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Uniform Convergence of Spectral Expansions for a Bound-
ary Value Problem with a Boundary Condition Depend-
ing on the Spectral Parameter

K.F. Abdullayeva

Abstract. In this paper, we consider the spectral problem for ordinary differential equations of
fourth order with a spectral parameter contained in one of the boundary conditions. The uniform
convergence of spectral expansions in terms of the system of eigenfunctions of this problem is
studied.
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1. Introduction

We consider the following eigenvalue problem

Uy) (@) =y (2) - (g(@)y' (2)) = Ny(x), 0 <z <1, (1.1)
y'(0) cosa — 3y (0) sin v = 0, (1.2a)

y(0) cos B+ Ty(0)sin 8 = 0, (1.20)

(aX+b)y' (1) + (eA+d) y" (1) = 0, (1.2¢)
y(l)cosd — Ty(l)sind = 0, (1.2d)

where X\ € C is a spectral parameter, Ty = v — qy/, q is a positive absolutely continuous
function on [0,1], o, 53, 0, a, b, ¢, d are real constants such that 0 < o, f < 7w/2, 1/2 <d <7
(with the exception of the case § = = 7/2), 0 = bc — ad > 0.

Note that problem (1.1), (1.2) for « = 8 = 0 arises when describing small bending
vibrations of an elastic cantilever homogeneous beam, in cross sections of which a longi-
tudinal force acts, the left end of which is fixed, and a load is attached to the right end
by means of a weightless rod, which is held in equilibrium by means of an elastic spring
(see, e.g., [6, 17]).
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The uniform convergence Fourier series expansions in the systems of root functions of
Sturm-Liouville problems were studied in [7-9, 11-13, 15].

Problem (1.1), (1.2) in the case @ = § = 0 was studied in [1], where, in particular, it
was proved that the eigenvalues of this problem are real and simple and form an infinitely
increasing sequence. Moreover, the location of the eigenvalues on the real axis is studied,
the oscillatory properties of the eigenfunctions are investigated, and the basis property in
the space L,(0,1), 1 < p < oo, of the system of eigenfunctions of this problem with one
arbitrary remote function is established.

The purpose of this paper is to study the uniform convergence of spectral expansions
in terms of eigenfunctions of problem (1.1), (1.2).

2. Preliminary

Consider the boundary condition
y'(0) cosy + " (0) siny = 0, (1.2¢)

where v € [0, 5]].

By following the argument in Theorem 5.2 of [4] we can prove that for each fixed
a, B the eigenvalues of problem (1.1), (1.2a) (1.2b), (1.2¢/), (1.2d) are real, simple and
form infinitely increasing sequence {\;(7,0)}3, such that Ag(y,d) > 0 for £ > 2, and for
each v there exists do(y) € [5,m) such that A(y,8) > 0 for 6 € [0,60(7)), A1(7,6) =0
for 6 = do(7v), M(v,0) < 0 for 6 € (do(7),m). Moreover, the eigenfunction y - s5(),
corresponding to the eigenvalue Ag(7,d), for k& > 2 has exactly k — 1 simple zeros, for
k =1 has no zeros if § € [0,00(7)], has an arbitrary number of simple zeros in the interval
(0,1) if § € (do(7), ™).

For the study of spectral properties of problem (1.1), (1.2) we consider solutions of the
initial-boundary problem (1.1), (1.2a) (1.2b), (1.2d).

Theorem 2.1. For every fized A\ € C there exists a unique non-trivial solution y(x, \)
of problem (1.1), (1.2a) (1.2b), (1.2d) up to a constant multiplier.

The proof of this lemma is similar to that of [1, Lemma 2.3] (see also [10, Theorem
2.1)).

Remark 2.1. Let y(x, A) be the solution of (1.1), (1.2a) (1.2b), (1.2d) normalized by
the condition |y(0)| + [Ty(0)| = 1 for A > 0, and |¢'(1)| + |y”(I)| = 1 for A < 0. Since Eq.
(1.1) depends linearly of the parameter A, it follows from the general theory of ordinary
differential equations (see, e.g., [16, Ch. I]) that for every fixed z € [0,!] the function
y(z, A) is an entire function of the parameter \.

Let o, 8 € [0, /2] and § € [rr/2,7) be arbitrary fixed, and let By, = (Ax—1(0, ), A\x(0,9)),
k=1,2, ..., where \y(0,0) = — o0.

It is obvious that the eigenvalues A\;(0,0) and Ax(7/2,0), k € N, of problem (1.1),
(1.2a) (1.2b), (1.2¢), (1.2d) for v = 0 and v = 7/2 are zeros of entire functions y'(l, \)
and y” (I, \) respectively. Note that the function F(\) = y”(I,\)/y'(l,\) is defined in
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( U Bk> (C\R) and is a meromorphic function of finite order, and the eigenvalues

A (/2 5) and A\, (0,9), k € N, are zeros and poles of this function respectively.
Lemma 3.1. The following formula holds:

l

/yQac)\dx A€ B. (2.1)
0

dF(\) _
A

The proof of this lemma literally repeats the proof of [11, formula (30)].
Lemma 2.2 The following limit relation holds:

lim F(\) =+ oc. (2.2)
A——o00
The proof of this lemma is similar to that of [1, Lemma 2.8].
In view of [5, Property 1], by (2.1) and (2.2) we get

)\1(7T/2,(5) < )\1(0, (5) < )\2(71'/2,(5) < /\2(0,5) < ... (2.3)

Let m(A\) = ay' (L, \) + ¢y (I, N).

Remark 2.2. If follows from boundary condition (1.2c) that if A is an eigenvalue of
problem (1.1), (1.2), then m(\) # 0.

We denote by s(A), A € R, the number of zeros of the function y(z, \) contained in the
interval (0,1).

By following the arguments in Lemma 2.11 from [1] we verify that the following oscil-
lation theorem is valid for the function y(z, ).

Lemma 2.3. If A € (A\,—1(0,0), \g(7/2,0)) for k >3, then k —2 < s(A\) <k —1, and
if X € [Me(7/2,0), M\i(0,6)] for k > 3, then s(\) = k—1. Moreover, if § € [1/2,60(0)], then
s(A) =0 for A € [0,A1(0,9)], 0 < s(A) <1 for A € (A1(0,9), Aa(7/2,0)) and s(A) =1 for
A€ [Aa(7/2,6),X2(0,6)], if 6 € [00(0),00(7/2)), then 0 < s(A) <1 for A € [0, \2(7/2,6),

s(A) =1 for A € [Na(7/2,0),2(0,0)], and if § € [oo(7/2,7), then s(A\) = 1 for \ €

3. The properties of eigenvalues and eigenfunctions of problem (1.1),
(1.2).
We introduce the following boundary condition
y'(1) +cy’ (1) = 0. (1.2¢")

Note that, boundary condition (1.2¢”) in the case a = 0 (¢ = 0) coincides with condition
(1.2¢/) for v = /2 (v = 0). By [2, p. 768] the eigenvalues of problem (1.1), (1.2a) (1.2b),



6 K.F. Abdullayeva

(1.2¢"), (1.2d) for each fixed «, 8 and for ac # 0 are real, simple and form infinitely
increasing sequence {7;(0)}7°, such that for any fixed «, 5 and ¢ the relations hold

)\1(71'/2,6) < 7'1(5) < )\1(0, 5) < )\1(7‘1’/2,(5) < 7'2((5) < )\1(0, 5) < ... (310,)
in the case a/c > 0, and
T1(8) < A1(7/2,0) < A1(0,0) < 12(9) < Aa(7/2,0) < A2(0,0) < ... (3.1b)

in the case a/c < 0.
For a # 0 (¢ # 0) we define the number k, (k.) from the inequality

)\ka—l < —b/a < )\ka ()‘kc—l < —d/C < /\kc)'

Remark 3.1. If ac # 0, then k, < k. + 1 for ac > 0, and k, > k. for ac < 0.

Theorem 3.1. The eigenvalues of problem (1.1), (1.2) are real and simple and form
an infinitely increasing sequence {\;}72, such A > 0 for k > 3 +sgn|c|. Moreover, for
k > k1 = max{kq, kc} + 2, the eigenvalues have the following arrangement on the real
axis:

Me—1(0,0) < A < Ap(7/2,0) < A,(0,9), if ¢=0, (3.2a)
Me—2(0,0) < T—1(8) = Me—1(7/2,0) < A < A,—1(0,0), if a=0, (3.2b)
Ae—2(0,0) < Ap—1(m/2,0) < 16—1(8) < Mg < Ag—1(0,0), if ac >0, (3.2¢)
Ae—2(0,0) < T—1(8) < Ak < Mg—1(7/2,9) < A\—1(0,0), if ac < 0. (3.2d)

Remark 3.2. Using Lemma 2.3 from Theorem 3.1 one can obtain the oscillatory
properties of eigenfunctions corresponding to all positive eigenvalues. For example, if
¢ = 0, then the function yi(z) (k > 1 for § < dp(7/2) and k, > 2; k > 2 for § < do(7/2)
and k, = 1, for dp(m/2) < § < p(0) and for § > d9(0) and kq > 3; k > 3 for § > dp(0) and
kq < 2) has exactly k — 1 simple zeros for k < kg, has either kK — 2 or k — 1 simple zeros
in the interval (0,1) for k& > k.

4. Asymptotic formulas for eigenvalues and eigenfunctions of problems
(1.1), (1.2a) (1.2b), (1.2c"), (1.2d) with ¢ =0 and (1.1), (1.2)

Lemma 4.1. Let ¢ =0 in Eq. (1.1). Then the following asymptotic formulas for the
eigenvalues and eigenfunctions of problem (1.1), (1.2a) (1.2b), (1.2¢"), (1.2d) with ¢ =0
are valid:

IT(8) = <k—H?fgmB>7lr+O<lj2>, ifa=0,c¢=0, (4.1a)
() = <l<:— 2+34sgnﬁ> %+ (1+sg2;rlli)cota+0<kl2>’ o012 =0,

(4.1b)
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S(8) = <k_2""?fgnﬂ>7lr+‘;/

) = (o — 2t} 3 eleslipmilente | o (),

C+O<k2>’ ifa=0,c#0, (4.1¢)

(4.1d)
if a€(0,7/2], c#0,
v, 5(z) =4/ 1+Sgnﬂ { — sgn ) sin &7 — (—1)%8"5 cos YT+
(4.2a)
(1—sgnp)e “VTET 4O (%)}, ifa=0,c=0,

vy, 5(z) = \/72_73;“6 {sin YT e —sgn B - cos Y1 x — sgn B cem VTRT 4

sgnf % sin 7z — (14 sgn,B) oo - COS {/Tp T + (4.2b)
(1+5g08) $%2 e Y52 10 (%)}, ifa € (0,7/2], ¢ =0,
vk, 5(x \/Hsgnﬁ { 1 — sgnf) sin &7,  — (—1)8"F cos VT +
sgnf
(1 —sgnpB)e VT 4 (—1)kt! (@) e VT @=l) (4.2¢)
sgnf
(—1)k+L (@) 8l ¢ /7 (a= l>+o(12)}, ifa=0,c#0,
vy, 5(z \/2 sgnfs {sin ¥Tx —sgn B - cos YTyx —sgnf-e VT4
k+1—sgnB [ V2 1-sgnf Y7 (x—1) cotoz
(—1) <7> e — sgnf3 - sin /7« —
(4.2d)
a o — Y x
2 (:;tnﬂ CoS \/Th T + (2 Cb(;tnﬂ)pk e VT
krsgng ((v/2) 755 afe pe(z=l) L O (L
(bt (Z) T eeeneh 1 0 () ¢ i (0.5], ¢ £ 0,
where relations (4.2a)-(4.2d) hold uniformly for x € [0,1].
The proof of this lemma is similar to that of [3, Lemma 3.1].
By (4.1) from (4.2) by direct calculations we obtain

lor,sll3 =1+ 0 (k72), (4.3)

where || - ||2 is the norm in Ly(0,1).
We denote by ¥i(x), k € N the normalized eigenfunction, corresponding to the eigen-

value 7 of problem (1.1), (1.2a) (1.2b), (1.2¢), (1.2d) with ¢ = 0, i.e. Vi(z) = ﬁq’jk‘séﬁl
Then by (4.3) for Wi (z) the asymptotic formulas (4.2a)-(4.2d) are valid.
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The function go(x), x € [0,!], and the number gy we define as follows:

T

l
qo() :/q(t)dt, Qo = /q(t)dt.
0

0

Lemma 4.2. For the eigenvalues and eigenfunctions of problem (1.1), (1.2) we have
the following asymptotic formulas:

Wewll _ 5+3sgnf\w 1 L B
\/)\k—<k: — l+4k‘ + 0 2 , ifa=0,c=0, (4.4a)

I = (k: _ 6+3Zgn6) x4 2ot2(ltsgfleota | (),
(4.4b)

if € (0,m/2], c =0,

Weell _ 6+4+3sgnf\ 7w qo + 4a/c 1 L
\/)\k—<k — 1 l+74k:7r +0 12 , ifa=0,c#0, (4.4¢)

m _ (k . 7+3zgnﬁ)) % + q0+4a/c+2£ijr-sgn,6’) cot « +0 (%) :

(4.4d)
if o € (0,m/2], ¢ #0,
x) = \/71+Slgnﬁ {(1 —sgn B) sin ¥/ Agx — (—1)%8" cos v/ Az+
(1—sgn ) e~ VAwe 4 (—q e msenlaomaol®) iy /30—
(4.5a)
(— 1)5gnﬁ’% cos VA + (1 — sgn B) L) qO(z) eVae 4 0 (%)} ;
ifa=0,¢c=0,
yr(z) = \/@{sin S px —sgn B - cos YApx — sgn - e Y
sgn 3 qo(x):% sin v/ gz — qo(x)”(l;skgnﬂ Jeota o ¢/ + (4.5b)

s ()2 Aeoto o~ VNe 10 ()}, ifa e (0,7/2], c=0,
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=/ 1+Sgnﬁ {(1 - sgn B) sin VAgx — (—1)%8"7 cos v/ Apz +
(1—sgnB) e YAz 4 (—1)ktsend ({)Sgnﬁ e VA=) 4

(_1)sgnﬂ(1—Sgﬂﬁ)(QZ‘;k4a/c)_QO($) qin & )\kx_ (4.56)

( 1)5gnﬁ¢10+4a/c+(ig:gnﬁ qo(x COS W]: +( — sgn ﬁ) q0+4a4/§k—(10($) e~ ma:_’_

sgnf - )
(—1isend (YZ)T ) ¢ At ”+0(12)}, ifa=0,c#0,

yr(z) = VM {sin Y Npx —sgn 3 - cos Vagx —sgn B - e~ VT4

sgnf3
(_1)k+sgnﬁ (@) & e VAk(z=1) _ sgn 4cota+q0( ) sin &/ ez — s

QO($)+2(12;skgnﬂ) cota oo mx 4 sgn6~qoglmg)k+4cotae— Iz

+ (—1)Fsendllontiale YD L O (), if a e (0,7/2), ¢ #0,

where relations (4.5a)-(4.5d) hold uniformly for x € [0,1].

The proof of this lemma is similar to that of [3, Lemma 3.2].

5. Uniform convergence of expansions in Fourier series of subsystems
of eigenfunctions of problem (1.1), (1.2)

Let
0 = llyxll3 + o~ mg. (5.1)
Since o > 0 and my, # 0 it follows from (5.1) that
o >0, ke N. (5.2)
Theorem 5.1. Let r be the any fized positive integer. Then the system {y(2)}72; ks,

of eigenfunctions of problem (1.1), (1.2) forms a basis in Ly(0,1), 1 < p < oo, and for

p = 2 this basis is a Riesz basis. The system {ug(x)}32y 1., conjugate to the system
yr ()} , is defined by the equality:
k=1, k#r

uk<$) = 5]:1 {yk(x) — mEm,. 1yr<m)} keN, k 7é T, (53)

The proof of this theorem repeats the proof of Theorem 4.1 of [1].
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If r is an arbitrary fixed natural number, then by Theorem 5.1 the Fourier series

expansion
oo

f@) =Y (froun) (), (5.4)

k=1, k#r

in the system {yx(z)}32; ;. of any continuous function f(x) on [0, 1] converges in Ly, (0,1), 1 <

p < 00, and converges unconditionally for p = 2.

The main result of this paper is the following theorem.

Theorem 5.1. Let r be the an arbitrary fized positive integer, f(x) is continuous
function on the interval [0,1] and has uniformly convergent on [0,1] Fourier series in the
system {Wy(x)}72,. Then the series (5.4) converges uniformly on [0,1].

Proof. If « = =0 and ¢ = 0 in boundary conditions (1.2a)-(1.2¢) and (1.2¢”), then
it follows from (4.1a) and (4.2a) that for eigenvalues and eigenfunctions of problem (1.1),
(1.2a), (1.2b), (1.2¢"), (1.2d) with ¢ = 0 the following asymptotic formulas hold:

r(®) = (k— i) e (;2> (5.5)

Uy (x) = \/%{sin (k—1) Tz —cos(k—1) Tz +e ~(k=3)7e —1—0(%)} (5.6)

where (5.6) holds uniformly for = € [0,].
It follows from (4.4a) and (4.5a) that for eigenvalues and eigenfunctions of problem
(1.1), (1.2) with @ = 8 =0 and ¢ = 0 the asymptotic formulas are valid:

o (BT w0 (]

M= (k-2 T o (). (5.7
@) = /1 {sin (k= 3) o —cos (k= §) Fa e (DT
wsm(;ﬁ_g)%_wcw(,ﬁ_g)zﬁ (5.8)

4km 4km

womfeions (D72 4 0 ()],

km

o

where (5.8) holds uniformly for = € [0,1].
By asymptotic formulas (5.6) and (5.8) we have

yr(z) = Uj_y(z) + \/>{ qo— q04kx¢)r a0z (k o %) %x _ (%-&-qoi;;)r)l—qwx

cos (k= §) o+ (st o (DT 4 0 ()},

=

In view of (5.8) we get

- (3 o).
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i = 0vay T (14 20 (L)),

which implies that

e = ayy() + eyl () = — W ~0 (1> . (5.10)

Direct calculations show that

1
Il =1+0 (3)- (5.11)

Then by (5.10) and (5.11) it follows from (5.1) that

1
b=l + o~ mt =140 (13 ). (5.12)

Let r be the any fixed positive integer. By (5.10)-(5.12), from (5.3) we get

uk(x) = 5’;1 {yk(a;) —my mr_l yr(:(;)} = yk( )+ O (k12> (5.13)

Note that for uniformly convergence of series (5.4) it is necessary and sufficient uniform
convergence of the series

ST un)yn(@). (5.14)
k=r+1
By (5.13) we have
S (Fudvel) = > (frun)ur(z Z O <k2) (5.15)
k=r+1 k=r+1 k=r+1
it follows from (5.9) that
yr(x) = @p_q1(x) + O <]1§) . (5.16)
According to (5.16) we have
S @) = S Fa®a@+ S Gwo(d). (a7
k=r+1 k=r+1 k=r+1

Since {yx(2)}72; k. 18 @ Riesz basis in L5(0,1) the following estimate holds

> \(f,ywO(i)lsConst{kf (Fl+ 5 ,32}<+oo.

k=l+1 =l+1 k=l+1
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Hence to study the uniform convergence of the series (5.14), it suffices to study the uniform

convergence of the series
o0

> () ¥eoa(x) (5.18)

k=r+1

pi(z) = ﬁ (qo — QO(Z;)Z +QOCU7 o) = ﬁ (qo + %(43;))[ — q()aj7

exa(x) = e~ (+75)

)

Let

7r
h

Then by (5.9) we get

yp(z) = U1 (x) + k_lpl(m)ekyl(m) + k_po(:U) ek,g(x) + k;_lp3(x) ekg,( )+ O (132)

whence implies that

Yo Fw)®roa(e) = Y (fPr1) Ppoa(a)+
k=r+1 k=r+1

Z k= (fp1sen) Proa Z k= (fp2sen2) P (2)+

k=r+1 k=r+1
Z K (o3, ens) Pro1(z) + Y O (K72) By (a). (5.19)
k=r+1 k=r+1

By virtue of [14, Lemma 5] each of the systems {e; ;}32,, 7 = 1, 2.3, is a Bessel system.
Therefore, we have the following estimates

> | < omst ( 2 @t 2 <fpj,ek,j>\2> < const (1+£1[3), j = 1, 2. 3.
k=l4+1 k=Il+1 k=l+1
oo
By virtue of the condition of this theorem the series > (f, ®x_1) Pr—1(z) converges
k=r+1

uniformly on the interval [0,1]. Then, as seen from (5.19), the series (5.18) converges
uniformly on [0, 1].
The rest cases are treated in a similar way. The proof of this theorem is complete.
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An Inverse Boundary Value Problem for the Boussinesq-
Love Equation with Periodic and Integral Condition

S.I. Allahverdiyeva

Abstract. The work is devoted to the study of the solvability of an inverse boundary value prob-
lem with an unknown time-dependent coefficient for the Boussinesq-Love equation with Nonlocal
Integral Condition . The goal of the paper consists of the determination of the unknown coefficient
together with the solution. The problem is considered in a rectangular domain. The definition of
the classical solution of the problem is given. First, the given problem is reduced to an equivalent
problem in a certain sense. Then, using the Fourier method the equivalent problem is reduced to
solving the system of integral equations. Thus, the solution of an auxiliary inverse boundary value
problem reduces to a system of three nonlinear integro-differential equations for unknown functions.
Concrete Banach space is constructed. Further, in the ball from the constructed Banach space by
the contraction mapping principle, the solvability of the system of nonlinear integro-differential
equations is proved. This solution is also a unique solution to the equivalent problem. Finally, by
equivalence, the theorem of existence and uniqueness of a classical solution to the given problem
is proved.

Key Words and Phrases: Inverse problems, hyperbolic equations, nonlocal integral condition;
classical solution, existence, uniqueness.

2010 Mathematics Subject Classifications: Primary 35R30, 35110, 35L70; Secondary 35A01,
35A02, 35A09.

1. Introduction*

There are many cases where the needs of the practice bring about the problems of de-
termining coefficients or the right hand side of differential equations from some knowledge
of its solutions. Such problems are called inverse boundary value problems of mathematical
physics. Inverse boundary value problems arise in various areas of human activity such as
seismology, mineral exploration, biology, medicine, quality control in industry etc., which
makes them an active field of contemporary mathematics. Inverse problems for various
types of PDEs have been studied in many papers. Among them we should mention the
papers of A.N. Tikhonov [1], M.M. Lavrentyev [2, 3], V.K. Ivanov [4] and their followers.
For a comprehensive overview, the reader should see the monograph by A.M. Denisov [5].

In this paper we prove existence and uniqueness of the solution to an inverse boundary
value problem for the Boussinesq-Love equation modeling the longitudinal waves in an
elastic bar with the transverse inertia.

http://www.cjamee.org 15 © 2013 CJAMEE All rights reserved.
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2. Problem statement and its reduction to an equivalent problem

Let T' > 0 be some fixed number and denote by D := {(z,t): 0<x <1, 0<t<T}.
Consider the one-dimensional inverse problem of identifying an unknown pair of functions
{u(z,t), a(t)} for the following Boussinesq-Love equation [6 ]

Ut (2, 1) — Utze (T, 1) — QUi (2, 1) — Buge(x,t) = a(t)u(t,x) + f(z,t) (1)

with the nonlocal initial conditions

T
u(z,0) = ¢(x) + /p(t)u(x,t)dt, ut(x,0) =9Y(z), x€][0,1], (2)
0
periodic boundary condition
u(0,t) =u(l,t), tel0,T], (3)
nonlocal integral condition
1
/u(m,t)d:p =0, te[0,T7], (4)
0

and over determination condition
u(o,t) = h(t), t € [0,T). (5)

Where zp € (0,1),a > 0, 5 > 0 the given numbers, f(x,t), ¢(z), ¥(x), p(t) , and h(t) are
given sufficiently smooth functions of x € [0,1] and ¢ € [0, T].
We introduce the following set of functions

CE(Dr) = {ula,t) : u(x,t) € C*(Dr), tge(,t), Upze (T, 1), Uptza(z,t) € C(Dr)} .

Definition 1. The pair {u(z,t), a(t)} is said to be a classical solution to the problem
(22)-(272), if the functions u(z,t) € C?2(Dy) and a(t) € C[0,T] satisfies an equation
(??)in the region Dr, the condition (??)on [0,1], and the statements (?77)-(??)on the
interval [0, T).

In order to investigate the problem (??)- (?7), first we consider the following auxiliary
problem

y'(t) = a(t)y(t), t€[0,7], (6)

T
y(0) = / p(t)y(t)dt, 4(0) =0, (7)
0

where p(t), a(t) € C[0,T] are given functions, and y = y(t) is desired function. Moreover,
by the solution of the problem (??), (??), we mean a function y(t) belonging to C2[0, T]
and satisfying the conditions (??), (??) in the usual sense.
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Lemma 1. [7] Assume that p(t) € C[0,T], a(t) € C[0,T1, [|a(t)[lcj 1) < R = const, and
the condition

T
(1Ollcioz + 57) T <1
hold. Then the problem (7?), (??) has a unique trivial solution.

Now along with the inverse boundary-value problem (??)-(?7), we consider the follow-
ing auxiliary inverse boundary-value problem: It is required to determine a pair {u(z,t), a(t)}
of functions u(x,t) € C*?) (D7) and a(t) € C[0,T], from relations (??)-(??), and

uz(0,t) = ug(1,t), t€[0,T]. (8)

R () — wipen (20, 1) — QUtzz (70, 1) — B (w0, t) = a(t)h(t) + f(xo,t), t€[0,T].  (9)

The following lemma is valid

Theorem 1. Suppose that (x), ¥(z) € CY[0,1], ¢(1) = ¢'(0),¥(1) = ¥/(0), p(t) €
Cl0,T] , p(t) <0, t €0, T] h(t) € C?[0,T], h(t) # 0, t € [0,T], f(x,t) € C(Dr),
1

bff(:c,t)dx =0, t€[0,T], & — B >0, and the compatibility conditions
1 1
| "
0 0
T
h0) = [ pObEdt + plan), 1(0) = 60 (1)
0

holds. Then the following assertions are valid:

1. each classical solution {u(x,t),a(t)} of the problem (??)-(7?) is a solution of problem
(?7)-(?7), (?7), (?7), as well;

2. each solution {u(x,t),a(t)} of the problem (?7)-(77?), (??), (??), if
T
(16Ol + 3 la@lom ) T <1 (12)

is a classical solution of problem (77)-(77).

Proof. Let {u(z,t),a(t)} be any classical solution to problem (??)-(??). By integrating
both sides of equation (?7?) with respect to x from 0 to 1, we find

1
d2/u (z,t)dx — (upe (1, 1) — up(0,t)) — a(upe(1,1) — u(0,1)) — Blug(1,t) — uy(0,1))
0



18 S.I. Allahverdiyeva

1

1
t)/u(:c,t)d;v—l—/f(x,t)dx, te[0,7). (13)
0

0
Using the fact that }f(ac,t)dx =0, t€[0,7T], and the conditions (??), (??), we find
that : "
Upter (1, 1) — Upez (0, 1) + o (wez (1, ) — w2 (0, 1)) + B (uz(1,t) — uyp(0,t)) = 0,¢ € [0,T]. (14)
It’s obvious that the general solution of equation (2.14) has the form:
a1, 1) = 4 (0,8) = c1e1t + cper, (15)

where c1, ¢ are the unknown number and

o o? o o?
Mlz_g_ Z_ﬁ ;M2:—§+ Z_ﬁ
By (??) and ¢'(?7?) = ¢/(0), ¢'(??) =1'(0) we obtain:
T
ua(1,0) = 1(0,0) = [ p(t) (1) = ws(0,1))
T ’ T
+(1,0) p(t)uz(1,t)dt — | us(0,0) p(t)uz(0,t)d
-/ [
=¢'(1) = ¢'(0) = 0, ugz(1,0) — uz(0,0) = ¢'(1) —4'(0) = 0. (16)

Using (??) and (??) we obtain

T
c1+co— /p(t) (cre"t + coe') dt =0, cipn + copp = 0.
0

Hence we find:

T
e =—"Yer, er [ po—pm - /P(t) (2 = m)e’ — (e —emh)dt | =0.
0

By p(t) <0, g2 —p1 = 24/% — B> 0, from the latter relations we have ¢; = co = 0.

Putting the value of ¢; = c2 = 0 in (2.15), we get that the problem (2.14), (2.16) has
only the trivial solution, i.e. we conclude that the statement (?7?) is true.
Substituting = = z¢ in equation (??)we find:

(20, 1) — Utz (20, t) — QUL (20, 1) — Bugy (2o, t) = a(t)u(xo, t)+ f(xo,t), t€[0,T], (17)
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Assume now that h(t) € C2[0,T]. Differentiating (??)twice, we get
u(zo,t) = h"(t), ¢t €10,T). (18)

From (2.17), taking into account (??) and (2.18), we conclude that the relation (?7?)
is fulfilled.

Now, assume that {u(z,t), a(t)} is the solution to problem (??)-(??), (2.8), (2.9).
1

Then from (??), taking into account the condition [ f(z,t)dz =0, t € [0,T] and relations
0

(??), (??) we have

1 1
d2
dﬂ/u(aj,t)dm = a(t)/u(m,t)d:z, t €10,T]. (19)
0 0
Furthermore, from (??)and (??)it is easy to see that
1 T 1
/u(x,O)d:c/p(t) /u(x,t)dx dt
0 0 0

jm@ﬂﬂxz}¢@ﬂxz& (20)
0 0

Since, by Lemma ??, problem (2.19), (2.20) has only a trivial solution. It means that
1
Ju(z,t)de =0, te€[0,T],ie. the condition (??) is satisfied.
0

Next, from (??) and (2.17), we obtain

d2

> (u(o,t) = h(t)) = a(t)(u(zo,t) = h(t), 0<t<T. (21)

By virtue of (?7)and the compatibility conditions (?7), we have

T
ul(ip, 0) — h(0) — / p(t) (ulzo, 1) — h(t))dt
0

T T
= u(@0,0) — [ p(B)ulze,ydt — | h(0) = [ p(t)h(t)dt
/ /
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p(®h(t)dt | = 0,u(z0,0) — K(0) = 0. (22)

Il
5
8
(=)
~—

|
>
—~
=

|

O\H

Using Lemma ?7, and relations (2.21), (2.22), we conclude that condition (?7?) is
satisfied. The theorem is proved.

3. Existence and uniqueness of the classical solution to the inverse
boundary value problem
It is known [8] that the system
1, cos Mz, sin Az, ..., cos A\px, sin Az, ... (23)
is a basis in Ly(0, 1), where A\, = 2k7w (k =1,2,...).

Then the first component of classical solution {u(z,t), a(t)} of the problem (?7)-(?7?),
(?7), (??) has the form:

u(z,t) =Y uip(t) cos e + Y ugp(t) sin Mgz, Mg = 27k, (24)
k=0 k=1

where

1
wo(®) = [ ulz.t)dz,
0
1
uik(t) = 2/u(:v,t) cos \pzdr, k=1,2,...,
0

1
ugg(t) = 2/u(x,t) sin \pxdz, k=1,2,.....
0

Then, applying the formal scheme of the Fourier method, from (?7)-(?7)we have

ufy(t) = Fro(t; u, a), 0<t<T, (25)

(14 M%) ulh(t) + aXfuly () + BAjuik(t) = Fi(t; u, a), (26)
1=1,2, k=0,1,2...; 0<t<T,

T
UM®=¢N+/MWM@ﬁH who(0) = 1o (27)
0
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T
uzk(()) = Yk + /p(t)uik(t)dt, u;k(O) = wik:, 1= 1, 2; k= 1, 2.... (28)
0

where

Flk(t) :a(t)ulk(t)+f1k(t) k=0,1,..,

1
fo(?) /f t)ydx, fix(t) /f x,t) cos \pxdr, k=1,2,...,
0

1
w0 = | p(z)dz, ¥ip=2 [ P(z)dx
/ /

1
Olk :2/g0(:v) cos \prdr, Y1y :2/w x)cos A\gxdx, k=0,1,...,
0
1
Fo(t) = a(t)ugk(t) + for(t), for(t) 2/f x,t)sin \yxdr, k=1,2,..,
0

1 1
Dok = 2/@(.%’) sin \gzdx, k=1,2,..., o = 2/¢(x) sin \gzdx, k=1,2,....
0

It is obvious that A2 < 1+ A2 < 2A? (k = 1,2,...). Therefore

a? az)\z ao?
— <l — < — — k=12 ..).

Now suppose that %2 — > 0. Solving the problem (3.3)—(3.6), we fin

T t
ulo(t) = @10 + /p(t)ulo(t)dt + twlo + /(t — T)Flo(T; u, a)dT, (29)
0 0
1 T
wi(t) = - (Hoke* — pipett) | i + /p(t)uik(t)dt + ekt — ety gy,
0
t
+ T )\% /Fik(T;u, a) (e“gk(t*T) — e‘“’“(t*ﬂ) dr (30)
0

0<t<T;i=12k=12.),
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ax? V/ a2)2 3
Hik = — o7 o\

where

2(1 +/\2 4(1 +/\2 IRV
a; a?X? B

Mok = — ooy 2 5
2(1+ A7) 4(1+ A7) 1+/\k
9) Ck2)\2 ﬁ

Tk = K2k — K1k = 4Ak 41+>\2 1+)\z-

Differentiating (3.8) twice, we get:

!/

T
1
w(t) = . ikpior (€18 — et2kh) | gy + /P2(t)uik(t)dt + (pore " — piret ) iy
0

1
EEEDY /Fik(T?“a a) (Mzke“%(H)— Mlke’“’“(t’”> dr} (31)
k
0

O0<t<T;i=1,2k=12_.),

1
g, (t) = o [apiar (paret™s" — pore?*) | i + /PQ(t)uik(t)dt

1 _
+ (,u%ke“%t — u%ke’“’“t) ik + T2 / Fi(T5u,a,b) (H%kemk(t 7
k

— u%keulk(t_7)> dT] )\2 Fir(t;u,a,b)  (k=1,2,..). (32)

To determine the first component of the classical solution to the problem (?7?)-(77?),

(?7), (?7?) we substitute the expressions u;;(t) (i =1,2;k =0, 1,...) into (3.2) and obtain
T t

u(z,t) =10+t | 10+ /p(t)ulo(t)dt + /(t — 7)Fo(7T;u,a)dr

0 0

T
o
1
> T (ake™*" = pge!™) | ou+ / Py(tyurg(t)dt | + (2! —e1:t) gy
k=1 /

_l’_

t
T /Flk(r; u,a) (6”2’“()&77-) — e“lk(t*ﬂ) dr COS \,T
0

2
k
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T
00
+Z W (M2k€u”€t _ Mlkeu%t) Yok + /Pg(t)u2k(t)dt + (eu%t _ e#lkt) Yo
k=1 ;
1 pok(t—T) p1g(t—7) .
+ m FQk(T; u, a’) (6 —€ ) dr sin A\gx. (33)
k
0

It follows from (??) and (3.2) that

a(t) = [h(t)]‘l{h”() (zo, ) + > (AP (t) + a Al (1) + B Afuk(t)) cos Aezo
k=1

+ Z (N2ulyy () + a A2uby (1) 4+ B Aug(t)) sin )\kiﬂo} . (34)
By (3.4) and (3.10) we have:
Nk i () + aXjuiy (t) + BN (t) = F(Tiu,0) — wip(t)

T

1

A [kpior (pake!™" — pore>) | i + /p(t)uik(t)dt + (et — pipet ) i
0

t
1
ARV /Fik(7'§U7 a) (M%keuz'“(H)— M%keulk(w)) dT}
k
0
2
+WFik(t;u,a) 0<t<T;i=1,2,k=1,2,..). (35)

By substituting expression (3.13) into (3.12), we obtain the equation for the second
component of the solution to problem (?7)- (?7), (?7?), (?7):

aft) = [h(e)]"" {h"(t) = flao. t

T

oo

Z [ [akpian (ke — popet> ) | gy, +/p Juk(t)dt
=1 0

t

1
k
0

+ (Hgkeﬂ%t M emkt) Vik + ——
)\2 0 1
)\2 Flk(t U CL):| COS A\LTo — Z |:’Yk [leﬂ?k (leeulkt _ NZkEMZkt)
k=1
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T
X | por + /p(t)u%(t)dt + (Mgkeuzkt _ M%ke/ﬁlkt) ok
0

1
14+ A7

Ak

WFQ]C( t, u, a) sin Aka’O .
k

+

t
/sz(T;U, a) (M%keﬂ%(t#)— M%keulk(H)) dT} -
0

(36)
Thus, the solution of problem (?7)- (77?), (?7?), (??7)was reduced to the solution of
system (3.11), (3.14) with respect to unknown functions u(x,t) and a(t).

Lemma 2. If {u(x,t),a(t)} is any solution to problem (7?)- (??), (77?), (??), then the
functions

1
wo(®) = [ (e, )iz,
0

1
ui(t) = 2/u(m,t) cos \gzdx, k=1,2,..,
0

satisfies the system (3.7), (3.8) in C[0,T].
It follows from Lemma 77 that

Corollary 1. Let system (3.11), (3.14) have a unique solution. Then problem (?7)- (?7),
(??), (?7?)cannot have more than one solution, i.e. if the problem (??)-(77?), (??7), (??)has

a solution, then it is unique.

With the purpose to study the problem (??)- (??), (??), (??), we consider the following
functional spaces.
Denote by B;T [9] a set of all functions of the form

u(z,t) = Z u1(t) cos Adgx + Z ugk(t) sin \gx, A\ = 27k,
k=0 k=1

considered in the region D7, where each of the function uyx(¢) (kK =0, 1, 2,...), ugk(t) (k=
1, 2,...) is continuous over an interval [0, 7] and satisfies the following condition:

[e.9]

J(u) = [[wot) e, 7y + {Z (A% | w1k (t) HC[O,T])2}

k=1
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o !
+ {Z (A% || wor (1) ||C[0,T})2} < 400.

k=1

The norm in this set is defined by
lue, )1y, = T(u).

It is known that B;T is Banach .

Obviously, B3 = Bj ;xC[0, T] with the norm ||2(z, t)HEgT = |lu(z, t)"B§7T+‘|a(t)”C[O,T]
is also Banach space.

Now consider the operator

O(u,a) ={P1(u,a), P2(u,a) },

in the space E%, where

o
U1 (t) cos Apz + Z Uk (t) sin \gz, Po(u, a) = a(t)
0 k=1

NE

Dy (u,a) =u(z,t) =

b
Il

and the functions u19(t) ,a:x(t), ¢ =1,2; k= 1, 2,..., and a(t) are equal to the right-hand
sides of (3.7), (3.8), and (3.14), respectively.
It is easy to see that

ik <0, etirt <1, ertint=T) o1 (1=1,2, 0<t<T; 0< 7 <t)

Oz>\k 042)\% ﬁ Oé)\k .
7 < A - < < = 172 )
] < ’“(2(1+A§)+\/4(1+/\i)2 1+ —1+A§—O‘(Z )

Bk 1 1 1
< B — = < =.
1+ )\k Yk 9 A2 a?)? 9,./1 a?

[V (4(1+Xﬁ)2 B 5) 2 (? - 5)

Taking into account these relations, by means of simple transformations we find:

| pion] <

@10l co.71 < 10| + TPl cpo,77 w10l oo, + T |10l

1
2

T
VTVT / FomPdr |+ T2 la®lopz luo® g - (37)
0

(Z(Ai ||ﬂik(t)||o[o,T])2> < VBay (Z(A% |%‘k|)2>

k=1 k=1
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1
T

+V57 (Z X¢ |9ik]) ) +70V5T (/Z A, | fi (T T)
k=1 2 k=1

1

o0

+ V5T (Hp(t)HC[O,T] + Ha(t)HC[O,T]) (Z(Ai Huik(t)HC[O,T])2> ; (38)

k=1

la®)lleor) < [1BO1 o { 117 = F(zo,)

[e'e) % 2 [e's)
s (z A,;2> - |20 (z 0 mknz)
= k=1

‘C[O,T]

1
2

1 1
+2a”7 (Z >‘k |%ikl) ) + 204270T||p(t)Hc[o,T} (Z()‘i ”uik(t)‘C[O,T})2>

k=1 k=1
1
2

1
00 2
+20%70T la()llcom <Z(A2 Huik(t)’C[O,T})2>

k=1

T
+2027VT (/Z (A} [ fir (7 2dr>

+(Z(Ak||fik<t>||cm,ﬂ>2) + la®llepr (Z(Az||uik<t>||cw,ﬂ>2) ]} (39)

k=1 k=1

Suppose that the data for problem (??)-(??), (??), (??) satisfy the assumptions:
L o(z) € C*[0,1], ¢"(x) € L2(0,1), 0(0) = (??) ,¢'(0) = ¢'(?7) ,¢"(0) = " (??);
2. Y(x) € C?[0,1], ¥"(2) € L2(0,1), ¥(0) =4(??) ,4'(0) = 4'(??),9"(0) = ¢"(?7);
3. [z, 1), fa(x, 1), faa(z,t) € C(Dr), faae(z,t) € L2(Dr), f(0,t) = f(1,1),

J2(0,1) = fo(1,1) fau(0,8) = fau(1,8), 0 <t <T;
4. p(t) € C[0,T],h(t) € C?[0,T), h(t)#0, 0<t<T.
5. a >0, >0, ——,8>O

Then from (3.15)-(3.17) we correspondingly find
a0 ()l < le@)llpy00) + T 1@ 2,00y + VT 1f (@ ) 50,1

+T [lp)lego.r) luro @l egor) + T la®)llogo,zy luao®ll oo,z (40)

1

{Z (A% (| @i (t) HC[O,T])2} < 2V5a7 H‘p/”(‘E)HLQ(OJ)

k=1
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—|—2\/570 H”L/}m(l') HL2(071) + 27()@ ”facac:c(x7 t) HLz(DT)

N

2 00
+ V5T Hp(t)”C[O,T] Z (Z(Ai ||uik(t)||C[0,T])2>
=1 \k=1

=1

D=

+ V5T la(t) | opo 17 Z (Z N Huik(t)HC[O,T])Q) : (41)
i=1 \k=1
oo 3
la(®) oz < MR o {h” — 1O )] oz + (Z /\EQ>
k=1

X {404570 H‘P”/(UC)HLQ(OJ) +4a’y H@bm(x)HLg(o,n +4a*yVT Hfmm(%t)HLg(DT)
1
2

+4ayT (||P(t)||c[0,T] + lla(®)ll o1y (Z N llue )l oo.m) )

k=1

42|l 5ot Dlepo 01+2H<>rrcm,ﬂ< <Azuuk<t>ucm,ﬂ>2> ” (12)
k=1

It follows from (3.18) and (3.19) that

(@, )llpg, < AT + Bi(D) lla@®ll gy @, )l g, + CLT) ul, )y, (43)

where

A1(T) = lle@) |y 00y + T 1@ py01) + TVT N (@0 100
+2v/5a70 “90///(5”)“1:2(0,1) + 250 HW"(:C)HLQ(OJ) + 270 V/5T | fowz(@, ) 1, (Dr) »
By(T) = T* 4 7oV/5T,

Ci(T) = T(T + V57%) lp(t)llcpory -

Further from (3.20), we may also write

18(®)lcgo.ry < As(T) + Ba(T) la®)ll ooy I, ) g+ Co(T) e, ) gg o (44)

where

As(T) = H [A(t) 1Hc[o T {Hh” - 10, t))HC[o,T} + (Z )‘l;2> [40‘670 Hgolll(x)HLQ(O,l)
k=1

#4020 [0 00 + 40290 T WDl +2 M Dl |}
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Bz<T)=H[h<t>]‘1ch,ﬂ( (Aﬁ)) (204270T+1>,
1

k=

[N

Co(T) = || [T oy <Z(>‘k2)> Tlr®llcro,m -

k=1
From the inequalities (3.21) and (3.22), we conclude that
(2. 1)l 5g , + 8(0) |l ciom
< A(T) + BT a(t) g0 a5, + OT) . 1) g, (45)

where
A(T) = Ai(T) + A2(T), B(T)=B1(T)+ B2(T), C(T)=Cy(T)+ Co(T).
Thus, we can prove the following theorem:

Theorem 2. Assume that statements A)-E) and the condition
(B(TY(A(T)+2)+C(M)(A(T)+2) <1, (46)
holds, then problem (?7?)-(77?), (??), (??)has a unique solution in the ball K = KR(H,ZHE% <
R < A(T) +2) of the space E3.
Proof. In the space E%, consider the operator equation

z2=®z, (47)

where z = {u, a}, and the components ®;(u,a) (i = 1,2), of operator ®(u, a) defined by
the right sides of (3.11) and (3.14), respectively and the following inequalities hold:

|@21l5 < A(T) + B(T) la(®) ooy N, ) gy, + C(T) ul, 0) g,

< A(T)+ B(T)R?> 4+ C(T)R = A(T) + (B(T)(A(T) + 2) + C(T))(A(T) + 2), (48)
21— @2 sy < BIT)R(lus(,6) = o, 1) g+ s (8) = a2l o)
+O(T) (1) = o, D)l (49)

Then it follows from (3.24), (3.26), and (3.27) that the operator ® acts in the ball
K = Kpg, and satisfy the conditions of the contraction mapping principle. Therefore the
operator ® has a unique fixed point {z} = {u, a} in the ball K = Kg, which is a solution
of equation (3.25); i.e. the pair {u,a} is the unique solution of the systems (3.11) and
(3.14) in K = Kp.

Then the function u(x,t) as an element of space B3 ;. is continuous and has continuous
derivatives u,(z,t) and ugy(z,t) in Dp. 7
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Now from (3.9) it is obvious that w,(¢) (i = 1,2; k = 1,2,...) is continuous in [0, T
and from the same relation we get:

(zuz Hu;k<t>}|cm>2> < 23585 (@) 0
k=1

+2\/5a H¢/H(x)HL2(071) +2aV5T fo:t::z:(x) t)HLg(DT)

+2a/5T (”P(’f)Ho[o,T] + lla(®) o1y ) <Z()\% ||Uk(t)”0[o,T})2> :

Hence, it follows that w;(x,t), i (z, 1), Uire ( ,1) are continuous in Dy .
Next, from (3.4) it follows that u},(¢) (i = 1,2; k =1,2,...) is continuous in [0,7] and
consequently we have:

(Zw Hu;uwumf) <% (Zuﬁ Huzkuwcmf)
k=1 k=1

N |=

1
o0

+28 (Zuz uumu)ucm)?) 21l 6) + alt)al, ) cpor

L(0,1)
k=1 (

From the last relation it is obvious that wy(x,t), s (z,t), Upee (z, t)are continuous in Dyp.
It is easy to verify that equation (??)and conditions (?7), (?7), (?7), (?7?)satisfy in the
usual sense. So, {u(z,t),a(t)} is a solution of (??)-(??), (??), (??), and by Lemma ?7 it

is unique in the ball K = Kg. The proof is complete.

In summary, from Theorem 7?7 and Theorem 7?7, straightforward implies the unique
solvability of the original problem (?7)- (77).

Theorem 3. Suppose that all assumptions of Theorem 77, and the conditions

1 1 1
[ewiz=o, [z =0, [ f@0ds =0, te0.1)p0) <0, e 0.1,
0 0 0

T
/ POR(E)dE + p(z0), 1(0) = (0)
0

(Hp(t)uom,ﬂ +5AM)+2)T <1

holds. Then problem (?7)- (??)has a unique classical solution in the ball K = KR(HZHE% <
A(T) +2) of the space E3..
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On the Basicity of Eigenfunctions of a Non-self-adjoint
Spectral Problem with a Spectral Parameter in the
Boundary Condition in Lebesgue Spaces

T.B. Gasymov*, U.G. Hashimova, R.J. Taghiyeva

Abstract. In this work we consider the following spectral problem
fy”+q($)y: )‘ya T e (0>1)7

y(0)=0 }
y'(0) = (aA+b)y(1) [’

where ¢(z) is a complex-valued summable function, A is a spectral parameter, a and b are arbitrary
complex numbers ( a # 0). We prove theorems on the basicity of eigenfunctions and associated
functions of the spectral problem in the Lebesgue spaces L,(0,1) & C and L, (0,1),1 < p < oo,
as well as in their weighted analogs with a general weight function satisfying the Mackenhaupt
condition.

Key Words and Phrases: eigenvalues, eigenunctions, complete and minimal system, basicity.
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1. Introduction

Consider the following spectral problem:

_y” +q(m)y:>\y, HAIS (Oal)a (1)
y(0) =0,
v S, | @

where ¢(z) is a complex-valued summable function, A is a spectral parameter, a and b are
arbitrary complex numbers ( a # 0). In this work it is proved the theorems on the basicity
of eigenfunctions and associated functions of the spectral problem in the Lebesgue spaces
L,(0,1) @ C and L, (0,1),1 < p < 00, as well as in their weighted analogs with a general
weight function satisfying the Mackenhaupt condition. Numerous works are devoted to

*Corresponding author.
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spectral problems for ordinary differential operators with a spectral parameter in boundary
conditions (see, e.g., [1-16]). Of the latter, let us note the works [17-26]. The works
[8,9,14,25,26,27,28] are directly related to our work. The case ¢ (x) =0, b = 0 is considered
in [8,9]. The case b = 0, was considered in [14], and other generalizations of boundary
conditions (2) were considered in [25,26]. Note that the theorems on the basicity in
L, (0,1) under the additional assumption ¢ (z) = ¢(1—=), and the theorems on the uniform
convergence of spectral expansions for the potential ¢ (x) from class Lo (0, 1) were proved in
[14,25,26]. In [27], asymptotic formulas for the eigenvalues (1),(2) and eigenfunctions were
found, and in [28], theorems on the completeness and minimality of the root functions of
problem (1),(2) in the Lebesgue spaces L,(0,1) & C and L, (0,1),1 < p < oo were proved.

2. Needed information and preliminary results

In obtaining the main results, we need some concepts and facts from the theory of
bases in a Banach space.

Definition 1. A basis {un},cn of a space X is called a p-basis, if for any x € X the
condition

(Z Kflfﬂ?n)!”) "< Ml

is fulfilled, where {Un}, cn is a biorthogonal system to {un},cn-

Definition 2. Sequences {un}, n and {¢n},cn of a Banach space X are said to be p
close if the condition

o]
Z ||Un - ¢n||p < 00,
n=1

is fulfilled.

Let us recall that two systems in a Banach space are said to be isomorphic (or equiv-
alent) if there exists a bounded linear operator in this space with a bounded inverse that
maps one of these systems to the other. We will also use the following result from [29],
which is a Banach analogue of the well-known theorem of N.K. Bari [30].

Theorem 1. (/29]) Let {xy},cn be a q-basis of a Banach space X, and let the system
{Untnen be a p-close to {x,},cn, where %0 + % = 1. Then the following properties are
equivalent:

a) {Yn}nen is complete in X;

b) {yn}nen s minimal in X ;

¢) {Yn}pen is w— linearly independent in X ;

d) {Yn}nen forms a basis for X ;

e) {Yntnen forms a basis in X, isomorphic to the system {xn}, cn;

f) {yn}neN forms a g-basis for X.
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Let X1 = X®C™ and {iy},,cy C X1 be some minimal system, and {1/9\”} v C X7 =
ne
X* @ C™ is its biorthogonal system:

o~

Uy = (Un; Qnls ey Qm) ; U = (Un; Ba, - Bam) -
Let J = {n1,...,nm} be some set of m natural numbers. Assume

6 = det || Bn.;l

ij=1,m’
The following theorem was proved in [31] (see also [32]).

Theorem 2. Let the system {in},cn form a basis for Xi. For the system {un},cy,
where Ny = N\J, to be a basis in X, it is necessary and sufficient that the condition
0 # 0 be satisfied. In this case, the system biorthogonal to {“n}neNJ is defined by the
equality
O Uny ... Up,
19:1 — 1 Bnl 67111 o Bnml
ﬁnm Bnﬂn /Bnmm
In particular, if X is a Hilbert space and {in}, cy 5 a Riesz basis in X1, then under the
condition § # 0, the system {un}neNJ also forms a Riesz basis for X.
For § =0 the system {“n}neNJ is neither complete nor minimal in X .

We will need some results from [27,28]. In [27] it was proved that the eigenvalues of
problem (1),(2) are asymptotically simple and have the form A\, = p2,n = 0, 1,2, ..., where
the following asymptotic formula holds for the numbers p,,:

pn:ﬂn+0<;>, (3)

and for the eigenfunctions and associated functions y,, (z) of problem (1),(2) corresponding

to the eigenvalues A,,n =0, 1,2, ..., the asymptotic formula
) 1
yn (z) = sinmnz + O () , (4)
n

is valid, moreover, the problem can have only a finite number of associated functions, and
the eigenvalues are numbered taking into account their multiplicities.
The conjugate spectral problem has the form

—2 +q(@)z= Xz, z€(0,1), (5)

z(1) =0,
2 (1) + (@ + ) 2 (0) = 0. } (6)
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The spectral problem (1),(2) is reduced to a spectral problem Ly = Ay for the operator
L, acting in the space L,(0,1) @& C. The operator L is defined as follows:

D(L)={g=(y(x),ay(1)),y(x) € W;(0,1),1(y) € L, (0,1),y (0) = 0},

VjeD(L): Lj= (I(y),y (0) —by(1)).

It was proved in [28] that the operator L is densely defined in L,(0,1) & C as a closed
operator with a compact resolvent. The eigenvalues of the operator L and problem (1),(2)
coincide, and each eigen(or associated) function y (z) of problem (1),(2) corresponds to an
eigen(or associated) vector § = (y (x),ay (1)) of the operator L. The adjoint operator L* is
defined as the operator generated in the space L, (0,1) & C, %Jré = 1, by problem (5),(6).
The eigenfunctions and associated functions of problem (5),(6) satisfy the asymptotic
formulas

1
Zn (x)—2sin7mx+0<n> , n=0,1,2,.., (7)

where the eigenfunctions and associated functions z, (z) are normalized so that the biorthog-
onality conditions are satisfied

1 J— P
(s 50) = /0 o (2) 20 @)da + a2y (1) 25 (0) = S,

where Z;, = (2i (z),az (0)) are the eigenvectors and associated vectors of the adjoint
operator L*, and §,,; is the Kronecker symbol.
The following theorems are also true.

Theorem 3. (/28]) The root vectors of the operator L form a complete and minimal
system in the space L, (0,1) ® C,1 < p < oo.

Theorem 4. ([28]) The system {yy, (:1:)}20:07”#”0 of eigenfunctions and associated func-
tions of problem (1),(2) with one rejected eigenfunction yn, (x), corresponding to a simple
eigenvalue Ay, forms a complete and minimal system in the space L, (0,1),1 < p < oo.
The corresponding biorthogonal system is {9, (a:)}zo:(]’n#no, where

zn (0)

Up (z) = 2 (7) — T(U)

Zno (2) - (8)

3. Main results

3.1. Basicity in spaces L,(0,1) & C and L,(0,1).

Let e, (x) = sinmnz,n € N and introduce the following system in space L,(0,1) @ C:
éo = (07 1)7 en = <€n($>,0),n€N,

The following theorem is true.



On the Basicity of Eigenfunctions of a Non-self-adjoint Spectral Problem 35

Theorem 5. The system {yn},— , €igenvectors and associated vectors of the operator L
forms a basis for L,(0,1) & C, 1 < p < oo, isomorphic to the system {é,},~ .

Proof. From the formula (4) it follows

yn:en—l—O(i), yn(l):O<i>,

On the other hand

N . 1
%z_(ynﬁﬂaaynﬂ))—en*‘()<n>‘
Therefore, for any r > 1:
D gn —éall” < oo, 9)
n=0

i.e. the system {g,} -, is r— close to the system {é,},-,, and by Theorem 3 the system

{On}o2 is complete and minimal in L,(0,1) & C.
Let 1 < p <2, and ¢q — be its conjugate number:

inequality [33] for any function f € L,(0,1)

+ = = 1. By the Hausdorff-Young

1,1
P q

(Z 1, en>rQ> <Ol
n=1

Then for any element f = (f, 8) € L,(0,1) ® C we have

(i (o) ) < 16|+ (im en>|q>q <181+l < & |7,
n=0 n=1 p

Consequently, the system {é,},~ is a ¢ - basis in L,(0,1) & C. Now, choosing r = p in
(9) we get that all the conditions of Theorem 2 are satisfied, therefore, the system {g, }, -
forms a basis for L,(0,1) & C, equivalent to the system {é,},~ .

Let, now p > 2. Then 1 < ¢ < 2 and the embedding

L,(0,1) C Ly(0,1)

or
L,(0,1) & C C Ly(0,1) & C

holds, and for f € L,(0,1) @ C we have

(Slrar) <

i.e. the system {é,} -, is a p-basis in L, (0,1) & C. Choosing r = ¢ we get that all the
conditions of Theorem 2 are satisfied, which means that in this case the system {g,},
forms a basis for L, (0,1) @ C, equivalent to the system{é,} - . Theorem is proved.

f

<
L,&C

Ly®C
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Corollary 1. In the case p=2 the system {n},—, forms a Riesz basis for L(0,1) @ C.

Theorem 6. In order for the system {yn($)}fl°:0’ notng Of T0Ot functions of problem (1)
and (2) with one remote function yn,(x) to form a basis for L,(0,1), 1 < p < oo, it is
necessary and sufficient that the condition zp, (0) # 0 be satisfied. If zp, (0) =0, then the
system {yn(2)},20 nng 18 Mot complete and minimal, and even more so is not a basis
in Ly(0,1).
The proof follows from Theorem 5 followed by the application of Theorems 2 and 4.

Theorem 7. The eigenfunctions and associated functions {yn(:z:)}zozo’ netno of problem
(1) and (2) with one remote eigenfunction yn,(x), corresponding to a simple eigenvalue

Ano forms a basis for L,(0,1), 1 < p < oo, isomorphic to the trigonometric system
{sinmtnz }>° .

Proof. If \,, is a simple eigenvalue, then it corresponds to one eigenfunction y,,(x)
and zp, () is the corresponding eigenfunction of the adjoint problem (5), (6). It should
be noted that for all eigenfunctions z,(x) of the adjoint problem, the condition z,(0) # 0
is/ satisfied. Indeed, let z, (0) = 0, then from the second boundary condition (6) we obtain

z, (1) = 0, and this together with the first boundary condition z, (1) = 0 means that
zn(z) is the solution of Cauchy problem

—2 +q(z) 2= Az,

z(1) =2 (1) =0,

which has only the trivial solution z () = 0. And this contradicts the fact that z,(z) is
an eigenfunction. Thus zp,(1) # 0. Then, by Theorem 6, the system {y,(z)},Z notng
forms a basis for L, (0,1). It follows from the asymptotic formulas (4) that Vr € (1;+o00)

oo

Z [y — enll” < 400

n=ng+1

Le. the system {yn ()}, 2o s, 18 7— close to the system {en},”; (en(x) = sinmna ).
Choosing r = min {p, ¢}, and taking into account that the system {e,}>°, is an r —basis
in L,(0,1) for the system {yn(2)},20 ,1z0, (r' = maz {p,q}, 14+ L =1), we find that
all conditions of Theorem 1 are satisfied and, therefore, it is isomorphic to the system
{sinnz }>° . Theorem is proved.

Corollary 2. Under the conditions of Theorem 7, the system {yn(z)}o°

n=0, nng forms a
r— basis for L, (0,1), 1 < p < oo, where r = max {p, q}.

Corollary 3. In the case p = 2 the system {yn(z)}, 2, neng JOTMS a Riesz basis for
L»(0,1).



On the Basicity of Eigenfunctions of a Non-self-adjoint Spectral Problem 37
3.2. Basicity in spaces

Lp. (0,1)® C and Ly, (0,1).
Denote by Ly, (0,1) the weighted Lebesgue space with the norm

s, = (] U @) (@) i) g

where the weight function w () belongs to the Mackenhaupt class A, i.e. satisfies the

condition
1 1 o\
sup < / (z) d:1:> </(w (2)) p—ldx> < 400.
1c(o.1) \ M| 1] Jr

It was proved in [34] that if w (z) € A, then there exists a number r € (1, p) such that
w () € A,. Using this fact, we prove the following

Lemma 1. Let the weight function w (z) belong to the class A,, 1 < p < co. Then there
exists a number po: 1 < pg < p, such that a continuous embedding L, ., (0,1) C Ly, (0,1)
holds.

Po

Proof. Let  f € Ly, (0,1). Assume py = £. Then |f (2)|" = |f (a:)]pow%o(x)w_T(:E)
m

and from belonging of the function |f (z)["°w» (z) to the class L» (0,1), and also from
Po

*

belonging of the function w_%o(w) to the class (LL (0, 1)) = L_» (0,1), and using
I P—pQ

the Holder inequality, we obtain

£y = ([ V1 pOdm) =(/ 1 @ ()™ ”O(x)d:r>;o<
< ([ 1r e ) ([ o <x>dm) " 1l e 1w‘*<x>dx)T:

= Kp,r(w)HfHLp,w (071)'

r—1

Since w™! € L 1 (O 1), then the quantity K, ,(w) = (fol W (x) da:) " has a finite
value. Consequently, feLy (0,1).

Corollary 4. If f € Ly, (0,1), then Vs € (0,po], i.e. Vs€ (0,2]: fe Ly (0,1).

Lemma 2. Let w € A, (0,1). Then each of the systems {sinmnz },°, and {costnz },,
forms a basis for Ly, (0,1).

Proof. Denote by w (z) the even extension of the function w (z) to [—1,1], i.e. for
z € [-1,0] w(x) = w(—z), or z € [0,1] w(z) = w(x). Then it is evident that
w(x) € Ap(—1,1). Let f € Ly, (0,1). Let’s extend it to [—1,1] in an odd way, i.e.

o f(x), =€l0,1],
f(”)—{ “f(ea), mel-1,0.
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+o00

n=—oo"

Then f(z) € Ly (—1,1). We expand this function in the basis {e ™"*}

Ix 4 1 /1. .
Z ane "™ a, = 2/ f(x)e "™ dx.
1

n=—oo

/ f(z)e™ ™ dy — L /_0 f(—x)e ™ dy =
1

= 2/0 f(x) (e7ime — eimey gy — / f (x) sintnz dz.

In addition a_,=-a,, ag = 0. Taking into account these relations, we get
m m

§ : anemn:c _ 2 :an(emnx - e—zwnx) —
n=1

It is obvious that

n=—m
m m
=2i Z apsinTnx = Z (f, 2sinmnt )sinmna .
n=1 n=1
Hence
m m
|f(:v) - Z an €™ = Hf(:z:) - Z (f, 2sinmnt )sinmnx =
n=-m Lpw (—1,1) n=1 Lpw (—1,1)
1 m
=27|f(x) — Z (f, 2sinmnt )sinTnx
n=1 Lpw (0,1)

The left side of the last equality tends to zero as m — oo, which means that the right
side tends to zero as m — oo, and it means that the system {sinmnx } -, forms a basis
for Ly, (0,1).

The basicity of the system {cosmnz },°  in Ly, (0,1) is proved similarly. To do this,
it suffices to take an even extension of the function f (z) to [—1,1].

Theorem 8. The system {yn},—, of root vectors of the operator L forms a basis for
Ly (0,1) @ C isomorphic to the system {é,}, .

Proof. From the continuity of the embedding
Lpw (0,1)®C C Ly, (0,1)®C,

and also from the minimality of the system {g,},_, (according to Theorem 3) in the
space Ly, (0,1) @ C it follows that this system is also minimal in L, (0,1) & C. It
follows from asymptotic formulas (4) that

Yn (2) = en (@) +en () (10)
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where for &, (z) uniformly with respect to z€ [0, 1] the estimate

const

len (@) = ——, (11)

is valid. Taking into account estimate (11), from (10) we obtain

1
A ! P const
lin = énlls, . ose = ([ len GOPw () ax) < 22
Consequently, V7 € (1;400)
[o.¢]
D g0 — énll"< + o0, (12)
n=0

i.e. the system {g,},—, is 7—close to the system {é,},~, for any 7 € (1;400). On
the other hand, according to Corollary 3, a continuous embedding

Lpw (0,1) ®C C Ly (0,1) & C,

holds, Vs € (1, pg]. Then, choosing 1 < s < min {2,po} and applying the Hausdorfl-Young
inequality for the system {e,(z)},—; (en(x) = sinmnz ), we obtain Vf = (f(z), B) €
L,,0,1)eC

7

(i W,éw'); <18+ (il(f,enﬂsl)S <
n=0 n=1

<181+ eallfly, < es ] =

Ls (0,1) ®C —

4||f||Lp,w eC"

The latter means that the system {é,}°°, forms an s'-basis for L, (0,1), where s =
s/(s —1). Choosing 7 = s, in (12) we obtain that all the conditions of Theorem 1 are
satisfied, therefore, the system {9y}, , forms a basis for L, (0,1) & C isomorphic to the
system {é,},~ -

Similarly to the previous section, we prove that the following theorems and corollaries
are true.

Theorem 9. For the basicity of the system {yn(x)}zo:(]’ nsno Of €tgenfunctions and as-
sociated functions of problem (1), (2) with one remote function yn,(x) in Ly, (0,1) it is
necessary and sufficient that the condition z,,(0) # 0 be satisfied. For z, (0) = 0 the
system {yn () },2 ngny d0€s not form a basis in the space Ly, (0,1).  Moreover, in

this case the system {yn(®)};20 0, 18 neither complete nor minimal in Ly, (0,1).

Theorem 10. The system {yn(x)}zo:o, nsno corresponding to eigenfunctions and associ-
ated functions of problem (1), (2) with one removed function yy, (), corresponding to a
simple eigenfunction value A\, forms a basis for L,, (0,1), 1< p < oo, isomorphic to
the trigonometric system {sinmnz }>° .

Corollary 5. Under the conditions of Theorem 10, the system {y,(z)}>2

n=0, nsno forms an
s-basis in Ly, (0,1) for some s> 2.



40

T.B. Gasymov, U.G. Hashimova, R.J. Taghiyeva

Acknowledgment

This work is supported by the Scientific and Technological Research Council of Turkey

[TUBiTAK 2542 -Bilateral Cooperation Program with Azerbaijan National Academy of
Sciences (ANAS)], Project Number: 118F447 and Project Number: 19042020 (for Azer-
baijan National Academy of Sciences).

1]

[10]

References

Atkinson F.B. Discrete and continuous boundary value problems. Moscow, Mir, 1968,
749 p.

Tikhonov A.N., Samarskii A.A. Equations of Mathematical Physics. Moscow, Nauka,
1977, 766 p.

Kapustin N.Yu., Moiseev E.I. Spectral problems with the spectral parameter in the
boundary condition. Diff. Uravn., 1997, v. 33, No. 1, pp. 115-119.

Gomilko A.M., Pivovarchik V.N. On bases of eigenfunctions of boundary problem as-
sociated with small vibrations of damped non smooth inhomogeneous string. Asympt.
Anal. 1999., v. 20 No. 3-4, pp. 301-315.

Kerimov N.B., Mirzoev V.S. On the Basis Properties of One Spectral Problem with a
Spectral Parameter in a Boundary Condition. Sib. Math. J. 2003, v.44, No 5, pp.1041-
1045.

Kerimov N.B., Poladov R.G. On basicity in L, of the system of eigenfunctions of one
boundary value problem II. Proc. IMM NAS Azerb., 2005, v. 23, pp. 65-76.

Kerimov N.B., Aliyev Z.S. On the basis properties of eigenfunctions of a spectral
problem with a spectral parameter in the boundary condition. Dokl. RAN, 2007, v.
412, No 1, pp. 18-21.

Marchenkov D.B. On the convergence of spectral expansions of functions for problems
with a spectral parameter in a boundary condition. Differential Equations, 2005, v.
41, No. 10, pp. 1496-1500.

Marchenkov D.B. Basis property of the system of eigenfunctions corresponding to a
problem with a spectral parameter in the boundary condition. Differential Equations,
2006, v. 42, No. 6, pp. 905-908.

Gasymov T.B., Mammadova Sh.J. On convergence of spectral expansions for one
discontinuous problem with spectral parameter in the boundary condition. Trans. Of
NAS of Azerb. 2006,vol. XXVI, No. 4, pp. 103-116.



[11]

[12]

On the Basicity of Eigenfunctions of a Non-self-adjoint Spectral Problem 41

Gasymov T.B., Huseynli A.A. The basis properties of eigenfunctions of a discontin-
uous differential operator with a spectral parameter in boundary condition // Proc.
of IMM of NAS of Azerb., v. XXXV(XLIII), 2011, pp. 21-32.

Shahriari M., Akbarfam J.A., Teschl G. Uniqueness for inverse Sturm-Liouville prob-
lems with a finite number of transmission conditions. J. Math. Anal. Appl., v. 395,
2012, pp. 19-29.

Shahriari M. Inverse Sturm-Liouville Problem with Eigenparameter Dependent
Boundary and Transmission Conditions. Azerb. J. Math., v.4, No. 2, 2014, 16-30.

Kerimov N.B., Maris E.A. On the basis properties and convergence of expansions
in terms of eigenfunctions for a spectral problem with a spectral parameter in the
boundary condition. Proceedings of IMM of NAS of Azerbaijan, 2014, v.40, Special
Issue, pp. 245-258.

Bilalov B.T., Gasymov T.B. On bases for direct decomposition. Doklady Mathemat-
ics. v. 93, No. 2, 2016, pp 183-185.

Bilalov B.T., Gasymov T.B. On basicity a system of eigenfunctions of second order
discontinuous differential operator. Ufa Mathematical Journal, 2017, v. 9, No 1, pp.
109-122.

Maharramova G.V. On the completeness of eigenfunctions of a second-order differen-
tial operator, Journal of Contemporary Applied Mathematics, v. 8, No. 2, 2018, pp.
45-55.

Gasymov T.B., Maharramova G.V. The stability of the basis properties of multiple
systems in a Banach space with respect to certain transformations. Caspian Journal
of Applied Mathematics, Ecology and Economics. V. 6, No 2, 2018, December, pp.
66-77.

Gasymov T.B, Maharramova G.V., Mammadova N.G. Spectral properties of a prob-
lem of vibrations of a loaded string in Lebesgue spaces. Transactions of NAS of
Azerbaijan, Issue Mathematics, 38(1), 62-68(2018), Series of Physical-Technical and
Mathematical Sciences.

Gasymov T.B, Maharramova G.V., Jabrailova A.N. Spectral properties of the problem
of vibration of a loaded string in Morrey type spaces. Proceedings of the Institute of
Mathematics and Mechanics, National Academy of Sciences of Azerbaijan, v. 44, No
1, 2018, pp. 116-122.

Bilalov B.T., Gasymov T.B., Maharramova G.V. Basis Property of Eigenfunctions in
Lebesgue Spaces for a Spectral Problem with a Point of Discontinuity. Diff. Uravn.,
2019, v.55, No 12, pp.1544-1553.



42

[22]

[23]

[24]

[33]

T.B. Gasymov, U.G. Hashimova, R.J. Taghiyeva

Maharramova G.V. Properties of Eigenvalues and Eigenfunctions of a Spectral Prob-
lem with Discontinuity Point. Caspian Journal of Applied Mathematics, Ecology and
Economics V. 7, No 1, 2019, July, pp. 114-125.

Gasymov T.B., Maharramova G.V., T.F. Kasimov, Completeness and minimality of
eigenfunctions of a spectral problem in spaces L,®C and L,. Journal of Contemporary
Applied Mathematics, v.10, No 2, 2020, pp. 84-100.

Gasymov T.B., Akhtyamov A.M., Ahmedzade N.R. On the basicity of eigenfunc-
tions of a second-order differential operator with a discontinuity point in weighted
Lebesgue spaces. Proceedings of the Institute of Mathematics and Mechanics, Na-
tional Academy of Sciences of Azerbaijan, v. 46, No 1, 2020, pp. 32—44.

Maris E.A., Goktag S. On the spectral properties of a Sturm-Liouville problem with
eigenparameter in the boundary condition. Hacet. J. Math. Stat., v. 49, No. 4, 2020,
pp. 1373 — 1382.

Goktas S., Maris E.A. The uniform convergence of Fourier series expansions of a
Sturm-Liouville problem with boundary condition which contains the eigenparameter.
Commun. Fac. Sci. Univ. Ank. Ser. A1 M ath. Stat., v. 70, No. 1, 2021, pp. 205- 215.

Kasimov T.F. On the Completeness and Minimality of Eigenfunctions of a Non-
self-adjoint Spectral Problem With Spectral Parameter in the Boundary Condition,
Caspian Journal of Applied Mathematics, Ecology and Economics, V. 8, No 2, 2020,
December, pp. 61-75.

Kasimov T.F. Asymptotics of the Eigenvalues and Eigenfunctions of a Non-Self-
Adjoint Problem with a Spectral Parameter in the Boundary Condition. Journal
of Contemporary Applied Mathematics V. 11, No 2, 2021, December, pp. 11-22.

Bilalov, B.T., Bases of exponentials, cosines, and sines formed by eigenfunctions of
differential operators, Differ. Uravn., v. 39, No. 5, 2003, pp.652-657.

Gohberg 1.C., Krein M.G. Introduction to the Theory of Linear Nonselfadjoint Op-
erators in Hilbert Space, AMS, 1969, 394p.

Gasymov T.B. On necessary and sufficient conditions of basicity of some defective
systems in Banach spaces. Trans. NAS Azerb., ser. phys.-tech. math. sci., math.mech.,
v.26, No. 1, 2006, pp. 65-70.

Gasymov T.B., Garayev T.Z. On necessary and sufficient conditions for obtaining the
bases of Banach spaces. Proc. of IMM of NAS of Azerb., v. XXVI(XXXIV), 2007,
pp- 93-98.

Sigmund A. Trigonometric series. v 2, M.: Mir, 1965, 537 p.



On the Basicity of Eigenfunctions of a Non-self-adjoint Spectral Problem 43

[34] Hunt R., Muckenhoupt B., Wheeden R. Weighted norm inequalities for the conjugate
function and Holder transform. Transactions of the American Mathematical Society,
v. 176, February 1973, pp. 227-251.

Telman Gasymov

Baku State University, Baku, Azerbaijan

Institute of Mathematics and Mechanics of NAS of Azerbaijan, Baku, Azerbaijan
E-mail: telmankasumov@rambler.ru

Ulkar Hashimova
Baku State University, Baku, Azerbaijan
E-mail: hashimovaulkar.uh@gmail.com

Reyhan Taghiyeva
Baku State University, Baku, Azerbaijan
E-mail: reyhanabasli2015@gmail.com

Received 07 March 2022
Accepted 07 April 2022



Caspian Journal of Applied Mathematics, Ecology and Economics
V. 10, No 1, 2022, July
ISSN  1560-4055

Inverse Boundary Value Problem for a Third-Order Par-
tial Differential Equation with an Additional Integral Con-
dition

A1 Ismailov

Abstract. In the article the author analyses one inverse boundary problem for a partial differential
equation of third order with an Additional Integral Condition. First, an original problem is reduced
to the equivalent problem, the theorem of existence and uniqueness of solution is proved for the
latter. Then, using these facts the author proves existence and uniqueness of classical solution of
the original problem.

Key Words and Phrases: inverse problem, differential equations, existence, uniqueness, classical
solution.

2010 Mathematics Subject Classifications: 65N06, 31A25, 35A09

1. Introduction

Inverse problems are an actively developing branch of modern mathematics. Recently,
inverse problems have arisen in various fields of human activity, such as seismology, mineral
exploration, biology, medicine, quality control of industrial products, etc., which puts them
among the actual problems of modern mathematics. Various inverse problems for certain
types of partial differential equations have been studied in many works.

Let us note here, first of all, the works of A.N. Tikhonov [1], M.M. Lavrentev |2, 3],
V.K. Ivanov [4] and their students. More details about this can be found in the monograph
by A.M. Denisov [5].

The purpose of this work is to prove the existence and uniqueness of solutions of
one inverse boundary value problem for a third order differential equation with partial
derivatives with an integral condition of the first kind.

In this work, using Fourier method and contraction mapping principle, we prove the
existence and uniqueness of the solution of the nonlocal inverse boundary value problem
for a third order two-dimensional pseudo parabolic equation.

http://www.cjamee.org 44 © 2013 CJAMEE All rights reserved.
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2. Formulation of the inverse boundary value problem

Consider for the equation

2u(x 2u(x
8(‘3(152’0 — gt (a(t)aa(xz’t)) =p(t)u(z,t) + f(z,t) (1)

in the domain Dy = {(z,¢) : 0 <2z <1, 0 <t < T} inverse boundary value problem with
initial conditions

u(@,0) = p(z), ug(x,0) =¢(x) (0<z<1), (2)
with Neumann boundary conditions

uzy(0,t) =u(l,t) =0 (0<t<T), (3)

and with an additional integral condition

/1 g(@)u(z,t)de =0 (0<t<T) (4)
0

where a(t) > 0, f(x,t), ¢(x), ¥(x), w(x) , h(t) are given functions, and u(z,t) and p(t)
are unknown functions.
Let us introduce the notation

C?*%(Dr) = {u(x,t) : u(z,t) € C*Dr), wge(x,t) € C(D7)}.

Definition 1. Under the classical solution of the inverse boundary value problem (1)-(4)
we mean a pair {u(z,t),p(t)} of functions u(z,t), p(t) , if u(z,t) € C*>%(Dr), p(t) €
C10,T) and the relations (1)-(4) are satisfied in the usual sense .

The following theorem is true.
Theorem 1. Let f(z,t) € C(Dr), ¥(x) € C[0, 1], (x) € C[0, 1], h(t) € C?[0,T],
0 < a(t) € CHO, T], h(t) #0 (0 <t <T) and the matching conditions are met

1 1
/0 g(x)p(z)dr =0, /0 g(x)(x)dz = 0.

Then the problem of finding a classical solution to problem (1)-(4) is equivalent to the
problem of determining functions u(x,t) € C*%(Dr), p(t) € C[0,T), satisfying equation
(1), conditions (2), (3) and conditions

1 2u T 1
)~ 5 (a0 [ o055 a0) =pono) + [ g@iswnar 0 <0< 6)

Proof. Let {u(z,t),p(t)} be a classical solution to problem (1)-(4). Since h(t) €
C?[0,T), we differentiate (4) twice with respect to ¢, we get:

1 1
/ g(@)us(w, t)dz = B (1) | / (@ )un(e, Odz = K'(1) (0 <t <T). (6)
0 0
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We multiply equation (1) by the function g(x) and integrate the resulting equality
from 0 to 1 with respect to x, we have:

j; /01 g(z)u(z,t)dxr — % (a(t) /01 g(x)%dm) =

1 1
—5(0) [ gl@pulzde+ [ gla)(e.tdn (0<t<T). (7)
0 0
Hence, taking into account (4) and (6), we easily arrive at the fulfillment of (5).
Now, suppose that {u(z,t),p(t)} is a solution to problem (1)-(3), (5).
Then from (5) and (7) we get:

d2

1 1
dtQ/O g(@)u(z,t)dz = P(t)/o g(@)u(z, t)dr (0<t<T). (8)

Due to (2) and fol g(z)p(z)dz =0, fol g(z)(z)dx = 0 it is clear that

1 1 1 1
/0 g(@)u(z, 0)da = /0 g(@)p(w)de = 0, /0 g(w)ur(z, 0)dz = /0 g(@)b(e)dz = 0. (9)

From (8) and (9) we conclude that condition (4) is satisfied. Theorem is proved.

3. On the solvability of the inverse boundary value problem

The first component u(z,t) of the solution {u(z,t),p(t)} of problem (1)-(3), (5) will
be sought in the form:

T
u(z,t) = kZ_:IUk(t) COS A\, ()\k = 5(2k - 1)) , (10)
where .
up(t) = 2/0 u(z,t) cos \pxdx (k=1,2,...).
Then, applying the formal scheme of the Fourier method, from (1), (2), we obtain:
up(t) + A (a(tur(t)) = Fi(tu,p) (k=1,2,.50<t<7T), (11)

where

1
Fultiu,p) = filt) + p(eun(t). fult) = 2 /0 F (2, 1) cos Meda,

1 1
Y = 2/ o(x) cos Apzdr, Py, = 2/ ¥(x)cos Agzdr (k=1,2,...).
0 0
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Solving problem (11), (12) we find:

t t t t t
uk(t) = ok (e_)‘i Joals)ds A2a(0) / e ) a(s)d8d7> + wk/ e Jrale)ds gy
0 0

t t
+/ Fi.(n;u,p) (/ e M f:a(s)d5d7> dn (k=1,2,..). (13)
0 n

Differentiating twice (21) we obtain:

t
ul(t) = =Ny, <a(t)e)‘i Jo al)ds _ a(0) <1 - )\%a(t)/ e )7 “(s)d8d7)> +
0
v,
+n <1 — Aaf(t) / e M f7“<8>d5dr> +
0

t t
+/ Fy(n;u,p,q) <1 — )\%a(t)/ eI “(s)d8d7'> dn (k=1,2,..), (14)
0 n

t
uf(t) = ~Npor ((0'() = MaP(0))e M) 1 X2a(0)(a'(1)-
t t
~A2a3(1)) / e a<$>d8d7> — Nr(d () — \a%(1) / e M Sra)ds g
0 0

t t ¢
% [ Filup ((a'(t) =) [ eI a(t)) dn+
0

0
FE(tu,p) (k= 1,2,..). (15)

After substituting the expression uy(t) (k= 1,2,...) from (13) into (10), to determine
the the component u (z,t) of the solution of problem (5) we obtain:

oo

t t
U(.%', t) = Z {Sok <e_)‘% fot a(s)ds + )\za((]) / e—/\i I; a(s)dsd,]_> +
0

k=1

t t ¢
+y, / e M7 al9ds g 4 / Fi.(n;u, p) (/ el a<s)d8d7’> dn } COS AL . (16)
0 0 n

Now from (5), taking into account (10), we get:

1 oo
p(t) = ()] {h"(t) —/0 9(@)f (@, t)dz +an>\i(a(t)uk(t))'} : (17)

k=1

where

1
ng = / g(z) cos Apzdr. (18)
0
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Further, from (18), by virtue of (25) we find:

Nela(tyug(t)) = —uji(t) + Fy(t;u,p,q) =
t t 9 rt
= XNy ((a'(t) — A2a2(t)) (e_)‘i Joals)ds 4 2a(0) / e M7 a(s)d5d7> ) +
0

t
() a2 (0) [ Ry
0

—I—)\% /Ot Fy.(n;u,p) <(a'(t) - )\iaQ(t)) /t e~ S als)ds g + a(t)) dn(k=1,2,...) (19)

n

In order to obtain an equation for the second component p(t) of the solution {u(x,t), p(t)}
of problem (1)-(3), (5) we substitute the expression A2 (a(t)ug(t)) (k =1,2,...) from (19)
to (17) . We have:

p(0) = o1 {0~ [ o) ste. s +
+ i o [Azgok <(a’(t) — M\242(t)) (Ni Jo al9)ds 4 x24(0) /O LS “(s)dsdr> ) +

t t
(0 = (1) [ e
0

o F(rwp) (@ - | Lo Sl gr olt)) dn] b

n

Thus, the solution of problem (1)-(3), (5) is reduced to the solution of system (16),
(20) with respect to unknown functions u(z,t) and p(t).

To study the question of the uniqueness of the solution of problem (1) - (3), (5), the
following lemma plays an important role.

Lemma 1. If {u(x,t),p(t)} - be any solution to the problem (1)-(3), (5), then the functions
1
ug(t) = 2/ u(z,t) cos \pxdx (k=1,2,...)
0

satisfy the system consisting of equations (13).

It is obvious that if ug(t) = 2 fol u(zx,t) cos \gxdr(k = 1,2, ...) is a solution to system
(20) and (21), then the pair {u(z,t),p(t)} of a function u(z,t) = Y 72, uk(t) cos Ayz and
p(t) are solutions to system (16), (20) .

It follows from Lemma 1 that the following corollary holds.

Corollary 1. Let system (16), (20) have a unique solution. Then problem (1)-(3), (5)
cannot have more than one solution, i.e. if problem (1)-(3), (5) has a solution, then it is
UNIQUE.
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1. Denote by BS,T’ the set of all functions u(x,t) of the form

u(x,t) = Zuk(t) COS A\, T ,
k=1

considered in D, where each of the functions wuy(t) (k = 1,2, ...) is continuous on [0, 7]

and

S

I(u) = {Z()\% ||Uk(t)||0[0,T])2} < Fo0.

k=1

We define the norm on this set as follows:

e, )l gg . = I(w).

2. Denote by E% the space consisting of the topological product

Bjp x C[0,T].

The norm of an element z = {u, p} is defined by the formula

1l g, = llul@, Dlipg . + lp@llcpor -

It is known that BgT and E% are Banach spaces.
Now consider in space E% the operator

where

CI)(u, a) = {q)l(uap)7q)2(u>p)} )

Oy (u,p) =iz, t) = 1> ig(t) cos \e, Do (u, p) = p(t).
k=0

and x(t) and p(t) are equal to the right-hand sides of (13) and (20), respectively.
It is easy to see that

t t
/ 67)\% f: a(s)deT < / 67)\% f: a(s)dsdT <
0 n

)\i’ m)\%’
where m = min a(t).
0<t<T
Considering these relations, we find:
: :
<Z (A% Huk(t)HC’[O,T]> ) <2 <1+ 1(n)> <Z (A% lol) ) +
k=1 k=1

oo % T o0 %
+% <Z (Ak |¢k|)2> +2;{LT (/0 > Ok ()] dT) +

k=1
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[e.9]

+2 0 oo (Z (% |uk<t>|0[oﬂ)2) 7 (21)

k=1

oo

. ( Af) Ol + 120 oo 1)

(1+49) (gj ) >%+;<§oj(xz |wk|)2>%+

k=1

15l < | 1m) 7|

clo,r] +

1
W(t) — / o) (a, t)d

X ”9(33)||L2(0,1)

[N

T 2 >
+\r/nT (/0 Z ()‘2 ’fk(7)|)2 d7-> + %Hp ||CoT] (Z (A"f ok (¢ HC[OT)Q)
k=1

)

(22)
Let us assume that the data of problem (1)-(3), (5) satisfy the following conditions:
1) ¢(x) € C*[0,1], P (@) € Lo(0,1),
P(0) = p(1) = ¢"(0) =¢"(1) = oW(1) =0,

2) (x) € C[0,1] 9" (x) € L2(0,1), ¥'(0) = (1) =4"(1) =0 .
3) f(z,t), fo(z,t), fou(z,t) € C(Dr), frax(z,t) € La(Dr),

fx(o>t) = f(lat) = fmm(Lt) =0 (0 <t< T),

4) b(x) € L2(0,1),0 < a(t) € C0,T], h(t) € C?[0,T] , h(t) #0(0 <t <T).
Then from (21) , (22), we get:

e, )y, < A1(T) + Ba(T) (8o e, Ol e, (23)

150y < A2(T) + Bo(T) (0l cpory 1 Dl ., - (24)
where

AL(T) = [le@)l 1,00y + T (@) Ly0,1) + VT 1f (@ Ol pyppy +

0 2 2T
a0 =2 (14 50 0" @)y + 2 W@y + 2o 1Dl
2T
B =5

1
W(t) — /0 o) (a, t)de

clo,r) +
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. (z /\,;2> Qe O lleoz + 1450 oo 19 aon

a O 1 n T
. [(1 ; fﬂ)) @], o+ o 167 @0 + f; HfmAx,t)HLQ(DT)] }

1
oo 2 T
_ -1 -2 / 2 4
By(T) = H[h(t)] HC[O,T} (; Ak > (H“ Ol + o (t)HC[O,T]> .
From inequalities (23), (24) we conclude:
(. Oy, + 150 oo < AD) +BE@) lpOllcroy luta. Dlgg, - (25)
where
A(T) = A(T) + Ao(T), B(T) = Bu(T) + Bo(T).
So, we can prove the following theorem:
Theorem 2. Let conditions 1)-4) be satisfied and
B(T)(A(T)+2)* <1, (26)

Then problem (1)-(3), (5) has a unique solution in the ball K = KR(HZHE% <R-=
= A(T) +2) of space E3..

Proof. In space E% consider the following equation
z=®z, (27)

where z = {u, p}, components ®;(u,p)(i = 1,2) of the operator (u,p) are defined by the
right-hand sides of equations (16), (20), respectively. Consider the operator ®(u,p) in the
ball K = KR(HzHE% < R= A(T) +2) from E3.

Similarly to (23), we obtain that for any z, z1, 22 € Kg the estimates

1®2]l gg. < A(T) + B(T) [p(®) oo ry 1l Ol g3 . < AT) + BT)(AT) +2)*, (28)

21— B2a]l gy << BID)R (Jua(, 1) = wa(a, ) g, + lon(t) = pot)lcpormy) - (29)

are valid. Then from the estimates (28) and (29), taking into account (26), it follows that
the operator ® acts in the ball K = Kgrand is contractive. Therefore, in the ball K = Kg
the operator ® has a unique fixed point {u,p}, which is the only solution of the equation
(27), i.e. is the unique solution in the ball K = Ky of the system. The function u(x,t), as
an element of space B;’ 7, is continuous and has continuous derivatives u,(x,t), uzs(z,1),
in Dp. ,

It can be shown that wuy(z,t),utme(x,t), are continuous in Dy.
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It is easy to check that equation (1) and conditions (2), (3), and (5) are satisfied in
the usual sense. Consequently, {u(z,t),p(t)} is a solution to problem (1)-(3), (5), and, by
virtue of the corollary of Lemma 1, it is unique in the ball K = K. Theorem is proved.

Using Theorem 1, we prove the following.

Theorem 3. Let all conditions of Theorem 2 be satisfied and

1 1
/ g(@)p(x)dz = h(0), / g(@)(x)dz = 1(0) .
0 0

Then problem (1)-(4) has a unique classical solution in the ball K = KR(HZHE% <R=
A(T) +2) of space E3..
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tinuous Differential Operator
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Abstract. A second order differential operator is considered. Theorems on absolute and uniform
convergence of expansions of discontinuous functions by the root functions of the given are proved.
Uniform convergence rate of these expansions is also studied.
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1. Introduction

In V.A.Ilins paper [1], a second order discontinuous operator was investigated and
constructive necessary and sufficient conditions of Riesz basicity of the system of root
functions of the considered operator arc established. These investigations played an im-
portant roll in studying absolute and uniform convergence of biorthogonal expansions
of functions from the class W, by the root functions of the Schredinger operator with
multipoint boundary conditions [2,3]. In the present paper, we consider a second order
discontinuous operator, issues of absolutes and uniform convergence and also on uniform
convergence rate of biorthogonal expansions of discontinuous functions by root functions
are studied.

2. The Basic Concepts and Formulation of Results

Let G= | G, Gy = (§-1,&), a =& < ... < &y = b, where —00 < a < b < +00.
1=1

By W[‘ (G), 1 <r < oo, denote a class of functions possessing the property: if f (z) €
WT’?(G), then for each Gy, | =1, m there exists the function fj(z) from the Sobolev space
W (Gy) such that f(x) = fi(z) for {1 <x < §.

On the set G consider the formal operator

Lu=1u"+q(z)u (1)
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with complex-valued coefficients ¢(z) € L1(G).

Under the system of the root functions of the operator we’ll understand an arbitrary
system {uy}7o, of complex-valued non identical zero functions from W72 (G), satisfying
almost everywhere in G the equation

Luy + Apug, = Opup_q,

where 60 either equals zero (in this case the function uk is an eigenfunction) or unit
(in this case we require A\y = \;_1 and call u; an associated function of order j, where
O =0p1=...=0_j1=1,0,_; =0).

Denote pr = /Ay, arg ux € (=5, 5]

Later on, we’ll additionally suppose that the elements of the considered system of the
root functions {uy (z)},—; are determined at the points &, I = 1,m and are continuous
from the left at these points, but at the point o, = a they are continuous from the right.
The expanded function f (x) € Wpl(G), 1 < p < oo will also satisfy these requirements.

We'll require that the system {uy (z)}p satisfies V.A. Ilin’s following conditions: 1)
the system {uy (x)};-; complete and minimal in Ly (G); 2) the inequalities are

[Imp| < Co, (2)

Z <Cy, V7 =>0; (3)

T<Reup<t+1

fulfilled. 3) there exists a constant Co > 0 such half
lluklly [|uglly < C2y  k=1,2,..., (4)

where {v,}p-; is a biorthogonall adjoint system to the system {uj (z)},; and consists

of the root functions of the formally adjoint operator L* = % +q(x), x € G (ie.
L*vp + +Ap v = Opg10p41). -

For an arbitrary function f (x) € WZ}(G), p > 1 compose a partial sum of its biorthog-
onal expansion by the system {uy};-,

O-V(J:’f): Z (f,vk)uk(x),uz L,

pr<v
where
(Fo00) = [ £ (@) o @i
G
Assume
R, (z,f) = f(z) —ou (z, f)
and denote

Qm (f,vx) = £ (0) vy, (b—0) — f (a) vy, (a + 0)+
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m—1

+ 3 [FEa—0v@—0 - f(&+0 v (& +0).

=1

The main results of this section consist of the following theorems:
Theorem 1. Let the system {uy (z)}y-; of the root functions of the operator (1)

satisfy conditions 1)-3). Then, a biorthogonal expansion of any function f (z) € W;(G),
p > 1 satisfying the condition

|Qm (fvvk‘)’ <C; (f) Hka27 k=1,2,.., (5)

converges absolutely and uniformly on G = [a,b] and the following the relations are valid

Z fvvk uk’ l’eé, (6)
k=1
sup R, (2, )] < const {2 Wl + v 1 () + gl 1l (7)
€
sup | R, (¢, /)| = 0 (v=°) v = +o0, (8)

z€G
where § = mln{ } p~t4+q¢~! = 1; symbol ”0” depends on the expanded function f (z);

const is independent of the expanded function f (x);
”fHWI}(G) =fllz, @ + Hf,HLP(G’)

Theorem 2. Let the function f (z) belong to the class Wll (G) conditions 1)-3) and
condition(5) be fulfilled for the system of the root functions {uy (z)}7-; of operator (1)
and the number series

i n"twr (ff,n7!) < oo, 9)

converge. Here ng > 2 (b — a), wi (+,0) is a modulus of continuity in L; (G).
Then a biorthogonal expansion of the function f (x) by the system {uj (x)};Z, con-
verges absolutely and uniformly on G, equality (6) and the estimation

sup |R, (z, )| < constK (v, f), (10)
el

are valid. Here the const is independent on the expanded function f (z); the function
K (v, f) is determined by the formula

=30t (a7 O+ lally 1l + 111
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v>dmr/ < mln \Gl|>

By fNIf‘ (G) denote a space of functions f (x) such that for each [ (l =1, m) there exists
the function f; (z) of Nikolskiy class H{ (G), such that f(z) = fj(x) for {1 <z < §.
We define the norm in H{* (G) by the equality

wi (f,6)q
||f||1?1;x = ||f”1 G~ ||f||L1(G) + mzlx Sugéial’
where
&—h
wi (f, 5)Gl = sup / |f (x+h) = f(z)|de.
0<h<$

Corollary from theorem 2. If in theorem 2 we additionally require f (z) € H* (G),
0 < a < 1, the estimation

sup |R, (z, f)’C(E) =0 (1/70‘)
zeG
is fulfilled.

Remark 1. The condition (5) required from the bilinear functional Q., (f,vk), is
natural. Usually, the class of functions f (), for which @, (f,vx) =0, k = 1,2, ..., should
be determined from the considered space. In many cases, condition (5) is fulfilled for all
the functions f (z) from the space under consideration. For example, in the case when the
boundary conditions for vy () are two -point and the principal minor of the matrix that
corresponds to boundary conditions are non zero, i. e. if

av (a) + Biv' (b) + ¢v (a) + dyv (b) = 0,

i=1,2; a1fs —azf #0.

Remark 2. Estimation (7) is unimprovable in the considered class of functions.

3. Representation for the Fourier coefficients from the class Wpl (G),
1 <p<oo.

Before proving theorems 1 and 2, we get some representations for the Fourier coeffi-
cients of the functions from the class I/Vp1 (G), 1 <p< .

Lemma 1. The following representations are valid for the Foruier coefficients of the
function f (x) € W) (G).

(vk, f) = —Qm(,]; %) + (U’i’gf) - ;2 (v, qf) + QZ;I (Vkt1, f) (11)

My My My k
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Qm f ; Uk—f—] S~ (W)
j=0 My
Uiy (G-1)
+Zz 7;]_"_1 osuk(t—fl—1)7f/(t))Gl_
7=0[1=1
m kg (E1-1) . 1 _
ZZ 72]“ sm,uk (t—¢&-1),f (t))Gl
7=01=1
— 1 é.l gl
_ 272(j+1) /q T)V4j (T) /f’ (t) cosTiy, (t — ) dt | dr+
i=0i=1 Mk g 7
o o Okt /
+ ZJ(J]H) /vk+g+1 /fl cosfiy, (t —7)dt | dr
j=01=1 H &1

Proof. It is seen from the definition of the function vy (z) that

vy (z) + q (z)vg (2) + Mg () = Opg 1ok (2), =€ G l=1,m.

57

(12)

Therefore, multiplying by f (z) and integrating with respect to x from &_ to &, from

the last equality we get

/f ) ( /f x) dr—

&
—)icg/Q(x)Uk (z) f (= Hkﬂ /f T)vpgr (v

Conducting integration by parts in the integral containing v} (£), we find

1

&
[ T@hon (&) do = == [F&= 000k (6~ 0) = TT&r + 00k (61 + 0)] +

k
§1-1
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1 0
/ F@eh (&) o — = (o) + 2 / T @oess (x) do.
k

Summing these equalities over [ from 1 to m and taking into account A\ = ui, we
arrive at representation (11).

Now, derive formula (12). It follows from (11) that if we consider this formula as a
recurrent relation for the Fourier coefficients, then

m\J, 1 Y 1
(vk7f) = CQLJ]‘%M+/‘L]2€ (Ukzvf) - i%(vk7qf)+
+9ﬁ-51 [_ Qm ({72’0164-1) + (Uk_ig f ) _ ;2 (Uk+17 qf) + ;2 (’Uk+2, f)]
Hi Hi H, H Hi

Continuing this substitution process to the eigenfunction vy, , for (vg, f) we get the
following representation

/ / n
Qum (f,0k15) f,vkﬂ (vkﬂ"f) ~ (Vktj»af)
(vk, Z ]+1) +Z —2(j+1) _Z —2(j+1) (13)
j=0 Mg j=0 My

Transform the expression (U}g 4 Vil ) For that we use the mean value formula for the

function vy, ; (¢) for t € (§-1,&):

Uy (8) = —Tvesj (§1 + 0)sinfiy (t — §-1) + vy (§-1 +0) %
t
X cosTiy (t— €1) — / 4 (7) vps; (7) cos iy (¢ — ) dr+
§i—1
t

+0k+j+1 /Uk+j+1 (1) cospiy, (t — 7) dr,
&i—1
j = Oankv 0k+nk+1 =0.

As a result of substitution of the expression U;Hj (t) in (v,’gﬂ, f’) we get

m &
(Vs f) Z f () v () dt = Z —Hk/f’(t)smﬂk (t—&-1)dt x

=1 &1 =1 &1

XUk (§-1+0) + /f’(t)COSMk (t = &-1) dtvpj (-1 +0) —
§i-1
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& t
- / 0 / 1 (T)oky; (7) cosTiy (t — 7) dr | dt+
&1 &1
& t
tpsiin [T | [ a0ssr (7 cosm ¢ =) dr | de
§1-1 &1

Change the integration order in double integrals, take into account the obtained ex-

pression for (vfC o f! ) in formula (13), and get the formula

(Umf):—i@_inr

= Mi(ﬁrl) = ﬁi(ﬁl)
v, & 1) _
+ZZ +] (cosmy, (t —&-1), f (t))(;l_

j=01=1

Vg5 (§-1) _ /
ZZ 72]“ (sinfzg (t — &-1), f (t))cl_
j=0 l=1

- &

m 1 _
- Z 5D /q( T) Ukt (T /f’ cos g (t —7)dt | dr+

. )
=0 =1 Mg &,
&
Ok+j+1
5SS e 1 / P cos p (¢ = 7) dt | dr,
7=0 = 1M

T

where under vkzﬂ (&-1), i = 0,1, we mean vklﬂ (&-1+0). Besides ypn,+1 =0, ny - is
the order of the associated function vy (). Lemma 1 is proved.

Proof of Theorem 1.

It suffices to consider the case 1 < p < 2. Estimate the series

SO vl fuk ()], @ € G
k=1

Represent this series in the form

Yool o @)= Y 1Foedl e @]+ D 1w ug ()]
k=1

0<Reur<1 Repp>1

Estimate each of the sums in the right hand side of the last equality

Yo Gl @< Y Fl owllo fun (@)

0<Rep<1 0<Repr<1
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Apply here the estimates (2)-(4) and (see [4])

sup [ (@) < C () Jugll e, e (14)
zeG
sup [vg (2)] < C (1) [[vrll Ly, e - (15)
zeG);

As a result we have:

Yo Fwllu @I <C Y funlly okl £l <

0<Repp<1 0<Repp<1

<Clfl, Y. 1<Clflly.

0<Repr<1

where C is a positive number. For estimating the series

> (o) fug ()]

Rep>1

we apply formula (11) for the Fourier coefficients (f, vy):

Y ol @l < 3 (ol @< 3 @nEol, oy

Repp>1 k21 k21 I k|
uk
+ Z | (Vi )] Jure (@) + > | Uk, 4 f) +
lg]>1 k’ [pre|>1 ‘k‘
Or+1
+ > kg, )]k ()] (16)
o1 [H]

For estimating the first sum in the right hand side of relation (16) we apply inequalities
(5), (14), (15) and then (2)-(4). As a result, we find

> Ol <o 3 1y,

[p|>1 | k’ [pr|>1 |1k
1 = 1
< G2 (f) 5<Ca ()Y Y —5 ] <
kx| >1 ] n=1 \n<|uy|<n+1 ||
=1
SCg(f)Zﬁ Yoo,
n=1 n<|pr|<n+l

where C'(f) in a number dependent on f ().
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Estimate the second sum in the right hand side of (16)

1 1 -1 -1
|Z| T2 () e <x>!=2| P [ (7w onl e ™) el e 21
M| >1 HE|>1

Pl =1

Applying estimates (14), (15) and (4), we get that the left hand side of the last relation
is majorized from above by the quantity

0% L |kl )

lpa|>1

Since the system {v,’C () Hka;l ]ukrl} is a Riesz system (see [8]) and taking into
account f’ (z) € L, (a,b), we can apply the Riesz inequality.
Consequently, the second sum in (16) is bounded from above by the quantity:

1/p 1/q

> S (7 vh ol el ™)

P
| |>1 s lpk|>1

By the condition (4) the sum

1
Z Wa p>1,

lpk|>1
converges by the Riesz inequality

1/q

(A Y i | el

|k >1

Thus, the second series in the right hand side of relation (16) also converges and its
sum doesn’t exceed the quantity C'[| f'||,,, where C' is independent of the function f (z).
Estimate the third sum in the right hand side of (16):

> uk(,xz)‘ @eaf) <37 lally okl ls ()] skl 72 11 £

| |>1 | || >1

Apply estimates (14), (15), and then (2)-(4). As a result we find

1
5 L (;ﬂ (a1 < Crlalh e 32 7 <

|pr]>1 |1k e >1 |k
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1
SClHquHfHOOZﬁ Z L <Cldlly [1flls 5

n=1 n<|pk|<n+1

where C' is a constant independent of f ().
Now, prove the convergence of the last series in the right hand side of (16)

Z ‘91:7+12 |(vgr1, )] Jug (z)| =

o1 |l

= 3 o (o s l)| o oy s @)

|1k |>l

Here, applying estimation (14)
vksll, < Clukl llvelly (17)

(see [5]) and the Holder inequality, we have:

Z 9k7+§ | (1, )] Jug ()] <

lpk|>1 ||
=C Z ‘(f» Ok+1Vk41 ||Uk+1\|;1)‘ <
|>1
1/p 1/q
1 1\ ¢ 1 1
<C| X > ‘(f, Ok+1vk+1 vl 1)} , —+=-=1.
|1k Ty
px|21 g >1

By the convergence of the series >

|p, p > 1 of the system {HkHka HkaH }
x| >1

Tel?

|k > 1 (see [9]), we get

0
> P ks D)l (2)] < const [ 1.

ot P

o0 N
Consequently, the series Y [(f, vx)| |ug ()| converges uniformly with respect to z € G.
k=1

Prove the validity of represen{ation (6). Let the series in the right hand side of (6) converge
on G to some function g (x). By the uniformity of the convergence the function g (x) will
be continuous on each of intervals [y, &1], (§-1,&], [ = 2, m. From the representation

o0
Z frog) ug ( reG
k=1
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we get that (f,vx) = (g,vk), k = 1,2,.... Hence, by the completeness of the system
{vi ()} in Lo (G), it follows that f(z) = g (x) almost everywhere at each of intervals
[€0,&1], (§1-1,&], I = 2, m. Since the both functions f (z) and g (x) are continuous in these
intervals, they coincide everywhere on G. Consequently, representation (6) is true.

Now, establish estimation (7) for 1 < p < 2. It follows from representations (6) and
(11) that for each z € G

Ry (2, /)l = 1f (2) o (@, ) < D 1(fro0) ug ()] <

Rep>v

< S @) < 3 @n Bl oy

|k
lpr| = |pr| >V
1 . 1
+ ) — W )]k @)+ D —— (s af) [ ()] +
|pg|>v |1k i) >v ||

0 -
+ 30 T (e, Pl (2)] < constCy (v +
T

+consty~ /4 Hf’Hp + const ||qlly | fll o vt + consty™1/4 £, <

< const {Vﬁl/q HfHWI}(G) +v 1O (f) + gl Hf”oo]} .

Prove estimation (8) for 1 < p < 2. For that, we again use representation (6), (11)
and behave as in the estimation of the right hand side of relation (16).

Ry (. )l =If @) —ov (z. Al = | D (froe)we(@)| <

Repp>v

< D o) (@) < (COL) + llally 1Flloe) v+

i 2y
1/p 1/q
1 1 Z1\|¢
|y o S (vl el )
luk|=v lk|>v
" s ronn sl )
1 k+1Vk+1 ||Vk+1
+ — f . =
2 | el” 2 < | >
|px|>v |k >y

1/q

=0 ) +0 (v ) [ 32 | (£ ok el e )]

lpx| >V

LS
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1/q
_1\ |4
+0 (V) [ 30 | (F rrrver ol )|
| =
Since the residual of the converging series tends to zero, then
1/q
-1 —1\1?
Skl el )] =0
lpelZv
1/q
/ —1\1¢
S (v ol )] =o),
|k |>v

as v — 00.
Consequently, for any r € G and 1 <p < 2

R, (z,f)|=0 @) +0 (1/_1/‘1> o(l)y=o0 (v_l/q> , V— 400

in the case 1 < p < 2. Theorem 1 is proved. . s
The case p > 2 is reduced to the case p = 2, or I/Vp1 (@) is embedded into W} (G).
Theorem 1 is completely proved.
Proof of theorem 2. -
Let f(x) € Wll (G). Prove the uniform convergence of the series > |(f,vi)||ux (z)]
k=1
on G. For that, we again represent it in the from (see the proof of theorem 1)

00
Mool @)= > + > <Cilfli+
k=1 0<Repr<a Repp>a

+ ) (o) s ()],

Repr>a

where o = max |G -
1<I<m 161

For investigating a uniform convergence in G of the series

Yo o) s (@)

Repp 2o

we use representation (12) for the Fourier coefficient (f,vy). This leads us to studying the
uniform convergence of the series

D ‘Qm B et N a1, (18)

Repr>a j=0
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gt

Z Z”ﬂﬁfmmw®ww—&mfwa
Repy,

=01

&

ke

&

Z Z | Uk-i—]’]i]lc U (JJ)’,

Repp>a j=0

k47 §1-1
mﬁle ) [(cosTie (¢ — &) £ (1),

)

9

PRI

Repp>a j=0 I=1

&
T Uk (T /f’ cosfiy (t —7)dt | dr|,
&1

Lk 0
Z ZZ| k+]+1]+1) |><

Repp>a j=0 I=1

X /'Uk+j+1 /f’ cosfiy (t —7)dt | dr|.

&1

By inequalities (2), (3),
number series

65

(19)

(22)

(23)

(6), (14), (17) and (4) the series (18) is majorized by the

am Y

Rep>a |/Lk|

that converges by condition (3).

By inequalities (2), (3), (15

number series

Since (see [4])

then by (2), (3), (14), (17) and (4) series (20) is majorized by the number series

1
Cllally 11f]l Z:T?F

Repp>a

|/U],<:+j (fl—1)| < 'l vrslly

), (17) and (4) series (19) is majorized by the converging
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Obviously, the system {cosfi, (t —&—1)}re is a system of eigenfunctions of the operator
—y = fi%y. Therefore, by lemma 7 of the paper [9]

!/ / 1 :
‘(COSﬁk (t - §l—1) 7f (t))Gl’ S C I:wl ('f ’ Reﬂk) + Lfe[’l’;} . (25)

Taking this into account in (25), we get that series (20) is majorized by the number

series ) . Hf’H
c e ! L
2 Rejpuy, {M (f ’ Re%) i RBHJ 7

Repp>a

that converges by conditions (3) and (10). Allowing for estimation (17), a uniform con-
vergence on G of series (21) is proved in the same way. It follows from (25) that

&

T 1 11l

" (t) cos t—T1)dt| < Cqw T, +=—=7, l=1,m,
/f ®) i ( ) { ! (g Re#k)@ Repy,

where )
gT(z):{ fa), 227 §-1 <7174

0, z2<T

On the other hand, (see [6]) it is known that for Repy > fé—’;‘

wilg . < const{wy | f ! —i—”lel
" Reux ) g, ~ " Rep Repy |

7f’(t)cosuk (t—r)dt| < {m <f’7 1 )* ”flul}' )

Consequently,

Repuy, Repy,

Taking into account (26), (2), (3), (14), (15), (17) and inequality (4), we majorize series
(22) from above by the number series

C Z 1 W1 f/ ]‘ + H f/ H 1
Rejuy, "Rewr,)  Repy]’

Repg>a

that converges by (3) and (9).
For establishing uniforn convergence of series (23) it suffices to take into account

& &
[a@us (o) | [Ficosp e - ryat | ar <

&1

< Cllqlly [, sup vkt ()]
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and apply the estimations (14), (15), (17) and (4). As a result, series (23) will be majorized
from above by a converging series
1

il > Tl
Rep 2o

Thus, the series
o
D I o)l ug ()]
k=1

converges uniformly on G.
By unconditional basicity in Lo (G) of the system {uy (x)} the following representation

will be walid:
o
= (fror) un (
k=1

Now, estimate the residual R, (z, f), x € G, v > m

1<Ii<m

Ry (2, < D0 (o) ()]

Reur>v

Substituting here the expression (f,vx), from (12) we conclude that for estimating the
residual R, (z, f) it is enough to estimate the residuals of the series (18)-(23). Therefore, in
the estimations obtained above for the series (18)-(23) we must put a = v. Consequently,
the inequality

1
B @ NI 37 g+ Cllal Il
Reuk>y‘ k’
L [ < 1> Hf'Hl]
+ wi +
Re%c:>u k| RkaZVRel'Lk Reuk Reﬂk
1
O o llaly D
ReﬂkZV‘ k|

will be valid. Here, taking into account

> %S > %ZO(V_I%

Re#k2y|ﬂk| Re“kzy(Reuk)
1 1
> (f’,R )g
s, Bt ept

o0

1 .1
<> > wi <f,Reuk)§

Re
n=v] n<Repp<nt1’ HF
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< Z%Wl (f/,i) > 1§CZ%W1 (f/ai)v
n=[v]

n<Repr<n+1 n=[v]|
we get

Sug\Ru (, )] < const {v™ C1 (f) + llally 1o + 1F/[|1 [L+ llalli] } +
BAS

+ Z nlw (f',n_l) < constK (v, f)
n=[v]
Theorem 2 proved.

Remark 3. It is seen from the proof of theorems 1 and 2 that if the system {uy (x)}

is not biorthogonally adjoint to {ug ()} and the remaining conditions of these theorems
are fulfilled, then the

> (fvn) uk ()

k=1

uniformly and absolutely converges on G and estimations (7), (8) and (10) are valid for
the residual > (f,vr) ug ().

Repr>v

4. Some applications of the theorems 1 and 2.

1. Consider the operator Lu = u” on G = (0,3) U (3, 1) with the conditions u (0) = 0,
W' (1)=0,u(3+0)—u()=u(l), v (3+0)—u(3-0)=0.
For this problem, it is well known [1] that py = 47k for k =0,1,2, ... and ux = 47k/3

for k =1,2,4,5,6,7,8... (k is not multiply of 3). The eigenvalue \g = u = 0 is associated
with the single eigenfunction

o (2) = 0 if 0<z<i,
TS i l<a<l
Each eigenvalue A\ = ,u,i = (47rk)2, k =1,2,... corresponds to a single eigen-function
and a single associated function:

o

o (2) = 0 if 0<z<i,
P 2cos(dmk (1—a)) if 1<

8
IA
—_

L (z) = —g2rsin(4kz) if 0<a<
P s (L—a)sin(4nk (1—a)) if L
Each eigenvalue Xk = ()

2 = (%)2, k =1,2,4,5,6,7,8... corresponds to a single
eigenfunction
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The biorthogonally adjoint system consists of root functions of the operator Lv = v”
on (0,1) with the conditions v(0) = 0 and v/(1) — v’ (3) = 0.
The corresponding eigen and associated functions have the form

80 (x) = x; gk (x) = 4wk sin (4kx) ;

11);C (z) = —g cos (4mkx), k=1,2,3,..;

0
Uk () = sin (4wkx/3), k=1,2,4,5,6,7,8....

For the problem in question,

Q=1 +[1(3) -1 (5+0) 1] v ().

Condition (5) implies that

o =0s(z+0) -1 (3)=rw. (27)

Since conditions 1) - 3) are fulfilled for this example,Theorem 1 holds for any function
f(z) from W} (G), p > 1 that satisfies conditions (27). Moreover. Theorem 2 holds for

any function f (x) from Wll (G), that satisfies conditions (9), (27).
2. Consider the eigenvalue problem

u () + Au(z) =0, =€ (-1,0)U(0,1) (28)
u(—=1)=u(1l)=0
u(—=0) = u (+0) (29)
u' (—=0) — o' (+0) = Amu (0) ,m # 0.
It is well known [7] that eigenvalue of this problem are simple and form two series

Mg = u%’k = (tk)?, k=1,2,..;

2 _
Aok = M%,;m pa g = Tk + p—" +O0(k™),k=0,1,...

The eigenfunctions have the form
Ugg—1 () =sinmkz, k=1,2, ...,

g () = sinpor (14+2) if ze[-1,0],
P sinpgp (1 —2) if ze (0,1, k=0,1,...

The system {uy, ()} pzr,» Where ko is an arbitrary fixed even number, forms a basis
in L,(—1,1) 1 <p < oo (a Riesz basis for p = 2).
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The biorthogonally adjoint system {u (z)};Z 24, has the form

o (0)
Pk, (0)

vk (z) = ¢ (z) — Pro (2)
where
wok—1 () =sinwkx, k=12, ..,

(z) = copsinpog (14+2x) if xe[-1,0]
Yok copcospor (1 —x) if x€(0,1]

cor =140 (k7?).

Obviously, the system {uy, (¥)};2 41, satisfies conditions Remark 3. For problem
(28)-(29) the application of Theorems 1 and 2 (Remark 3) leads to the conditions

fE) =) =f(0) = f(H0) =0=(f ¢k) - (30)

Therefore statements of Theorem 1 holds for any function f(x) € /V\V/I} (G),p>1
satisfying conditions (30),while statements of Theorem 2 holds for any function f (z) €
Wi (G) satisfying condition (9) and (30).
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