug) + bofu [P |ua 2 uy,
ai,as, by, bs, p1, po are real constants and

b1 > Oa b2 > 0. (4)

—-1 -
We introduce the notation: ‘Ai ‘ = 22:1 ﬁ? where A;= (A1, Ai2, Aiz). Let us denote
ﬁ

the anisotropic Sobolev space by WQA’L', ie.

A A A
Wyt =Wy (Ilz) = {v : v, Dyitu € LQ(Hg)},

1/2
2
Il [H ||L2(n3)+ZHD vHM(ng)] :

A A
Denote by W, the next subspace of W,
Nrud
Wi = {u w e W, DEvu(t, 2, (0) = DS*u(t, 24(1)) = 0, B = 0,1, ..., Agy — 1} .

Let X be some Banach space and denote by C ([0,77]; X) the set of continuous functions

acting from [0, 7] to X: [lu (t)l|lc(om,x) = Orgtz?épHu )l x -

Denote by C¥ ([0,7];X) the set of continuously differentiable functions of order k
p :
acting from [0,T] to Xz [lu ()l (jo,r1,x) = 2oizo Hu(z) (t)HC([O,T];X) :
Denote by Cy, ([0,T]; X) the set of weakly continuous functions acting from [0, 7] to
X.
Let us define the following spaces of functions

Hh=C ([O,T] WA % WQK?) A C([0,T]; La (Tl) x Lo (1)),
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Hioo = {us we Loo (0,73W5% x W) ) us€ L (0,73 La (113) x Ly (IT3)) |
HE, = {us we Cy ([0, WS x W) | w e 0y ([0,T]5 W50 x W32
ue € Cy ([0, 775 Lo (I3) x Lo (I13)) },
H%,oo = {u o u € Ly (O,T; ngl X W2A2> ,up € Lo (O,T; VAV2X1 X W2K2)
wr € Lo (O, T; Lo (Hg) X Lo (Hg))} .
It is clear from the expression of the functions g;(u1,us), that
l9i (ur, w2)| < e[ Jen PP g ] = 1,2, > 0 (5)

A strong solution of problem (1) - (3) is a pair of function s (uj (+),us (+)) € H%}OO,
such that for all (11(-),n2(-)) € Wit x W2 the following equalities hold

3
a) jt (ue (¢ )+ Z DAlkul DAlk 1 ())+
=1
(e () e (8 m () = (o (87) ua (82) () (6)
d - DAQk D m
7 (g ( )+ ; ug ( 2 (1) +

o (fuze (1) uze (1) me () = (g2 (82) sz (7)1 ()

almost all t € (0,7), (7)
3
tl—Z>TO Z — P ( )] =0,1=1,2, (8)
k=1 LQ(H3)
T AZ —_ —_—
CtliTo/HB;D o [ugy (t, ) — b (x)] DAk (2)dz =0, i=1,2 (9)

By a weak solution to problem (1) - (3) we mean the functions (u; (+),u2 (+)) € H%F’Oo
such that for all (n; (+),n2 (")) € H;lpm, ni (x,T) = 0,7 = 1,2 the following equalities hold

T 3
a) /0 [(Uzt( it (t +Z (Db, (t,-), D2ten,; ()| dt+

=1

+AT@WWN“WM )i (t) )dt =
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T
=A<mwu»mxn»mwww+wwmmm»n=Lz (10)
b) i% <uz ('7t) — @ (')7771 (t’)>W2Xz =0, =12 (11)

It is known that under the condition
nnn{ijlk‘K;W}:>2, (12)

the embedding B
Wit € C(T3), i=1,2, (see [3]) (13)

is valid. The following theorems on the existence of a local solution of the problem (1) -
(3) are true.

Theorem 1. Suppose that the conditions (4), (5) and (12) are satisfied. Then for any

initial data (¢, ¢2) € W22K1 X W22K2, (1hy,1h2) € Wi x WQKQ there exists T' > 0 such that
the problem (1) - (4) has a unique solution (u1,us) € H:Qr’ w

In addition, if Ty, = maxT” is the length of the maximum interval of the existence
of this solution, then one of the following statements is true:

2

i 3 [0+ el ] = +oss (14
1=
or

Trnax = +00. (15)

Theorem 2. Suppose that the conditions (4), (5) and (12) are satisfied. Then for any

initial data (¢, ¢2) € WZKI X W2, (1, 42) € Lo(Il3) x Lo(Tl3) there exists T' > 0 such
that the problem (1) - (3) has a unique solution (ui,u2) € H:lr’ "

In addition, if Ty,ax = maxT” is the length of the maximum interval of the existence
of this solution, then one of the relations (14) and (15) is true.

In some cases, for any T" > 0, the local solutions defined by Theorem 1 can be dis-
tributed over the entire [0, 7] x II3 region. According to Theorem 1, this is possible if the
following a priori estimate is true for local solutions

9 2

S it 2) 2 +

=1

3
Z D;}é’“ui(t, x)

k=1

<e¢,0<t<T (16)

We get this estimate if
1 1
)\:a1(p1+ ):a2(p2+ )’ (17)
b1 ba

a; < 0, bl < 07 1= 1,2. (18)

When these conditions are met, the following theorem on the global solvability of the
problem (1) - (3) is proved.
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Theorem 3. Suppose that the conditions (4) , (5), (17) and (18) are satisfied, then for any
T >0, (¢,,02) € W2A1 X W2A2 and (Y1,12) € Lo (I13) X Lo (I13) the problem (1) - (3) has a
unique solution (uq (+),uz2 () € C ([O,T] WA W2A2> NC([0,7T]; Ly (M3) x Ly (113)) .

3. Proof of Theorem 1

We will prove the theorem using Galyorkin’s method. Let e; (z), j = 1,2,...-denote
the solutions of the following problem:

3
> (=1)MEDZey; () = Nijeji (x) @ € T,
k=1

DP%e (24(0)) = Direj(xi(1)) = 0,8, = 0,1,..., Ay — L,k =1,...,n, i =1,2.

Tk ]
In other words, e;; () ,z € Il3, j = 1,2, i=1,2,... are eigenfunctions of the operator
? = Y3 (1) D2Mik with the Dirichlet boundary condition (see 4, 5]).
k=1 T Yy
We approximate the functions ¢; (z) and ; (z) and the functions @, (z) and Vi, (z),
i1=1,2, m=1,2,... respectively. So that,

Gim = Zazrmew — ¢, In W;A asm — 00,1 = 1,2, (19)

Wi = wamew — ;, in I/V2 tasm — 00,7 =1,2. (20)

We are looking for approximate solutions of problem (1) - (3) as follows

m

Ui, () = Z Cirm (t) €ir (z), i=1,2,

r=1

so that the functions Cjp, (t), @ = 1,2, r = 1,...,m are the solutions of the following
Cauchy problem for the system of ordinary differential equations

(Wimny, (£, ), €5 (x)) + Z <D Ui (¢, ) Di\gkeir (z))+

+/ ‘uimt (tv $)|r171uimt (t) ﬂf) Eir (l‘) dr = <gl (ulm (tv LIT) , U2m (tu SU)) , Cir (ﬂf)> )
I3
T:l’,,,’m, ’[::1,2, (21)

According to Cauchy-Picard theorem [6], on the existence of a solution of the Cauchy
problem for a system of ordinary differential equations, problem (21) - (22) has a solution
in some half-interval [0, t,,).



Mixed problem for systems of semilinear hyperbolic equations

51

Multiplying both side of each equation (21) by the function C, (), and summing up

the resulting equalities, we obtain

3
(Wimg, (£, ), Wimne (T, 2)) + Z DA”“uzm (t,x), Dgékuimt(t,x»
k=1

+/ [twim, (t, x)\”“dx =
I3

= (gi (u1m (t, x) ,u2m (8, ), im, (t,x)) i =1,2.

It is obvious that

1d .
<uimtt (t,l’) y Uiy (t, $)> = iﬁ”ulmt (t7 ')||27 i=1,2,

3 3

1d
E DA”“ulm (t,x), D;\;kulmt(t,x» =57 E HDi\;kUzm (t,-)|
k=1

Summing equalities (23) and taking into account (24) and (25) , we obtain:

d 2
dZ[Hulmt ) +ZHD mulm 7')“2

—Z/ gi (Ui (t, ), uom (8, 2)) , Uim, (t, z)dz.
Il

Using the Holder’s and Young’s inequalities, we obtain the following:

/ 9i (Ulm (t7 :L‘) , U2m (ta l‘)) s Uimy (t, x)d:n S
I3

r;+1

1
1 Ty i+l )
< () / lgi (uim (t, ), uom (¢, )| " do+ 6/ [tim, (t, a:)]”“da:.
( H3 HS

ri+1)e
Using (5) we have

Ti+1
/ 105 (i (1) » (£, 2)) 7 da <
I3

<C [/ w1 ‘(P1+p2+ )= d:U+/ |us ’(p1+p2+ )= dx:| <
II3 I3

r;+1 (

p1t+p2+1)- p1+p2+1)-t (P1tp2+1) =%
e i 1]<OZ||uz||
=1

Tz+1

2
i+l g
23 [ i () =
=1 n

(26)

(27)
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It follows from (26) and (27) that

2

d A
g 2 [luime (6} + Z | Dz (8
i=1
p1+p2+ ) ZH
< CZ IIUZH
i=1
Hence, for

z_: [|uzmt H +ZHD muzm ’)HQI

we obtain the following inequality

1 7‘1+1
y <CZ (p14p2+1)

=1

From here we obtain the following inequality
2 < C12P,2(0) =20 =yo + 1,

where z =2 (1) =y (1) + 1, p=(p1 +p2 +1) ,max{LJrl L“}.

re ? 7o

From inequality (29) we obtain that

Yo+ 1

Y=< - — L.
L= (p—1) o+ 1777
It follows that
/ 1
where T" = o1 Do )T
From (30) we obtain the following a priori estimate:
2 2
Z [”uzmt & +Z“D R i, ( 7)“ ] <
i=1

< CIZ [!wzm\l +Z | D2 G| ] 0<t<T.

According to (19), (20), we get

- |l + Y1080 | <

i=1

2
+1-e)Y /H (i, (£, )| da <
=1 3

(28)

(29)

(32)
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From (31) and (32) it follows that

2

> [Huz‘mt I +ZHD i (1| < s, (33)

=1

where c3 > 0 is a constant independent of m.
It follows from (28) and (33) that

Z/ / [tim, (8, 2) “Hdmds <e,0<t<T, (34)
I,

where ¢; >0, i =1,2,3 are constants that do not depend on m.
Multiplying both sides of (21) by the function C’;;C (t), summing over k =1 to m, we get
that:

[wimee (& P < i (& lox - i (8, 2) |+

M

D=

+( [ tuim <t,m>12“d:c) tomie (£, ) | +
113

([ o s 8.2) (o) ) (0] <

< i (& ) oz - llimee (t 2)1 +

T1
+ (max i (6,2)] ) letamte (1) | +
z€ll3

+max [gi (wim (8, @), uzm (6, 2))] |wimu(t, 2)[| <
xells

=

< 0 [luimee (8, 2) | + e llwim (¢, )l

From this relation it follows that

i, (0 )} < CllGimllyg oz, 0 =1, 2. (35)

We differentiate both parts (21) - by ¢. Then we multiply each of the obtained equations
by Cikmet (t) and add them. Then we will get the following equality

3
<uimttt (t7 ) 7u1mtt ) : + Z DAZkulmt t $) Dﬁ;kulmtt(t $)>+
k=1

a pp—
+/Hg ot (|Uzm (t IE)| ' luim (t,LE)) Uiy (tvl’) dxr =

2
Z Giuy (uim (¢, ), uom (¢, x))ujmt (t,z) » Ujme (tvx)>' (36)
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Since (3 (s) = |s|“’_1 s is a monotonically increasing function, therefore

/1'[ gt <‘ulm (t, )] rluim (t,aj)) Uiy, (t,2) dx > 0. (37)

If we evaluate the right side of the equality (36) from above, we get that:

‘J]‘ = ‘<giuj (ulm (t7 :ZJ) y U2m (t7 l’)) Ujmy (tv x) y Ujmy (tv LL’)>‘ <

< |9iu; (wim (tvw),wm(t’m))f\wmt (t,2)| de % [y, (¢, 2)|*de %- (38)
I I3

In view of the embedding theorems, using (12) , we obtain that gy.; (uim (t, ), uzm (t, 7))
eC (ﬁg). That is why

1 1
2 2
|J]| = sup ‘giuj (ulm (tv J}) » U2m (t> x))} </H |Ujmt (t7 1‘)|2dﬂj> (/H |u’imtt (ta $)|2d$> <
3 3

z€lls

< | sup fuim (,2) PP 4 sup fugg (6 2)[PP2 ) tim, (6] wime, (&) <
x€1l3 z€ells

<CZHum i letime (&) i, (1)1 (39)

Taking into account (37) and (39) in (36), we obtain the inequality

2
Z[\uzmﬁ 2+ i (8- AAi}<cZHuzmn DI (40)

From here we get

QJ‘Q)

Z iy, (¢ ” + time (8, )| .5, F < e (41)

W,

If we multiply both side (21) by AjCjkm (t,-) and sum over j =1,...,m and k = 1,2, 3, we
get the following equality

3 3 3
<m (t.0). 3 Dt x>> . <z D2t 2), 3" DNt x>> .

k=1 k=1 k=1

/ ’ulmz (t x)‘n uzmt t 1‘ ZD ”“Uim(t,x)dl':
I3

k=1

= <gi (w1, (t, ) s uzm ( ZD Ui (t a:)> (42)
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From here, using the Holder inequality, we obtain that

2
+

< lwimy, (t || Zkuzm (t,x)

1/2
</ |1, (t,w)|2”dx> +
I3

</H3 191 (wim (£, ), ugm (¢, 2))|*dx )1/2‘

Taking into account a priori estimates (41) from here we get

““ Uim (L, T)

Z’“ Uim (T, )

3

Z Difikulm (t, )

k=1

_|_

zku m

<ec. (43)

By virtue of (41) - (43) there is a subsequence of {u1m, , u2m, } which we will denote by
{u1m, u2m }, where

Wimn —> w; *-weak in Lo <O,T; ngi) i=1,2, (44)
Uim, — Uit T-weak in Lo (O,T; WQE) ,i=1,2. (45)
Uim, — Uiz F-weak in L' ((0,T) x I3) ,i = 1,2, (46)
Uimy, — Uit F-weak in Lo (0,75 Lo (I13)) ,i = 1, 2. (47)

It follows from (44) and (45) that
AN
uiEC'([O,T];W2 >,z—1,2. (48)

On the other hand, it is known that if uy, uy € C ([o, T] ;W}‘) ALy (o, T; ngi) _ where

(ui(-),ua(-)) is a solution of the problem (1)-(3) then uj,us € Cy ([O,T] ;W;Ki) (see
[4, 7]). Similarly, we can show that

ute € Cy ([O,T] WQK) and wie € Cy ([0,7]; Lo (I13)) . (49)

If in (19) we pass to the limit as m — oo, then we obtain that the functions (uj, ug) satisfy
the systems (1).
According to (48), (49), these functions also satisfy the initial conditions (2), (3).
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4. Proof of Theorem 2
We choose such functions ¢; € WZQKi, Vi € WQE, 1=1,2, k=1,2,... that
Vi, =0 in Ly (I13)

as k — oo.

Then, according to Theorem 1, there exist functions (uy,,us,) € H%T, r=1,2,... such
that

Utrtt + Zzzl ( 1)A1kD2Alku1 + ’ulrt’ ulrt =g (U1r7 U27‘) (51)
Ugptt + O ey (— 1)A2kD2L2’“u2fr + Jugee|"> Muger = go (urr, ugr) [
DP%u, (t 2y (0)) = DiFu, (t,ap (1)) =0, B =0,1,..., A —1,i=12,
k=1,..n, r=1,2 ., (52)
wir (0,2) = i () w4t (0,2) = Yy (), x€lls,i=1,2, r=1,2,... (53)
are satisfied. In addition, the following a priori estimate is true
2 3 2
Z Huirt || + ZDL”CUW t, «73 <c¢,0<t<T, (54)
i=1 k=
t
/ / i, | dads < e, (55)
0 Ji;
2
where ¢, = (2, ||k dau |+ o] )
1
T, = 5 . (56)
2 3 Ak 2
20~ 1) (2, ||t Do + ] +1)
By virtue of (50)
e <c, r=1,2,.., (57)

2
where ¢, depends only on the expression Z?:l [szzl Dk ¢ir|| + H%’r!ﬂ i

By virtue of (56) and (57) there exists Ny € {1,2,...} such that for r > Ny the following
inequalities hold

1

T.>T =
1= 1) (T2 |24 [T i

- .
+ IWJ@-IIQ} + 1] + 1>
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Hence the sequence {u; (t,-),wir, (t,-)} is bounded in the space
Lo (0, T WQA) % Log (0, T L (IT5)).

Then from this sequence, we can choose subsequence which we will again denote by
{ur (t,-) ,ug, (t,-)}, such that as k — oo

Uir — u;  F-weakly in Lo <O,T; WZKZ) , 1=1,2; (58)
Uir, — Wiz S-weakly in Lo (0,75 Lo (I13)) ,i = 1,2; (59)
Uik, — uwir “~weakly in Ly, 41 ([0,T] x II3) ,i = 1,2. (60)

From (58) and (59) it follows that

wip, — u; in C([0,7]; Ly (I13)) ,i =1, 2. (61)

Let us investigate whether the function g; (u1,, ug,) is converted to the function g; (u1, u2),
i=1,2.
Using Lagrange’s Mean Value Theorem, we obtain that

_/n3

+92u, (u1 + 7 (U1, — u1) ,ug + 7 (u2r — u2)) (u2r — ug)) d7'|2da:.

Jie = [lg1 (wir, uzr) — g1 (u1,u2)||* =

1
/ (g1uy (u1 + 7 (ury — up) ,ug + 7 (ugr — u2)) (U, — u1) +
0

According to the embedding theorem, the following relations are true.

0 < Jg < sup [gru, (w1 + 7 (ury —u1) ,ug + 7 (ugr — ug))|lure — u||*+
z€ells

+ sup |gruy (ur + 7 (ury — ur) ,up + 7 (U2 — up))||luge — ugl® <
xells

2 2
< ¢ (lhutlloqm,ys luallogm,) ) [l = il + lluzr = sl <

2 2
< (Il o Tl 5 ) (s = P+ ey = el

Then it follows from (61) that
lim Jj = 0. (62)
— 00

Thus, according to the relations (58) - (62), if we pass to the limit in the equation (51),
we will get that , (u1, wue) satisfies the problem (1) - (3), so that

Ui () € Loo (OaT; sz) it (+) € Loo (0,1 Lo (113)) O L1 ((0,T) x M), = 1,2,
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It follows that hi(t,z) = g1 (u1,u2) — |uis|™ us € Ly ((0,T) x T3), i=1,2.
It is obvious that the functions uq, uo are a solution of the mixed problem

3
Ujpy + Z (—1)A““D§£“°ui = h;(t,x),
k=1

DBk (t, 2 (0)) = DiFuy (2 (1)) =0, By =0,1,.., Ay —1,i=1,2, k=1,...n,
u; (0,2) = ¢ (z) ,ui (0,2) = (z), xellzi=1,2.

It is known that if the solutions of the problem (1) - (3) satisfy the condition

U; () € Ly (O,T; VAVQKZ) , Ut () S Loo (O,T; Lo (Hg)) 1 =1,2,

then _
ui () €C ([O,T];WZAi> o wi () € CH([0,T]; Ly (TT3)) i = 1, 2.

(see [4, 7]).

5. The existence of a global solution

In some cases, for any 7" > 0, the local solutions defined by Theorem 1 can be dis-
tributed over the entire [0, 7] x II3 region. According to Theorem 1, this is possible if the
following a priori estimate is true for local solutions.

2
<ec0<t<T. (63)

2

S st 2) 2 +

i=1

3
Z Dé\;kul(t, J})
k=1

We get this estimate if
1 1
)\:04(]91‘1' ):(lg(pg—l— )’ (64)
by ba

a; <0,b; <0, i=1,2. (65)

Theorem 4. Suppose that conditions (4), (12), (64) and (65) are satisfied, then for any
T >0, (¢,02) € W2Al X W2A2 and (1,1p2) € Lo (II3) X Lo (Il3) the problem (1) - (3) has a
unique solution (uy (+),u2 () € C ([O,T] WA % W2A2> NCY([0,T]; L (I3) x Lo (I3)) .

Proof of the Theorem 4. Assume that (u; (-),u2(:)) is a local solution of the
problem (1)-(3) in the domain [0, T),q,] X I3 defined by Theorem 2. Denote b, = —b;,
i = 1,2, and multiply both sides of equation (1) by the function p;;:luit (t,x).

Integrating the resulting equality over the area [0, 7] x II3, we obtain

i+ 1 [
b —/i_ / / wi,, (S, 2) w;, (s,2)deds+
Vi Jo Jug
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i + 1
O T SR
11

3I<:1

1)
az pz + / / ‘uzs s, .CU rﬂrldl‘ds o
I3

i+ 1
_bit / / gi (u1 (s, 2) ,u2 (5, ) us, (s, x) deds,
0 Ji,

if we use integration by parts and sum the resulting equalities, we get the following:

2
+1
b [/ qu‘t(t,l‘)\deJr/ | DAk, (s, 2) | da+
I3 113

2V;
t
" 2/ / s, <sax>|”“df”d3] "
0 JII3

i=1
2 t
i + 1
+ZP + / / gi (u1 (s, ), ug (s,2)) u;, (s,x) drds =
i=1 bi 0 JIs

2 .
=3 / Vi (@ 'd“Z/\DA* <<x>\2dt]. (66)
i=1 t

On the other hand, if we use the expression of the functions g1 (u1,u2) ,g2 (u1, u2) and the
condition (64) , we get that

sz—l—l//n ), u2 (s,2)) us, (s,x)deds =

A
= / g + ug PPy +/ g [P g P2 da—
p1+p2+ 2 I3 s
A / +tp2+2 +1 +1
————— [ g1+ P Rdr — [ [P a2 . 67)
p1L+p2+2 H3’ | HS\ P17 | o (

Considering (65) and (67) in (66), we obtain the following:

2 opi+1
;b/A |:/ ‘uit (tvx)‘de‘i‘/ ‘D lkuz S, T ‘ dx+
i=1 ! I3

t
; A
—|—2/ / |Uis (S,:L,)|n+1d$d8—|—/ |U1+U2|pl+p2+2dm—|—/ |U1|p1+1|u2‘p2+1d1'
0 JII3 p1+p2+2 /i, I,
2
[ s | ol

/H |p1() +¢2(l‘)|pl+p2+2d:ﬂ—|—/ \¢1(1:)|p1+1|¢2(x)|p2+1d$‘

113

A
_1_7
p1+p2+2

From this we obtain the a prior estimate (1).
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On the Completeness and Minimality of Eigenfunctions
of a Non-self-adjoint Spectral Problem With Spectral Pa-
rameter in the Boundary Condition

Tehran Gasimov

Abstract. The article considers the following spectral problem:
-y +aq(@)y=Ny, z€(0,1),
y(0) =0,

y'(0) = (ax +b)y(1),

where ¢(z) is a complex-valued summable function, A is a spectral parameter, a and b are arbitrary
complex numbers (a # 0.) The theorems on completeness and minimality of eigenunctions of a
spectral problem in L,(0,1) ® C' and L,(0,1) are proved.
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1. Introduction

Consider the following spectral problem:
_y/,+Q(x)y: Ay, x€ (07 1)7 (1)

y(0) =0,
(2)
y'(0) = (aA + b)y(1),

where ¢(x) is a complex-valued function, A is a spectral parameter, a and b are arbitrary
complex numbers (a # 0.) The purpose of this article is to prove the corresponding the-
orems on the completeness and minimality of a system of eigenfunctions of the spectral
problem (1), (2) in the spaces L,(0,1) @ C' and L,(0,1). There are numerous articles
and monographs on the study of the spectral properties of problems posed for ordinary
differential operators and including spectral parameters in the boundary conditions (see,

http://www.cjamee.org 61 © 2013 CJAMEE All rights reserved.
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e.g., [1,2,3,4,5,6,7,8, 9,10, 11, 12, 13, 14]). One can cite articles from recent works
[15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. Special mention should be made of the works
[8, 9, 14, 25, 26] directly related to our paper. So, the case ¢ () =0, b = 0 is considered
in [8, 9], and in [14] under the additional condition ¢ (z) = ¢ (1 — z), it is considered the
case b = 0. Other generalizations of the boundary conditions (2) are also found in [25, 26],
where questions of the uniform convergence of spectral expansions and also, under an

additional condition ¢ (z) = ¢ (1 — z), the basis properties of eigenfunctions in the spaces
L, (0,1) are studied.

2. Auxiliary facts and initial results

In order to obtain the main results, we need some abstract results on complete and
minimal systems in the direct sum of a Banach space with a finite-dimensional one. A
system {un}, cn of a Banach space X is called complete in X if the closure of the linear
span of this system coincides with the entire space X, and is called minimal if no element
of this system is included in the closed linear span of other elements of this system. Recall
also that a system is complete in X if and only if there is no nonzero linear continuous
functional that annihilates all elements of this system. A system is minimal in X if and
only if it has a biorthogonal system.

Let X1 = X®C™ and {uy}, .y C X1 be some minimal system, and {ﬁn} CXj=

neN
X* @ C™ is its biorthogonal system :

~

Up, = (Un;anla‘--yoénm); Up = ('&n§/6n17---7/6nm)~
Let J = {n1,...,n,} be some set of m distinct natural numbers and N; = N\J. Assume
0 = det HBmJ” ij=1,m"

The following theorem is true.

Theorem 1. [27, 28] Let {i,},,cy be minimal in Xy with conjugated system {gn} v C
ne

X7. If § # 0, then the system {un}neNJ is minimal in X. In this case, the orthogonally
conjugate system has the form

29;; — 1 /Bnl Bnll /Bnml
S| e
ﬁnm /Bnlm ce ﬁnmm

If {@n} e is complete and minimal in X1 and & # 0, then {un}, oy, is complete and
minimal in X. If the system {ly}, c is complete and minimal in X1 and § = 0, then the
system {un},cn, i not complete in X.



On the Completeness and Minimality of Eigenfunctions of a Non-self-adjoint Spectral Problem 63

Accept A = —p?. Let us denote the forms included in the boundary conditions (2) as
follows:

(3)
Uz (y) = 4/'(0) — (ap® +b) y (1).

After these notation, the problem (1), (2) can be written as follows:

—y" +q(z)y+p’y =0,z € (0,1), (4)

Ur (y) =0,
(5)
Uz(y) =0

It is known that there is a system of fundamental solutions y; (x) and y2(z) of the equation
(4) in the interval (0,1) and these solutions are regular functions of p and at large values
of |p| with respect to the variable x € [0,1] uniformly satisfy the following asymptotic
relationships:

o (@) = (™ 140 (1)),

ys () = (pun)lerea [1 +0 (%)} ,

here j = 0,1; p belongs to one of the four S -sectors [29, p. 62], and wy, wy are different
square roots of —1, numbered so that for p € S the inequality Re(pwi) < Re(pws) holds.
For example, for the sector Sy = {,o 0<argp< 2} we have wy = i, wy = —1.

The solution of the equation (1) (or (4)) should be in the form of

y(x) = c1y(w) + caya(z).

Let us choose the constants ¢; and co so that the function y(z) satisfies the boundary
conditions (5). Then to find the constants c;, ca we get the following system of algebraic
equations:

Ui (y1) + Ui (y2) = 0,

aUa(y1) + c2Ua(y2) = 0.

It is known that there is a non-trivial solution of this system of algebraic equations when
its main determinant (characteristic determinant) A(p) equals zero. Thus, the number
A = p? is a eigen value of the spectral problem (1) - (2) if and only if it is a solution of
the following equation:

Ui (y1) Ui (y2)
A(p) = = Ui (1) U2 (y2) — U2 (y1) U1 (y2) = 0. (7)
Uz (1) Uz (y2)
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Considering the asymptotic formulas (6) in the expressions of U; and Us in (3), we obtain
the following asymptotic relations:

Uy () =1+ 0(5), Ui (o) = 1+o<;>,

[ S

Ga) = ip [1+0G)]| = (e + 0 |1+ 005)].

p

Us (1) = —ip [1 + 0(;)] ~ (ap® + b)e" [1 + O(M .

By substituting these asymptotic relations in the expression of A(p) in (7) and using
Birkhof’s sign [A] = A+ O ( ) we obtain:

1] [1]

ip[1] = (ap® + b)e 1] —ip[1] — (ap? + b)e™* [1]

A(p) =

Calculating the determinant A(p) and consider that when the complex number p enters
the sector Rep >0, Imp > 0, the inequality Re(ip) < 0 < Re(—ip) satisfies, then we
get the following asymptotic relation:

A(p) = (ap® +b) e [ezif’ -140 C})] —2ip[1] =

» A 2ip 1
2 ) 21 )
= b Ples” —1— P+0(-)]. 8
(ap®+b)e [e ap2+b€ + (p)] (8)
So, the eigen values of the problem (1),(2) are the root of the equation
. 2ip 1
Ao(p) =€*P —1— Y 4+0(=)=0. 9
o(p) = ¢ e+ o0) )

Note that the number A = —g (iie. p= :I:\/%i ) cannot be an eigen value, because in

this case the function y(z) satisfies the initial conditions y (0) = 0, ¥ (0) = 0, from
which y (z) = 0 is obtained . The roots of the equation f (p) = €2 — 1 = 0 are the
numbers pp = wk,k = 0,£1,..... Since A(p) is an even function, we will consider only
the roots of this function in the right hemisphere. Draw a circle ~; with the same radius
d (0 <6 < %) around each point pi. If we denote the region outside these circles by
Qs, then the function f(p) = €2 — 1 in this region is bounded by a definite positive
constant from below. Indeed, since the function f(p) is a periodic function with a period
m, it suffices to investigate this function in a vertical stripe bounded by the straight lines
Rez = £7. While in this stripe the following relations

lim [f(p)] = +oo,

Imp——o0

lim | f(p)| =1,

Imp—+o0
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are true. Since the function f(p) does not vanish outside the circle vy in this band, it
is bounded from below by an absolute value positive number « outside the circle vy. At

large values of |p| the inequality ‘O(%)‘ < «a is also satisfied. Therefore, according to
Rouché’s theorem, at sufficiently large values of k, equation (9) has only one root inside
the circle 7%, and if we denote it by p;, then from equation (9) we get the asymptotic

formula

pr =1k + O (/1) . (10)

In addition, since the function f(p) = e?” — 1 is bounded below by a certain positive
number in the domain Qs it follows that for sufficiently large |p| the function Ag(p) =
e — 1 — azziibeip + O(%) is also bounded below by a certain positive number in domain
SoNQs .

Taken into account the asymptotic formula (6) for sufficiently large |p| we get the
inequality

A(p)] = Mslpf*e”, (11)

where the constant My independent of p, only depends on the number § > 0.
Thus, the following theorem is proved.

Theorem 2. The characteristic determinant A(p) of the spectral problem (1),(2) has the
following properties:

1. there exists a positive number Ms such that, in domain So N Qs for the sufficiently
large |p| the inequality |A(p)| > Ms|p|®e™ holds;

2. The zeros of the function A (p)are asymptotically simple and have asymptotics as
follows:
1

pkzwk:—FO(k

>,k:0,1,2,....

3. Construction of the Green function of the spectral problem (1), (2)

To construct the Green function of the problem (1), (2), it is necessary to obtain an
integral representation for the solution of the corresponding non-homogeneous equation.
Let us write the non-homogeneous equation as follows

—y +q(z)y =y + f(z),2z € (0,1). (12)

When the number A is not an eigenvalue, if we apply the method of variation of the
constant to find the solution of equation (12) that satisfies the boundary conditions (2),
we obtain the following formula for the solution y(x) of this equation:

1
y(z) = e (@) + ext() + /O 9. €) F(€)de, x € (0,1), (13)
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where
ﬁ (11 (&) y2(z) —y2 () y1(x)), x>E,

D=

~

g(x,§) =
—3wig W1 (©y2 (@) =2 (&) w1 (2) 2 <&,

W (z) is the Wronskan of the functions y;(z), y2(x) , i.e.

) (8
W(E)_‘ (&) ya(8) ’

Let us claim that the general solution (13) of equation (12) satisfies the boundary condi-
tions (2), i.e. is the solution of the boundary value problem (12), (2). This means that the
constants c1, co must be solutions of the following non-homogeneous system of algebraic
equations:

aUi(y) + U () + [ Ur(g) f(£)d€ = 0.

c1Uz(y1) + c2U(y2) + [y Uz(g) f()d€ = 0.

Since A is not an eigenvalue, the main determinant of this system is differ from zero, and
therefore there exists only one solution. Solving this system and substituting the found
values of the constants ¢; and ¢z in equation (13), we obtain the following formula:

1
yio) = [ Glogn 1@ de (1)
0
In formula (14) G(z,&, p) is a Green’s function and defined as follows:
1 yi(z)  wya(z) g(x,9)

G(x7§ap):m Ul(yl) Ul(y2) Ul(g) 71'766[071]7 (15)
PPl Us(p) Uy Uslg)

where
.8 S @) + 2@ (@), ==
g\x,q) =

“H©n@) T 2@n@),  T<E

28 ; _ wn(

2(0) = 2 2@ = -1,

Us (9) = —3 (Us (32) 21 (6) + Us (1) 22 (6)),
U (9) =~ (1 (€3 0) + 22 (©) 41 (0)) — (a? +8) 5 (21 (©) 42 (1) + 22 (€ 3 (1).

So, the following lemma is proved.

Lemma 1. The Green function of the spectral problem (1),(2) is defined by the formula
(15).
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4. Evaluation of the linearized operator’s resolvent. Theorems on the
completeness

Let us now reduce the study of the spectral problem (1), (2) to the study of the spectral
problem Ly = Ay for an operator L acting in the space L,(0,1) @ C. The operator L is
defined as follows:

D(L)={j§ € Ly ®C:§= (y(x),ay(1)),y € W;(0,1),U(y) € Lp(0,1),y(0) = 0},
for € D(L) it is true L = (I(y); y (0) — by(1)).

Lemma 2. Operator L is a closed operator with a compact resolvent and is dense every-
where in the domain L,(0,1) & C . The eigenvalues of the operator L coincide with the
eigenvalues of problem (1), (2). Each eigen or associated function y(x) of the problem
(1), (2) corresponds to an eigen or associated vector y = (y(x),ay(1)) of the operator L.

Proof. Let’s define the function F'g = y(0) for the vector § = (y (z),ay (1)), y(x) €
W2 (0,1). It can be easily checked that the functional F' is bounded in space W2(0,1) &
C' and unbounded in space L,(0,1) @ C. Then the considered operator L is a finite-
dimensional contraction of the maximum operator L, defined as follows:

L:L,oC—L,®C,
D(L)={seL,@C:j=(y()ay(1),y € W2(0,1),L(y) € Ly (0, 1)},

Ly=(1y) 50 —by(1)), ¥jeD).

Then (see [30, 31]) we obtain that the operator L is a closed operator with a compact
resolvent and its domain is dense everywhere. The second part of the lemma is examined
directly.

Note that since the operator L is closed and dense defined everywhere, it has an adjoint,
and the adjoint operator L* will be the linear operator generated by the spectral problem

—2" 4 q(@)z = Az, (16)

z(1) =0,
- (17)
2 (1) = —(a\ + b)z(0),

in the space Ly(0,1) & C, where ¢ = p%l.
_ To construct the resolvent operator R () = (L — Al )~1 take an arbitrary element
f=(f(z),B) € L,(0,1) @ C and consider the operator equation (L — AI)y = f. To solve

this equation, it is necessary to find a solution to equation (12) that satisfies condition
y(0) =0,
(18)
y'(0) = (aA +b)y(1) = B.
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It is obvious that, for each regular number A the element § = (y(z, A),ay(1,\)) € D(L)
will be the solution of the equation Lj — A = f if and only if the function y(z) will be a
solution of the non-homogeneous equation (12), (18). We can present the solution y(z, \)
of equations (12), (18) in the form of the sum of two functions:

y(x,\) = éd(z, A) + h(z, A)

thus, ¢(z, A) is the solution of the problem (12), (18), and h(z, ) is the solution of the
problem (1), (18). The representation (14) for the function ¢(z,\) has already been
obtained. Now let’s take a representation for the function h(z, A) Let’s denote it briefly
by h(z). Then let us seek it in the form

h(z) = a1y1(z) + agya(z), z € (0,1), (19)

where the constants a1, as must be the solution of the following system of algebraic equa-
tions:

or
a1U1(y1) + a2Ui (y2) = 0,

a1Uz(y1) + a2Us(y2) = B.

By solving this system of equations, we have

al = —

: 5
N

If we substitute them in (18), we obtain

h(z) = Afp)(_Ul (4291 (&) + Us (1)), (20)

Thus, if the number A is a regular point of the operator L, then we obtain the following
representation for the solution y(z, A) of the problem (12), (18):

1
B
y(z,A) = /0 G, &, f)f(§)ds + m(—%(m)w(ﬂ?) + Ur(y1)y2(z)) (21)
where G(z,&, \) is a Green function and is determined by equation (15) .

Now we can proceed to a direct estimate of the resolvent R (\) = (L — A)™" . Let Qs
be the image of the domain Qs in the complex A -plane under the mapping A = p?.

Theorem 3. For the resolvent of the operator L, which linearizes the spectral problem
(1),(2), in the domain Qg for large values of |A| the following estimate is valid

M
RN < —5
RIE

: (22)



On the Completeness and Minimality of Eigenfunctions of a Non-self-adjoint Spectral Problem 69

Proof. Let f = (f(z),p € L, ® C be an arbitrary fixed element. To estimate the
resolvent it is necessary to estimate the vector (y (z),ay (1)) € L, & C. Let us show that
if p € Qs, Imp > 0, then for sufficiently large |p|, for the solution y(zx, p) of the problem
(12), (18) uniformly with respect to the variable = € [0, 1] the following inequality

C
(y(z, p)| < Tl

is true; where the constant C' is independent of p, but depend only on element f &
L,(0,1) & C and 4. Let us accept A = —p?, p = s+ ir,7 > 0. Then according to (21) the
following representation

A (p) (=Ur(y2)y1(x) + Ur(y1)y2(z)) =

1
y(w)z/o G (x.€.p) £ (€) d +

1
_ /0 Gz, £, p)[(E)dE + h(x. p)

is true, where

h(z. p) = 5—U1(92)y1 (-2(—;)[]2(:(/1)3/2(_1-).

Using asymptotic formulas (3), we can write the following:
Ur(y2)yi(z) = e*[1] - [1] = e'*[1] = O(1), (Rei p < 0),
Ua(n)y2(z) = e **[1(ip[1] = (ap? +b) M = ap?e P2 1] = O (7).
Note that these asymptotic formulas uniformly satisfy with respect to the variable x €
[0,1]. Considering these asymptotic formulas in (23), we obtain that as |p| — oo, the
increase in the numerator of the fraction in (23) is like O(e™). On the other hand, taking
into account the inequality (11) and the above estimate of the increase in the numerator
of the fraction in (23), for sufficiently large |p| in the domain Qs the following estimate
: M,
(@, p)| < Mse™™ < =5 (24)
Pl
is obtained, here the constant M(; is independent of p.
Now, let us estimate the function ¢(z, p). Taking into account the asymptotic formulas
(3) in the following expressions

(23)

a(6) = I @) =228,
we have:
() = y2(&) _ e~Pe[1] _ e e (1] :e_ipg :iefipg
1 @ [T ST
hl€) ual6) 1] 0]

ipetPt[1]  —ipe~t5[1]
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 we Sty R
28 =700 w© N A TR R
iperS[1] —ipe"P¢[1] SRO
v1(6) ya(6)
(26)
Consider the function G(z,&,p) in the case of x > & (the case of z < £ is considered
similarly).

The determinant (12), which determines the function G (z,&, p), can be transformed as
follows: multiply the first column of the determinant by %22 (£), and the second column
by —%zl(f ) and add to last column. Using asymptotic formulas (3), (25), (26), we obtain
the following formulas for the elements of the last column of the determinant in (15)

1

P =g(z,6)+ %m (7) 22 (&) — 52 ()21 (&) =

= So1(©(2) + 522 () + Jui ()(€) — Sy ()71 (6) =
— (@) 22 (6) = ¥ [1] (e ) W] = — " O], D)
Py=Ui(9) + 322 () U () ~ 321 () Us (32) =

- _%Zl(g)Ul(QQ) - 1Zz(ﬁ)Ul(yl) + 1'Z'Q(E)Ul(yl)_

2 2
~54 OV ) = =21 Ui () = e M- = —-e¥ [, (28)
Py= —321 (©)5(0) ~ 322 () 1(0) — 5 (ap? +1) 51 (€) 2 (1)
—5 (0 + D22 (1) + 522(€) 41 0
— 52O 0 + B (1) — 321(Eal0) + lap? + D=1 (E)al) =
= =21 () 52(0) = (ar® +) 22 € wn (1) = ip [1] 5o 1] -
(@ + ) (e 5] = — (1) - 2 E D o0 (29

Substituting formulas (27), (28), (29) into the formula (15) of the Green function, we

obtain:
vi(x)  ye(z) P 0P
U, =

OO 5 R,

P
Alp) P,
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e’ (1] e (1] — Leir==91]
ip[l] — (CL,O2 + b)eip[l] —ip[l] — (CZ,O +be fzp[ ] %ﬁ‘f‘biew(lfﬁ) [1] - %eipg[l]

Since the last formula contains 0 <z <1, 0<¢ <1, x> ¢ and Re( ip) <0 the powers
of the exponents included in the determinant are complex numbers, the real part of which
is not positive. We have shown that the function Ay(p) is bounded below by some positive
number. Thus, the function G(z,¢, p) for large values of p € Sy N Q5,0 < & <z <1, and
|p| satisfies the following inequality

X

Gla,€.p)]| < |C| (30)

this inequality is satisfied uniformly with respect to the variables x and £. Now, taking into
account the inequalities (20) and (30), we obtain the following estimate for the solution
y(x, p) of equations (12), (18) for the fixed element f € L,(0,1) & C:

1
y(x,m:'/o G (2,6, p)  (€) de + h (. p)| <

1
g/ G (2.6, )| |f (€)] dé + |h(x. p| <

|p|/|f )l de + |5]) <

“IIf

- Ipl Ly@&C’

Hence, we have the inequality

Ca
< il 0
s, < 1],
Since the estimate (31) is satisfied uniformly with respect to the variable x € [0, 1], the
estimate for |y (1)| is obtained by writing = 1 in (31). Thus, the inequality (22) is true
for each A\ € Q.
Theorem is proved.

Using the Theorem 3, let’s prove the following theorem, which is the main result of
this section.

Theorem 4. The system of eigen and associated elements of the operator L is a complete
and minimal system in the space L, (0,1) @ C, 1 < p < oo.

Proof. The minimality of the system of eigenvectors and associated vectors of the
operator L in the space L, (0,1) @ C, 1 < p < oo, is a consequence of the fact that the
resolvent of the operator L is a compact operator in this space [32]. Therefore, we prove
the completeness of this system. According to Theorem 2, the resolvent of the operator
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L satisfies estimate (22) . This estimate means that the resolvent R(\) = (L — AI)™*
satisfies the inequality

C
IR (P < Fj’ pE Qs |pl =10 (32)

Let us assume that the system of root vectors of the operator L is not complete in space
L, (0,1)® C. Then there exists a vector g € L, (0,1) & C orthogonal to all root subspaces
of the operator L, i.e.

(Quf.g) =0.f €L, (0, C, n=0,12 ..

and hence Qg =0, n =0,1,2,...; here (),, denotes the Riesz projectors of the operator
L: )
Qn =

=— R(\)dA.
270 Jix—an|=r

In this case it is obvious that Q}, n € Ny, (Ng = N U{0}), will be the Riesz projectors of
the adjoint operator L*. It follows that R (A, L*) ¢ will be an entire function in the entire
A - plane. On the other hand, based on estimate (32), the inequality
* Cs 2
[N L) < ’)\T, AEQs, A= 705 (33)
2

is true. Then, by the maximum principle, inequality (33) is satisfied in the entire A-plane
and R(\,L*)g — 0 as |A\| — oo, and by Liouville’s theorem this means that an entire
function R (X, L*) g is a constant function. Then differentiating this function and taking
into account that %R (A, L*) = R%(\, L*) we obtain that R? (\,L*)§ = 0. Since for all
A € p(L*) the operator R (A, L*) is single-valued, we obtain that § = 0, which means
that the root vectors of the operator L form a complete system in the space L,(0,1) ® C.
Theorem is proved.

From Theorem 4 it also follows that the system of eigenfunctions and associated func-
tions of the spectral problem (1),(2) is overflowing in space L,(0,1), and in this system
one function is superfluous. Therefore, we clarify the question of which function can be
excluded from this system while maintaining the completeness and minimality properties.
Let the system {Z,},~, be biorthogonal system to {g,},—,. It is a system of root vectors
of the adjoint operator L* moreover 2, = (z, (z),azy (0)), where z, (z) is an eigenfunction
or an associated function of the adjoint spectral problem (16),(17).

The following theorem is true.

Theorem 5. The system {yn(x)};ozovnino, obtained from the system of eigen and as-
sociated functions {yn(T)}; 20 zny: Of the spectral problem (1),(2) after removing any
eigenfunction yn, (x), corresponding to a simple eigenvalue, is complete and minimal in
the space L,(0,1), 1 < p < oo. In this case, the biorthogonal system has the form

{Un(z)}:2 where

n=0,n#ng’ (0)
Zn

O () = 2 () — T(O)

Zng (T) .
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Proof. As follows from Theorem 1, a sufficient condition for the completeness and

minimality of the system {yn()},Z0 ,n, 13 the condition 2, (0) # 0. For any simple
eigenvalue \,, this condition is satisfied, because, otherwise, we get that the function
Zn, () is a solution to equation (16), satisfying the initial conditions zy, (1) =0, 2, (1) =
0, so this solution is trivial, i.e. =z, (z) = 0, which contradicts the fact that it is an
eigenfunction. Thus, the assertion of the theorem follows from Theorem 1.
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