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Abstract. In this paper we study some initial-boundary value problem for partial differential
equation of fourth order subject the nonclassical boundary conditions. We show the existence,
uniqueness and stability of the classical solution of this problem.
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1. Introduction

Let T' € R be the positive constant and Dy = {(z,t) €R? : 0 <2 < 1,0<t < T}.
We consider the following initial-boundary value problem for partial differential equa-
tion
(p (‘T)uw,x<xvt))x,x - (Q(x)um(‘r?t))x + r(x)utt(:z:,t) = f(a;,t), (xvt) € Dr, (1)

subject the non-local conditions
u(z,0) + diu(z, T) = p(x), w(z,0)+ dou(z,T) =1(z), 0 <z <1, (2)

and non-classical boundary conditions

w(0,8) = (t), 0 << T, (3)

e (0,1) = pa(t), 0< t < T, (4)

P (Dua(Lt) +ua(L,8) = ps(t), 0< ¢ < T, (5)

(p (@)t )alyey — a(D) s (L,8) = r(Du(L,t) = pu(t), 0t <T,  (6)
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where §;, i = 1, 2, are nonnegative constants, p € C?([0, 1]; (0, + o0)), ¢ € C*([0, 1]; (0, + 00)),
r € C([0,1]; (0, +00)), pi € C1([0, TI;R), i =1, 2, 3, 4, 9,9 € C*([0,1;R), f € C*!(Dr)
is a given function and u(x,t) is the desired function. Moreover, the following conditions

hold:

#1(0) + 811 (T) = ¢(0), 11(0) + 024y (T) = 1(0),
p12(0) + d1p2(T) = ©"(0), p(0) + d2415(T") = ¥"(0),
p3(0) + d13(T) = p ()" (1) + (1), p5(0) + dap3(T) = p ()" (1) +4'(1),

14(0) + 81p4(T) = (p ()" () |a=1 — (1)’ (1) — (f(1,0) + 01 f(1,T)) +
(0 (@)¢" ()" = (a(@)¢' (2)) [a=1 ,

)" () |e=1 = q(L)Y'(1) + (fe(1,0) + 62 f:(1,T)) +
(p (2)y" ()" — (g(x)¢' (2)) =1 -

Problem (1)-(6) describes the small bending vibrations of a non-homogeneous rod, the
left end of which is elastically fixed, and at the right end the mass is concentrated (see,
for example, [6, 9]).

For studying the classical solution of boundary value problems and initial-boundary
value problems for partial differential equations one of the main methods is the Fourier
method. The justification of this method is traditionally based on the uniform convergence
of the series representing the formal solution of the problem and the series obtained by its
term-by-term differentiation the required number of times (see, for example, [3-7, 9, 10,
12-14]). Uniform convergence of the series representing the formal solution of the problem
and obtained from it by term-by-term differentiation is proved using the basic properties
of the corresponding spectral problems.

In this work, using the Fourier method, we prove the existence of a classical solution
to problem (1)-(6), and also prove the uniqueness and stability of this solution.

113(0) + G2y (T) = (p (z
+(

—_— o~

2. Uniqueness of the solution of the initial-boundary value problem

(1)-(6)

In this section, we prove the uniqueness of the classical solution to the initial-boundary
value problem (1)-(6).
Let
C**(Dr) = {u(z,t) : u(z,t) € C*(Dr), Ugzaz(w,t) € C(Dr)} .

The classical solution of problem (1)-(6) is called the function u(x,t) € C*2(D7)
satisfying equation (1) in D7, conditions (2) in [0, 1] and conditions (3)-(6) in [0, 7] in the
usual sense (see, e.g., [9, 10]).

Theorem 1. Suppose that 62 + 63 < 1. Then problem (1)-(6) cannot have more than
one classical solution, i.e. if this problem has a classical solution u(x,t), then it is unique.
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Proof. Suppose that there are two classical solutions uq(z,t) and wuz(z,t) of problem
(1)-(6) and let
’U(]},t) = ul(xat) - u2($7t)7 (.%’,t) € D7T

Obviously, the function v(z,t), satisfies the following homogeneous equation
(p(x)vmz(xa t)):m - (Q(x)vm(x7 t)):v + r(x)vtt(xa t) = 07 ($, t) € DTa (7)

and conditions

o(2,0) + §10(x, T) = 0, v(2,0) + Savy(2,T) =0, 0 < 2 < 1, (8)
0(0,¢) =0, 0<t<T, (9)

02 (0,8) =0, 0 <t < T, (10)

p(Dtge(1,1) + ug(1,8) =0, 0 <t < T, (11)
(P(2) 02 (2, 1))z Jom1 — q(L)va(1,8) — r(Dvg(1,£) =0, 0 < t < T. (12)

Multiplying (7) by the function 2v;(x,t) and integrating the resulting equality in the
range from 0 to 1, we obtain

1 1
2{ T) Ve (2, 1)) gevr (2, t)dz — 2 [ (q(z)vy(x, 1)) i (2, t)dx +

1 0 (13)
2 [ r(z)vu(x, t)ve(z, t)dz = 0.
0

Note that

&.‘g‘

1 1
2/ x)vg(z, t)ve(z, t)d / x)vi(z, t)dr, 0 <t <T. (14)
0 0

Using the formula for the integration by parts and taking into account conditions (9)-(12)
we get the following relations

1
2({ )0z (2, 1)) pave(x, t)de = 2(p(x) Vg (2, 1))z =1 ve(1,8)—

1

2(p (2) vy (2, )z | =0 v¢(0, 1) 2{ ) Vg (2, 1)) p 0 (2, t)da =
1

2(p (2)vgg (2, )z la=1 ve(1,8) — 2{ (p (2)vge (2, 1)) 20 (2, t)da =

2(p (m)vm(:n )z lz=1 ve(1,t) — 2p (D vge (1, ) vee(z, 1) + 2p (0)v42(0, ) v (0, 8)+
2fp ) Vg (T, ) Vg (x, 8)dx = 2(p () Vg (2, 1) ) |w=1 v (1, 8)—

1
2p (1)vzz (1, t) v (x, 1) + %fp (x,t)dz,0 <t <T.
0
(15)
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20fl (q(x)vg(x,t))pve(z, t)dx = 2q(1) vy (1, t)ve(1,t) — 2g(0)v, (0, t)ve (0, ) — "
1 16
-2 gl‘ Q(‘/E)v:r:(x’ t)vtx($’ t)dx = QQ(l)Ux(lv t)vt(lv t) - % f)r Q(x)vg('% t)d1:7

Then by (14)-(16) it follows from (13) that

1 1 1
%bfp(a:)v%x(:c,t)dx—i—%fq xtdq:+dt0fr v}z, t)dx —
QQ(l)Uacx(l,t)Uta:<1,t) + 2((p( )Uxm(l' t)) ( )%(CE t)) |$ 1 ’Ut(l t) 07

1 1 1
4 bfp(x)v@(:c,t)dx%— %fq v:(z,t)dr + & {r(m) 2(x,t)dz+
20, (1, t) v (1,8) + 2r(1)vtt(1 Ho(1,t) =0, 0 <t <T.

which implies that

4 <0f1 (p (@)v2, (2, 1) + q(x)v2(z,t) + r(z)v} (2, t)) da+v2(1,t) + r(l)vf(l,t)) =0.

(17)
Let
1
= [ (p(z)vZ,(z,t) + q(x)v2(z,t) + r(z)vi(z,t)) do+ (18)
0
B0,0) + (iR 8), 0< < T.
then it follows from (17) that
2'(t)=0, t€[0,T],
and consequently,
z(t)=C, t €[0,T] (19)

where C' is some positive constant.
By (8) we get

2(0) = (61 + 03)2(T)

1
bfq@:)(vz(x, 0) = (0 + 8o T))do + [ (2)( 0.0) = (57 + B0, )it

0f1r<x><v5<x, 0) (82 + B2)l(e. T))dit

FO@1,0) — (5 + W21 T)) +2(1,0) — (5 + B02(1,T) =
5 [ r(a)ube. T — 7 J ale)ido T — 63 [ p(a)o2o, 7))o

()&, T) — 32(LT) = C(1 - (87 + 63) < 0
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whence, by relations 62 + 2 < 1 and C > 0, implies that C = 0. Then in view of (19), by
(18), we obtain

1

/ (p (z)v2,(z,t) + q(z)v2(z,t) + T(a:)vf(x,t)) dx +v2(1,t) + r(1)v?(1,t) = 0.

0

Therefore, it follows from last relation that

v(x,t) =0, ve(x,t) =0, vge(x,t) =0,

and consequently,
Ut(mat) = B, (xvt) € Dr,

where B is some constant.
In view of (8) we have

v(x,0) + 01v(z,T) = B(1+01) =
which, by d; > 0, we get B =0, i.e.,
v(z,t) =0 in Dr.

The proof of this theorem is complete.

3. Stability of the solution of the initial-boundary value problem (1)-(6)

In this section we prove the stability of the classical solution of the initial-boundary
value problem (1)-(6).

Theorem 2. Let 51 = 02 = 0, u; =0, i = 1, 2, 3, 4, and let the function u(x,t) €
C*%(Dr) solves problem (1)-(6). Then for this function the following inequality holds

(p (@) (. 1) + g(@)uf (2,0) + r(@)uf (@, 1) do + w3 (1,6) + r(Duf(1,1) <
< enT { j( (£)(2) + g@)[¢' @) + p (@)[¢" (@)]?) da + [ (D]P+ (20)

T1
D+ [ [z, t)dtdz 3 .
00

o .

Proof. Multiplying both parts of (1) by the function 2u;(z,t) and integrating the
resulting equality by x in the range from 0 to 1, we obtain
1
(p (x)urx(l') t))xacut(x7 t)dl‘ -2 f (Q(i)ux ('737 t))xut('xa t)dl‘—i—
1 - (21)
2 [ r(z)ug(z, t)u(z, t)de =2 [ f(z, t)u(z, t)de
0 0

2

Ct—r
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It is obvious that
1 1 1
2/f x, t)ug(z, t)de < /f%:c,t)dx—l—/u?(x,t)da:. (22)
0 0 0
y (17) and (22) we get

1
: <Of (p (2)uiy (2, 1) + q(z)ul(z,t) + r(z)ui(z,1)) do +ui(1,1) +7"(1)U?(17t)> <

f?(x,t)dx + fluf(x,t)d:n <
0 (23)

1
Off (z,t)dz + f ( ()u2, (z,t) + q(z)ui(z,t) + r(z)ui(z,t)) do <

1
[ 72 )+ Of (p (0)u2, (,1) + q(2)u (2, ) + r(2)ud(z, 1)) da, t € [0, ),

where 79 = min r(z).
z€[0,1]

In view of (18), by (23) we obtain

1
J(t) < /fQ(x,t)dx +ro2(t), t € [0, T,
0

or

d

1
pr (z(t)e ") < erot/f2(x,t)d$, te[0,7].
0

It follows from last relation that

T 1
2(t) < el {Z(O) + f2(a:,t)da:dt} , t€[0,T7]. (24)
[l

By initial conditions (2) we have the following relation

1
2(0) = gﬂ (P (2)uZ,(2,0) + q(@)ui(z, 0) + r(z)uf(z,0)) dv + u3(1,0) +
1

(p(2)¢"(2) + q(x) ™ () + r(2)9*(x)) dz + (1) + (25)

)
N—
Il

O —r

T1
)+ [ [ fA(z, t)dtda
00

Using (25) from (24) we obtain (20). The proof of this theorem is complete.
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Corollary 1. Let q(z) > 0 for x € [0,1] and let the conditions of Theorem 2 be
satisfied. Then the following inequality holds:

1

ju(e, ) < M {f (p(2)"(2) + q(2)9" () + r(2)P?(2)) dz + (1) +

0

T 1
r(?(1) + [ [ f2(z,t)dtdz 3, (x,t) € Dr,
00

1
2

1
— eroT _dz_
where M = €™ <0f i )
Remark 1. If the function ¢ takes zero values, then we have the following inequality:

1

g, 8)[2 < D { [ (p ) (@) +a(@)e(@) + () (@) de + (1) +

rU2(1) + ;f Oflfz(x,t)dtdx} ,

4. The existence of a classical solution to problem (1)-(6)

Suppose that f = 0 in Dy and pu; = 0 in [0,7] for i = 1, 2, 3, 4. In order to solve
problem (1)-(6) we apply the method of separation of variables. We will sought for a non-
trivial particular solution of equation (1) that satisfies the boundary conditions (3)-(6) in
the following form

u(z,t) = y(x)d(t), = €0,1], t € [0,T]. (26)
Taking (26) into account from (1) we obtain
(p (2)y"())"9(t) — (q(2)y' ()" D(t) + r(z)y(z)9" () = 0 (27)
which implies that
(p(2)y" ()" — (q(x)y'(x))" _ _9"() _
(@)y() =T M AEC 28)
Then the functions y(z) and 9(t) will satisfy the following ordinary differential equations
(P (2)y"(2))" = (g(2)y' ()" = Mr(2)y(x), 0 <z <1, (29)
and
V() +N(t) =0, 0<t<T, (30)
respectively.

By (26) and (28) it follows from (3)-(6) (with the use of conditions p; = 0 in [0, T'] for
i=1,2,3,4) that

y(0) =0, ¥"(0) =0, p(1)y"(1) +¥'(1) =0, Ty(1) + Ar(1)y(1) =0,
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where
Ty=@wy") —ay.
Thus, problem (1), (3)-(6) is reduced by the change of variables (26) to the spectral
problem
(p(2)y" ()" = (a(2)y ()" = Ar(z)y(z), 0 <z <1, (31)
y(0) =y"(0) =y'(1) +p ()y"(1) = 0, (32)
Ty(1) + Ar(1)y(1) = 0. (33)

A more general form of the spectral problem (31)-(33) was considered in [8] (see also [1]),
where the oscillatory properties of eigenfunctions and the basis properties of subsystems
of eigenfunctions in the space L, (0,1), 1 < p < oo, were considered.

Remark 2. By [8, Lemma 2.2 and Theorem 2.2] the eigenvalues of problem (31)-
(33) are real and simple and form an infinitely increasing sequence {\;}72 ;. Moreover,
multiplying both parts of (31) by y and integrating the resulting relation in the range
from 0 to 1 (using integration by parts) and taking the boundary conditions (32), (33)
into account we obtain

1 1

/ {p(2)y"™ (@) + q(x)y*(2) } da + (11) y*(1) = A /T(x)yZ(w)dx +r(L)y*(1)

0 b 0
whence, by the first condition in (32), implies that the eigenvalues of problem (31)-(33)
are positive, i.e., Ay > 0 for any k € N.

Remark 3. It follows from [8, formulas (3.3) and (3.4)] that

{*/Yk—(l“_vl)ﬂjLO(;), (34)

_ (k=) 7z

— e ¥ _|_

— COS

e (k=) 7z
yi(x) = sin —

(k—1) mx
v

(k—=1) 7 (xz—1)
(—Dfe 7 40 (),
where relation (35) holds uniformly for z € [0,1] and

1
= (3) o

Remark 4. Let s be an arbitrary fixed natural number. Then, by [8, Theorem 5.1],
the system {yx}72; ;s of eigenfunctions of problem (31)-(33) forms a basis in the space
L,((0,1);7), 1 < p < oo, which is an unconditional basis in L((0,1);7). Moreover, it
follows from the proof of [8, formula (4.3)] that each element vy, of the system {vg}72 .,
conjugate to the system {yk}z‘;l jzs 18 defined as follows:

o) =57 {un— 200} (36)



On a Initial-Boundary Value Problem for Fourth-Order 11

where
1
/ 2)dz + r(1)y2(1) > 0.
0

Remark 5. In view of [8, Lemma 4.1 and relations (4.11)] we have the following
relation

1
ve(z) = yr(z) + O <k> . (37)
) 1 1
llykll3,, =1+ 0 A and yx(1) = O e (38)
where || - ||2,, is the norm in Ls((0,1);7).

Let H = L2((0,1);7) @ C be the Hilbert space with inner product

1
(@0 = (.} {onh = [ (@@ da+ (1) ms, (39)
0
We define the linear operator £ : D(L£) C H — H as follows:
- _iL o
i = £} = { s (Tol)) = To() |

where

D(L) = {{y (), m} : y € W(0,1), W) (Ty()) € L2(0,1),
y(0) =y"(0) =9'(0) + p(1)y"(1) =0, m =r(1)y(1)}
which is everywhere in H (see [1]). Then problem (31)-(33) is equivalent to the spectral

problem
Ly =Xy, § € D(L), (40)

i.e., the eigenvalues \g, k € N, of problems (31)-(33) and (39) coincide (counting multi-
plicities), and there exists a one-to-one correspondence between the their eigenfunctions,

ye(z) < {ye(z), mit, my = r(Dyk(1).

Since r is positive on [0, 1], the operator L is a self-adjoint discrete lower-semibounded
in H and hence the system of eigenvectors {g}72, of this operator forms an orthogonal
basis in H (see [1]).

For any k,n € N, k # n, we have

(ka @n) =0,

and consequently,

r(x)yr(z)yn(x)dx + r(1)yr(1)y, (1) = 0 for any k, € N, k # n. (41)

o
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Note that yx(1) # 0 for any k& € N. Indeed, if yx(1) = 0 for some k € N, then it
follows from (33) that T'yx(1) = 0. Moreover, due to the third condition in (32) we have
y'(1)y”(1) < 0. Then by the second part of Lemma 2.1 of [2] we get y/(0)y”(0) < 0 in
contradiction the second condition in (32).

Let ko be the arbitrary fixed positive integer. Then by (41) we have

1
/r(l‘)yk(l‘)yko (x)dx 4+ r(1)yr(1)yk, (1) = 0 for any k € N, k # ko,
0

which implies that

1
r(1)yx(1 yk / )Yk, (x)dx =0 for any k € N, k # ko, (42)
0
0

Thus, by (42), M\, k& € N, k # ko, are eigenvalues and yi, k € N, k # ko, are
corresponding eigenfunctions of the following spectral problem

(P (2)y"(2))" = (q(2)y'(x))" = Ar(z)y(z), 0 <z <1,

1
r(1)y(1) yko(l z)f )Yy (x)dz = 0.

Note that, unlike problem (31)-(33), problem (43) does not contain a spectral parameter
in the boundary conditions.

By first relation of (38), without loss of generality, we can assume that the functions yy,
k € N, are normalized in Ly((0,1);r). Then, by Remark 4.3, the system {yx(2)}72; 4,
forms a Riesz basis in the space L((0,1);7). In this case the system {vg(z)}32; jsp,

where
wlo) =0 {— 20 )},

is conjugate to the system {yx(2)}32; jx,- Hence for any function g € Ly((0,1);7) we
have

o0

9= geur(x), (44)

k=1,k+ko

where
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Let the following conditions hold:

9(x), ¢'(x), ¢"(x), Tg(x) € C[0,1], g(0) =0, g"(0) =0, ¢'(1) + p(1)g"(1) = 0,

1
J(g) = o / r(@)g(2)yro ()dz = 0 and ()<Tg< 2)) € Ly(0,1).
0

For any g € D(L) we have
(LQIWE) = )\k(gk7§)7 ke N?

whence, by (39), we get

1
M / r(a 2)dz + Nr(Dye (g (1) = M3 = (L 3 =
0

1
(31 L7) =/yk )de — yp(1)Tg(1), k € N.

Thus, for any g € D(L) we obtain

1 1
Ak/r(fv)yk(ﬂf)g(%)dﬂﬂ = = Aer(Dyr(1)g(1) — ye(1)Tg(1) + /yk(fv)(Tg(ﬂc))/d% keN.
0 0

whence implies that

1
r(2)yky (2)g(x)dr = — Ager(Dyr(1)g(1) — yk(1)Tg(1)+
yko 0/

1

/T(x)ykzo (z)(Tg(x)) dx, k € N.

0

yk(1)
yko(l)

It follows from two last relations that

1

1
e [ o) {no) = 20 o) b+ O = 20) L [ ey (a)gta)d =
0 0

1
= A1)+ [ {unto) = 24 0 () )
0
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and consequently,

1
[ @) {no) = 2 g o) o =
0

—(Ak = Ak Juk(1) 4 7(1)g(1) + Yo (1)

1
yr(1) ,
0/ {yk(x) - v (1) yko(ﬂc)} (Tg) (x)dx

Since J(g) = 0 we have the following relation

Ojr(x)g( Yok d:z:)\lko/l da.

Lemma 1. Let the conditions g € C3[0,1], g € Wy(0,1), g(0) = ¢"(0) = ¢'(1) +
p(1)g"(1) =0 and J(g) = 0 be satisfied. Then the following relation holds:

1
/T(ﬂf)yko (x)g(x)dx 3 +
0

9 = Ay G

where
1

k1 = /r(x)G(x)vk(a:)dx, G(r)=——=,z€[0,1].

0

Corollary 2. Let the conditions of Lemma 4.1 be satisfied. Then one has the relation

S NMete S ogs /T
k=1, ktko A TS
Lemma 2. Let g1 = (Tg)' and the following conditions hold: p € C*[0,1], ¢ € C?[0,1],
geC™0,1], g€ Wz( 1), 9(0 =g"(0) =g (1) +p(1)g"(1) = 0, J(g) = 0 and g1(0) =

g(0) =g1(1) +p(L)g{(1) =0, J(g ) =0. Then we have the following relation:

gk = )‘]; 29/6,27 ke N) k 3& k07

where

1
Jrk2 = /T(x)g1(a?)vk(x)da:.
0
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Corollary 3. Let the conditions of Lemma 4.2 hold. Then one has the relation

Mg S g2 < [Ty,
[ P i SO

We will seek the solution to problem (1)-(6) in the form

[e.9]

ety = S wt)ya), (46)

k=1, k+ko

where

1
ug(t) = /r(x)u(w,t)vk(x)dx,
0

We apply the method of separation of variables to determine the desired functions
ug(t), k € N, k # ko. Then from (1) we obtain

3

yk0($)> s ke N, k 75 k().

u%(t) + )\kuk(t) =0, keN, k#ky te [O,T], (47)

u(0) + 0rur(T) = @k, up(0) + daup(T) = ¢y, k €N, k # ko, (48)

where
1

1

o= [ raelaone)iz, v = [ r@i@ue)de. kN k£ k
0 0

Solving problem (47), (48) by using Remark 4.1 we get

up(t) = [0k (cos pit + 02 cos pr(T — t))+ L (sin ppt — 61 sin p (T —t)) |,
or(T) Pk

where
Pk =V 0k(T) =1+ (01 + 02) cos pT + 6102.

The following theorem is the main result of this paper.
Theorem 3. Let the following conditions hold:

(i) 1+ 0102 > 01 + 02,
(i) p; =0,1=1, 2,3, 4, pe C*[0,1]; (0, +00)), g € C*([0,1]; [0, + 00)),

(iii) ¢ € C7([0,1];R), ¢ € WH(0,1), ¢(0) = ¢"(0) = ¢'(1) + p (1)¢"(1) = 0, J(0) =0
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and 6(0) = 6"(0) = ¢'(1) +p (1)6"(1) = 0, J(6) = 0, where & = L (T,

(iv) ¥ € C°([0, 1 R), ¥ € W5(0,1), ¢"(0) = ¢'(1) + p (1)¥"(1) = 0.
Then the function

> 1
U([L‘,t) = Z (T) [g@k(COS pkt+62 COSPk(T_ t))+
k=1, itk ZF
Yk (sin pyt — Oy sin pg(T — ¢
P 1sinpp(T — 1)) | yr(z)

is a classical solution of problem (1)-(6).
The proof of this theorem is similar to the proof of the justification of the Fourier
method in [10, § 23.5] (see also [9]) with the use of Lemmas 1, 2 and Corollaries 2, 3.
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Construction of a Basis in L, From Root Functions of a
Differential Operator With Non-strongly Regular Bound-
ary Conditions

R.J. Taghiyeva*, I.G. Feyzullayev

Abstract. We study a spectral problem for an ordinary differential equation of the second order
with non-strengthened regular boundary conditions on a finite interval [0,1]. Such problems arise
when solving a non-local boundary value problem for partial differential equations by the Fourier
method. They arise, for example, when solving non-stationary diffusion problems with boundary
conditions of the Samarskii-Ionkin type, or when solving a stationary diffusion problem with op-
posite flows on a part of an interval. The boundary conditions of this problem are regular, but
not strengthened regular in the sense of Birkhoff. The system of eigenfunctions of such a problem
is complete and minimal, but does not form a basis in the space L, [0,1]. In this case, direct
application of the Fourier method is impossible. Based on these eigenfunctions, a new system of
functions is constructed, which already forms a basis in L, [0, 1].

Key Words and Phrases: non-strongly regular boundary conditions, eigenfunctions, almost
normalized system, uniform minimality, basis.

2010 Mathematics Subject Classifications: 34B24

1. Introduction

The solution of some elliptic equations with nonlocal boundary conditions using the
Fourier method leads to spectral problems with boundary conditions that are regular but
not strongly regular. For this reason, the root functions of these problems do not generally
form a basis in the corresponding function space. In such a case, direct application of the
Fourier method is impossible. Based on these eigenfunctions, a new system of functions is
constructed consisting of linear combinations of root functions, which already forms a basis
in Ly, [0, 1]. However, the resulting system is not a system of eigenfunctions of the spectral
problem. Nevertheless, this system is used to solve the equation under consideration by
the Fourier method. One of such problems is the following initial-boundary value problem
for the parabolic equation

ou _ o

%" 92 O<ax<l1, t>0,
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with initial condition
U(z,0)=p(x), 0<z <1,

and boundary conditions

oUu oU
U (0,t) =0, 9 (0,1) 5 (Lit)y+aU (1,t), t >0

This problem leads to the following spectral problem
—u" () =Au(z), 0<x<]1, (1)
w(0)=0, v (0)—u (1)+au(l)=0.

The boundary conditions of this spectral problem are regular, but not strongly regular.
A number of works by the authors [1-5] are devoted to the study of such problems in
the Lebesgue space L2[0,1]. Tt should be noted that issues related to this topic in the
case of a = 0 were also considered in works [6-11]. All these spectral problems are not
self-adjoint. The case of a = 0 differs from the case of & # 0 in that in the first case
all eigenvalues are double and they correspond to one eigenfunction and one associated
function, and together they form a basis in L9 [0,1]. In the second case, all eigenvalues
are simple, but the corresponding eigenfunctions are not a basis in Ly [0,1]. One of the
methods for constructing a basis, based on the system of eigenfunctions of problem (1) in
the case of a > 0 was proposed in [1]. Using the eigenfunctions of this problem, a special
system of functions is constructed, which will form a basis in Ly [0,1]. And this fact is
applied to solve a nonlocal initial-boundary value problem for the heat equation. It is used
in [3] to solve an inverse nonlocal boundary value problem for the heat equation, and in [4]
to solve a nonlocal boundary value problem for the Helmholtz operator in a semicircle. A
similar method was used in [5] to study the classical solvability of one nonlocal boundary
value problem for the Laplace equation in a semicircle.

The aim of this work is to construct a basis in Ly, [0, 1] from the system of eigenfunctions
of problem (1) for any complex value of the parameter a.

2. Preliminaries

Let us present briefly the main definitions and facts which will be used in what follows.
Let X be a Banach space. A system{z,},.y of elements X is said to be complete in X

if L ({mn}ne N) = X; that is, any element of the space X can be approximated by a linear
combination of elements of this system with any accuracy in the norm of the space X.

A system {x,}, n of elements X is said to be minimal in X if z,, ¢ L <{xk}k7§n) It

is well known that a system {z,},y is minimal if and only if there exists a biorthogonal
system which is dual to it, that is, a system of linear functionals {z}}, .y from X* such
that (xp,x}) = 0px for all n, k € N. Moreover, if the initial system is complete and
minimal in X, then the biorthogonal system is uniquely defined.
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We say that a system {w,},y is uniformly minimal in X, if there exists v > 0 such
that for alln € N,
dist (2, Xn) > vll@al x

where X, = L [{xk}k;én} It is also well known that a complete and minimal system

{xn},cn is uniformly minimal in X if and only if:

sup ||| x [l | x« < oo
neN

A system {z,}, c forms a basis of the space X if, for any element 2 € X, there exists
a unique expansion into a series
(o ¢]
xr = Z Cnn
n=1

converging in the norm of the space X.

Two systems {z,},cn and {yn},cy of a Banach space X are called equivalent if
there exists an automorphism 7' : X — X that maps one of these systems to the other:
Tx, = yn, Vn € N. A system equivalent to a basis is itself a basis in the same space.

A system in a Hilbert space that is equivalent to an orthonormal basis is called a
Riesz basis. A Riesz basis is also an unconditional basis, i.e. it remains a basis under any
permutation of its elements.

A system {xy}, y is called a basis with brackets in a Banach space X if there exists
a sequence {ny .y of positive integers such that n1 < ng <...<np <ngyp <..., and
for any x € X there is a unique expansion into a series

Nk+1

iL‘:Z Z cizi, (no=0)

k=0i=ng+1

converging in the norm of the space X. In the case of a Hilbert space, an unconditional
basis with brackets is also called a Riesz basis with brackets.
We say that a system {z,},cy is almost normalized in X, if

0 < inf ||z,|| < sup ||z,]] < oo
neN neN
A uniformly minimal system is almost normalized if and only if its bioorthogonal
system is almost normalized.

Statement 1. Let {x,}, .y be a minimal system in a Banach space X, {x},}, .\ be its
biorthogonal system. If the system {xyn}, cn has two asymptotically close subsystems, i.e.

there exist subsystems {Zn, },.c and {:cn;g}k N such that
€

lim
k—o00

=0, (2)

Ty, — Tt

X

then the system {x},},c is not almost normalized.
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Proof. By {x;k }keN

the biorthogonal system {zj}, .n. Then from the biorthonormality conditions we have

and {xz,} we denote the corresponding subsystems of
k

(g, 2, ) =1, <mn;€,x;k> = 0.. From here we get (<:):nk - a:ngc,m;;k> = 1. Then

1= )<xnk —$n;€,$2k>) < ‘ Ty, — Ty XH:UZkHX
or .
lon e = (o = 2| )
Then from condition (2) it follows that
Jim i . = g

= 0o0. Consequently, the system {z}}, -

Similarly, it is established that limy_, s sz, N
k *
is not almost normalized.

Statement 2. If the system {x,},cny C X is almost normalized and has two asymptoti-
cally close subsystems, then it is not uniformly minimal and, moreover, cannot be a basis
in X.

Proof. Let {Zn, },cy and {mn;}kere asymptotically close subsystems of {xn},

and {x;';k } bEN
{2}, },en+ Then, from the condition of almost normalization of the system {z,}, .y, we

have: Im > 0: ||y, ||y > m, Vk € N. Taking into account (3), we obtain

and {x*, }k N be the corresponding subsystems of the biorthogonal system
€

e

Jim [, [ . = oo

The latter means that the system {z,}, 5 is not uniformly minimal.

Any basis is a complete and minimal system in X, and, therefore, we can uniquely find
its biorthogonal dual system {z7}, . and hence the expansion of any element 2 € X with
respect to the basis {x}, .\ coincides with its biorthogonal expansion, that is, ¢, = (x, ;)
for all n € N.

We will use also some facts about p-closure bases. Concerning these facts more details
one can see the works [12, 13].

Systems {Zn},cns {¥Untneny C X in Banach space X are called p-closure if

oS
> llzn — yalli < oo
n=1

The minimal system {z,}
p- besselian, if for any x € X

nen C X with biorthogonal system {z}}, .5y C X* is called

p

(Z \<f€,x2>|p> < Mz x-
n=1
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If the basis {xy},,cn for X is p- besselian, then we call it as p-basis.
It is valid the following

Theorem 1. [12, 13] Let the system {xy},cn is p -basis for Banach space X and the
system {Yntpeny C X is p'— clouser to it, 1 < p < co. Then the following assertions are
equivalent:

1. {Yn}pen 15 complete in X;

2. AYn}nen is minimal in X ;

8. A{Yn}nen is isomorphic to {w,},c basis for X.
It is valid the following

Statement 3. [14, 15] Let system {xn},cn forms a basis with parentheses for Banach
space X . If the system {xn}, cn is uniformly minimal and condition

sup (g1 —ng) < 00 (4)
keEN

hold, then the system {x,},cn forms a basis for X.

Statement 4. [15] Let system {x,}, .y forms a Riesz basis with parentheses for Hilbert
space X. If the system {x,},cn is almost normalized, uniformly minimal and condition
(4) hold, then it forms a basis Riesz for X.

3. Study of the Spectral Problem

In this section we will study the properties of the eigenvalues and eigenfunctions of the
following spectral problem

—u" (z)=Mu(z), 0<x <1, u(0)=0, v (0)=u(1)+au(l), (5)

where the parameter a can take any complex value. In the case a # 0, the eigenvalues of
the spectral problem can be divided into two series, which have the form

Aok—1 = (p2—1)>, k € N, Ay = (par)?, k € Z¥, (6)
where Zt = {0} UN, por_1 = 27k, and pgy are the roots of the equation

p a
ta L = 7
92 (7)

Using the standard method we obtain that (see [16]) the following is true

Lemma 1. FEquation (7) for any complex o has a countable number of solutions that are
asymptotically simple and have the asymptotics

« 1
,02k=27rk'—|—27rk—|—0<k3>. (8)
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Each eigenvalue of problem (5) corresponds to a unique eigenfunction up to a non-zero
factor. Using the numbering introduced by equalities (6), the set of eigenfunctions can be
represented as

ugp_1 (v) = sin2wkx, k€ N; ugy (x) = sinppoz, k€ Z7; (9)
The problem conjugate to (5) is defined by the equality

—9" (x) = M(x), 0 <z < 1,9(0) = 9(1),9 (1) + a 9(1) = 0. (10)

It has the same eigenvalues (6) as problem (5). The corresponding eigenfunctions have
the form

Vop—1 () = Cop_1 (cos27rl<:x — %sin%ﬂm ) , ke N; (11)

Vok () = Coy, <cosp2k:z + isinpgka: > L keZzt,
P2k
where

4k 4k 1
Cok—1 =T C2k_a+0<k>-

The systems of eigenfunctions of problems (5) and (10) are numbered in such a way that
(U, Um) = Onm- The constants C,, are chosen so that (u,,d,) =1, ne Z*.
Let’s show that the system {u, (2)}, .+ is not uniformly minimal in L, (0, 1).

Theorem 2. The system of eigenfunctions {u, (x)},c,+ of problem (5) is complete,
minimal and almost normalized, but is not uniformly minimal in Ly, (0,1),1 < p < 0.

Proof. The spectral problem (5) is regular, but not strongly regular in the sense of
Birkhoff (see [16]). From the results of [17], in particular, it follows that the eigenfunctions
and associated functions of problem (5) form a basis with brackets in L, (0,1),1 < p < oo.
From this, in particular, follows the completeness of the system {u, (x)},c+ in the space
L,(0,1), 1 <p < oo. The system {¥, (v)},cy is a biorthogonal to {u, (x)}, c,+ system
regarding the space L, (0,1), 1 < p < oo, and therefore the system {u, (z)},c,+ is
minimal in L, (0,1).

Let us show the almost normalized nature of the system {u, (z)},,c;+. Let 1 < p < oo.
We denote 26y = pay, — 2mk. Then from (8) we have 26 = 55 + O (%) or 0, = O %) .
From here for the eigenfunctions ugy, (z) we obtain

1
sinporx = sin (27k + 2 deltay) x = sin2nkx + O <k> . (12)

Let’s estimate the norms of eigenfunctions:

1
1 v
luok-1llL, = </ |sin27kx |pdm) <1,
0
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1
1 > 1
foacl, = [ s enb 2800 pac)” <140 ().

l'lll 2 L < 1 . 13

For the lower bound, we first consider the case 1 < p < 2. Then for ug,_1 () we have

1 1
1
Huzk_lHlip :/ |sin2rkx |Pdx > / sin?2rkx dx =5
0 0

1
D

It follows from this

Similarly, for large values of k for the functions ugx—_; () we obtain

1
! »
ugellz, = (/o |sin (27k + 20y) x]pdx> >

1 : 1
> </ |sin2mkx ]pdm> -0 ()
0 k
1\ » 1 1\ »
p P
>(=) —o(= - .
>(3)" -0 ()~ (5) o

Hm [|ugrl|y, > <1>;
A [ U2k Z |5
k—o0 Lo 2

From here, taking into account (13), we obtain the almost normalized nature of the system

{tn (2)} v for 1 <p <2,
Now let p > 2. Then we have a continuous embedding L, (0,1) C L2 (0,1) and

Hence,

1\2
||U2k—1||Lp > HU2]€_1||L2 = (2> :

and also for large values of k

1 1\ 2 1
fusels, > sl > il —0 (1) = (5) 0 (1)

From this we have

1i || || > (1)117
1m ||u - .
o 2k L, < 9

Thus, for all p € (1, 00)
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0 < inf < <
< inf flunllz, < S‘g}&”“n"% 00,

i.e. the system { {un ()}, c+ is almost normalized in L, (0, 1).
Let us now proceed to the proof of the last statement of the lemma. From the asymp-

totics (12) we have

o (&) — tgp_1 () = O (;) .

Hencel|ugy — uok—1l|, = O (+) . i.e. the subsystems {usg_1 ()},cn and {usk (z)},cn are
asymptotically close. Then it follows from Statement 1 that

lim ||Yor— = lim |9 = 00. 14

Hm [[P2ally, = lUm [[dox]y , = oo (14)
On the other hand, the system {u, (z)},c,+ is almost normalized in L, (0, 1), so from
Statement 1.2 we obtain that the system {u, (2)},,c,+ is not uniformly minimal. Note
that the validity of relations (14) can also be obtained directly from the explicit formulas
(11) for the functions ¥, (). The lemma is proven.

From this lemma follows

Corollary 1. The system {uy (z)},c,+ does not form a basis for L, (0,1), 1 < p < oc.

4. Main results

Let us consider the case o = 0 separately. In this case, the spectral problem will take
the form
—w" () = w(z), 0 <z <1, w(0)=w (0)—w' (1) =0. (15)

In obtaining the main results we essentially will use the basicity in L, (0,7) the system
{wn (2)},cz+ where

wo () =z, wok—1 (x) =sin2wkx, wo () = xcos2rwkx , k € N,

which is a collection of root functions of the spectral problem (15).
It is valid

Theorem 3. The system {wy ()}, cn forms a q—basis for L, (0,1), 1 <p < + oo,
where ¢ = max{p, p'}. In the case p =2 this system is a Riesz basis for La (0,1).

Proof. As in the case of spectral problem (5), spectral problem (15) is also not strongly
regular, and from the results of [17] it follows that the system {wy, (x)},,c,+of eigen and
associated functions of this problem forms a basis with brackets in L,, (0,1), 1 < p < oo,
and in brackets you need to combine pairs of terms corresponding to wer_1 and woyy, that
is Nkg+1 — Nk = 2.

The problem conjugate to (15) has the form

" (x)=Az(z), 0<z<1, 2(1)=2(0)—2z(1)=0. (16)
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The system of eigen and associated functions of the spectral problem (16) is the system{z, (z)},,c 7+
where

20 () =2, 2961 () =4 (1 — x)sin2nkx, 29k (v) = 4cos2wkx, k€ N.
The systems {wy, (z)},,cz+ and {2, (2)},c,+ are biorthonormal, i.e.
(Wn, Zm) = Opm, Yn,m € ZT.
From the formulas for w,, (z) and z, (x) it is obvious that

SUP ||wn||Lp(o 1) 2nllr, L(01) < +oo.
nez
Thus, all the conditions of Statement 3 are satisfied, according to which the system
{wn (z)},,c 7+ forms a basis in the space L, (0,1), 1 < p < oco. Let us show that the system
{wn (2)},,cz+ is also a g—basis in this space, where ¢ = max {p, p'}. Let p € (1,2], then
g = p' and, as follows from the Hausdorff-Young inequality (see [18]), for any function
f (x) from L, (0,1) we have

1

( |<f,sz>|p’> <Clflly,;

k=0

-

1
7/

<Z! fszok-1) ) ( 4(1 — z)sin2rkx dx
k=1

(& '>”—

wheref (z) = (1 —z) f () is denoted. Hence the system {w, () },ez+ is a p'—basis in
L,(0,1).

If p € (2;40), then p’ € (1;2) and ¢ = p, and again applying the Hausdorff-Young
inequality and taking into account the embedding L, (0,1) C L, (0,1), we obtain

P\ o
<

<4C|f1l,,
P

x)sin2rkx dz

(Z </, zn>!p> < Clfllp, <CliflL,
n=0

i.e. the system {w, (z)},c,+ is a p -basis in L, (0,1).

Consider the case p = 2. According to the results of [19], the system { {wy (z)},,cz+
forms a Riesz basis with brackets in Lo (0, 1), where the lengths of the brackets are uni-
formly bounded (ngi1 — ng = 2, Vk € N). In addition, it follows from the previous rea-
soning that this system is almost normalized and uniformly minimal in Lo (0, 1). Thus, all
the conditions of Statement 1.4 are satisfied, according to which the system {wy, (z)},,cz+
forms a Riesz basis in the space Lo (0,1). Theorem is proved.
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Let us return to the case a # 0. As shown above, in this case the eigenfunctions of
the spectral problem (5) do not form a basis in any space Ly, (0,1), 1 < p < co. However,
from the linear combinations of the elements of this system, it is possible to compose a
new system, which will already be a basis in L, (0, 1), and, accordingly, a Riesz basis in
L, (0,1).

Following the work [1] we introduce to the consideration the following system

k1 (1) = ugk1 () ; pok () = (ugk () — uge—1 (2)) (205) "', Vk € N, (17)
which is a linear combination of the system {u, (z)},cx- It is valid the following

Theorem 4. The system {¢n},c -+ forms an equivalent to the system {wy},c v basis
for Ly (0,1),1 < p < oo, with biorthogonal system {1}, c 5+ where

Yok—1 = V2 + Vop—1, o = 20502, Vk € N. (18)
In particular, for p = 2 the system {pn},c 5+ forms a Riesz basis in Ly (0,1).

Proof. Let us show that the system of functions {¢y },,c ,+ forms a basisin L, (0,1), 1 <
p < o0o. It is obvious that it is complete and minimal in this space. Completeness follows
from the completeness of the system {uy},c,+ in Ly (0,1). The minimality of this system
follows from the fact that it has a biorthogonal system {1y, },c;+, defined by formula (18),
which is verified directly.

From formulas (17) we have

Yor—1(x) — wap—1 (x) = 0;

oop (2) = 2; (sin ((27k + 204) ) — sin2mka ) —

= L o (2k + 8 7) = (14O (65) aeosmke (140 (57)) =
k

1
= zcos2mkxr + O (6;) = wak (z) + O <k‘> ,

) o () — wor () = O <]1€> .

As a result, we obtain that for any s, p € (1,4+00) we have

o
S llon — wall}, < +oc, (19)

n=0

i.e. the systems {¢n},c,+ and {wy},c,+ are s -close in the space L, (0, 1).

On the other hand, according to Theorem 3.1, the system {wp}, o+ is a ¢— basis in
L, (0,1), where ¢ = max{p, p'}. Choosing s = ¢’ in (19), we obtain that the systems
{entnez+ and {wn}, e+ are ¢'—close. Thus, all the conditions of Theorem 1.1 are satisfied
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and therefore the system {yn}, .+ forms a basis in L, (0,1), equivalent to the basis
{wn}nezt

The second part of the theorem, which concerns the case p = 2, follows from the
fact that according to Theorem 3.1 in this case the system {wy},c,+ is a Riesz basis in
L5 (0,1), and the system equivalent to the Riesz basis is itself a Riesz basis. The theorem
is proved.

Corollary 2. The system {©n},c,+ 15 a q—basis in L,(0,1), 1 < p < oo, where ¢ =
maz {p, p'}.
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Asymptotics of the Eigenvalues and Eigenfunctions of a
Differential Operator with a conjugation conditions and
a Summable Potential

A.Q.Ahmadov

Abstract. In this paper is studied the spectral problem for a discontinuous second order differen-
tial operator with a summabl potential function and a spectral parameter in conjugation conditions,
that arises by solving the problem on vibrations of a loaded string with free ends. In the case of
a summable potential function, asymptotic formulas for the eigenvalues and eigenfunctions of the
spectral problem are obtained.

Key Words and Phrases: Eigenvalue, eigenfunction, asymptotic formulas.

2010 Mathematics Subject Classifications: Primary

Consider following spectral problem:

y (0) =y (1) =0,
Cu—0 =y o). @)
Y(3-0) =y (3+0) =mry(3),

here, A is spectral parameter, g (z) is a complex-valued function summing over the interval
(0,1), m is complex nuber, and m # 0. Such spectral problems arise when the problem
of vibrations of a loaded string with fixed ends is solved by applying the Fourier method
[1-3]. The case of boundary conditions corresponding to a string with fixed ends (i.e.
when instead of the boundary conditions 3 (0) = » (1) = 0 in (2) y(0) = y(1) = 0 are
taken), is investigated in [4-10]. In [11], the asymptotic expressions for the eigenvalues and
eigenfunctions of problem (1)—(2) in the case g (z) were obtained, a linearization operator
was constructed, and theorems on completeness and minimality were proved. Furthermore,
[12,13] in the case ¢ (z) = 0 investigated the basis properties of the eigenfunctions of this
problem in the spaces Ly(0,1) € C and Morrey spaces, respectively.

http://www.cjamee.org 30 © 2013 CJAMEE All rights reserved.
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1. The asymptotic of eigenvalues

Let us denote A = p?,Imp = 7. Also, let us denote by y1 (z, p) the solution of equation
(1) that satisfies the initial condition

y1(0,p) =1 }

7 3

V1 (0.0) = 0 ¥
in the segment [0, %] Similarly let yo (z,p) be the solution that satisfies the initial
condition L)

Y2 17p =1 }

7 4

Yo (L,p) =0 @

in the segment [ %, 1} of the same equation.
Lemma 1. The following formulas are true for the solutions y; (z, p) and yo (z, p) of
the equation of (1) and their derivatives with respect to .

1 /* 1
y1(, p) = cospx + p/ ¢ () y1(t, p)sinp (z —t)dt, 0 <z < g, (5)
0
/ r 1
yi(z,p) = —psinpe+ | ¢y (t,p)cosp(z—t)dt, 0 <z <3, (6)
0
I 1
y2 (z, p) = cosp (1 — x) - q(t)y2 (t,p)sinp (z — t) dt, §<x<1, (7)
! 1
yQ (x,p) = psinp (1 — x) q (t)y2 (t, p) cosp (z —t)dt, 3 <z<l. (8)
Proof. Since the function y;(z, p) is a solution of equation (1)
| attyun (e sinp (o~ ) dt =
0
= / sinp (v — 1) yy (t,p)dt + pz/ sinp (z —t) y1 (¢, p) dt. (9)
0 0

If we intergarate the first integral on the right-hand side of the last equation twice by
patrs and consider (3), we obtain following

/0 "4 (1 p)sinp (@ — 1) dt = pyr (3, p) — peos pa. (10)

That is, (5) is true. To get the equation (6), it is enough to differentiate the equation (5).
Equations (7) and (8) are obtained by making similar calculations.
Lemma 2. When p — oo , the following asymptotic formulas hold true:

ellz 1
y1 (z,p) =cosp xz+ O EE x € 0,§ ; (11)
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elml(1=2) 1
ya(z, p) = cosp(l— z) + O P T € §’1 .

Let us introduce the following functions to express the subsequent results:

T 1
w@=5 [ a0dn@ =3 [ 0@

(12)

(13)

Theorem 1. The eigenvalues of problem (1)-(2) are asymptotically simple and consist
of two series: \;,, = pin,i =1,2; ne€ Z*, Zt = NU {0} and the following asymptotic

expressions hold for p; .
p1n = 3mn + 2L +O( ),
P2n= 37rn+37r+0( )

(14)

Proof. If we substitute the asymptotic expression of y; (z, p) from (11) into the right-

hand side of (5), we obtain following:

1 /= 7]
y1 (z, p) :cospx+p/ q(t)sinp (z —t) [COSpt—i—O <6p )]dt:
0

1 xX
= cospr + — / q (t)sinp (x — t) cosptdt+
PJo

1 x
+2/ q(t)sinp (z —t) O (e|7|t) dt =
p
= cospx + / ) [sinp (x — 2t) + sinpx] dt+

/ t)sinp (x —t) O (e‘ﬂt) =

x
= cospx + / t)sinp (x — 2t) dt + sn;pm / q(t)dt+
P Jo

1 [* 1 [*
+— / q(t)sinp (z —t) O (e|T|t> dt = cospx + 2/ q (t)sinp (z — 2t) dt+
0 P Jo

p
1. 1 [* elml* % sinp (x —t)
—f—;SIHpCC <2/0 q(t) dt> + e /0 PG dt.

1 .
y1 (2, p) = cospz + e (2) sinpz+

Therefor,

1 T e|7\m
+— sinp (x — 2t) dt + O
5o | a®sing @20 <‘ : )

is true.

(15)
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Also, if we substitute the asymptotic expression of y;(z,p) from (11) into the right-
hand side of the equation (6), we obtain:

vy (x,p) = —psinpz + /0 q(t)y1 (t, p)cosp(z —t)dt =

dt =

x |T|¢
= —psinpz —l—/ q(t)cosp(x —1t) lcospt +0 <e| | )
0 p

1 xr
= —psinpzx + 2/ q (t) [cospx + cosp (2t — z)] dt+
0

x |T|¢
+/ q(t)cosp(x—1t) O <€| | ) dt = —psinpz+
0 p

1

x 1 x
+§ / q (t) cospzdt + 5 / q (t) cosp (x — 2t) dt+
0 0

elrlt

—i—/o q(t)cosp(x—1) O<|p|

+1/qu(t)cosp(x—2t)dt+o<W> /qu(t)c"sf’(x_t) O(1)dt =

) dt = —psinpx + q1 (x) cospr+

2 B eIl

1 [ elTl®
= —psinpzx + q1 (x) cospx + 3 / q(t)cosp(x —2t)dt+ O ENE
0 P

Thus,
Y1 (z,p) = —psinpz + q1 () cospz+

T e‘T‘z
+;/0 cosp(x—2t)-q(t)dt—|—0< ) (16)

1d

By similar calculations, we obtain the following asymptotic equalities for ys (x, p) and
ys (z,p):

1 .
ya (@, p) = cosp (1 =) + —- go (z) sinp (1 — ) +

e Jrl(1-2)
+2/ sinp (24— 2 =1) g (Ot +0 () (17)
P Jx

v (@, p) = psinp (1 — x) — gz (z) - cosp (1 — z) —

1 /1 elml(1=2)
—2/ cosp(2t —x—1)-q(t)dt+ O B . (18)
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The solution y (x, p) of problem (1)-(2) should be in the following form:

C ,p), 0<z <3,
y(:z:,p):{ 11 (2, p) T=3

19
02y2<1‘,p), %<JJ<1, ( )

Here C1 and (5 are complex numbers. Therefore, the function satisfies the conditions
given in (2). Now, let us impose the requirement that it also satisfies the conditions in

(3) and (4). In this case, to determine the coefficients C7 and Cy we obtain the following
system:

{ / Cir (%,P)/— Cayz (3.p) =0
Cry 1 (3.0) — Coy 5 (3,p) = C1p*my1 (3,p)

Taking into account the expressions (15), (16), (17), and (18) in (20), we obtain:

(20)

—Cs (cos%p — %qgsin%p + i f11/3 sinp(Zt — %) q(t)dt+ O <62/3‘2ﬂ> =0

C (—psin%p + qlcosép + 5 f1/3 cosp(2t — %)q (t)dt+ O (

—Cy (psin%p - qgcos%p - %fll/?) cosp(2t — %) q(t)dt+ O (ez/mfl)

= Cip?m (coshp + Laisingp + 5 [y sinp(§ —2t) g (#)dt + O (<257 ).

_ (L (1
q1 = q1 3 , 42 = 42 3):

For the determination of the eigenvalues, we obtain the following equality:

Here,

a1 (p) a2 (p)

A7) = a1 (p) a2 (p)

-
Here

11 11 s L, () dt+0 e1/3I7]
allp:cosp+qlsinp+/ sinp<— t) t+
3 P 3 2p Jo 3 ‘p‘

2 1 2 1 [t 4 e2/3I7]
aiz(p) = —cos-p+ —qasin-p — — sinp<2t—> qt)dt —O | —5—
37 T 30 20 i 3 I

1, 1 1 1
as (p) = —psin gp — pimcos 7p + q1¢08 3p — pmg sin 5 p +
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1/3 1/3
(; / cos p <2t — ;>q (t)dt — % / sinp<; — 2t> q(t) dt> +0 (61/3IT\>
0 0

() 2 2,17 L0 qwyat—o [
ag2 (p :—psinp+qgcosp+/ cosp(— )q — .
3 3 2 )13 3 Ip|

For any arbitrary complex number z, by utilizing the inequalities

lsinz| < €™ |cosz| < el™l,

the following results can be derived:

[cosp (5 —20)| <elPTl o<t <3,
cosp (2t —3)| < el L <<,
|smp(2t—%)‘§el/3m, ogtgg,
|smp(§f t)‘<62/3|7‘ %gtﬁl,

Here Imp = 7 is denoted. As |p| — oo, by applying the previously mentioned inequalities,
the following is obtained:

1/3 1
I _ 1/3|7|
/0 q(t)cosp (3 2t>dt—0<e )7
1
/ q (t) cosp <2t - ) dt =0 (62/3|T|> 7
1/3
1/3
/ q(t)sinp <2t — )dt -0 (e1/3‘7'> :
0
1 4 )
i - — — /37l
/1 q(t)smp<3 2t> dt O(e )

/3

By applying the asymptotic formulas above, A (p2) can be expressed as follows:

ol

W =

, cosép — cos %p
A(p?) = +
—psin %p—pzmcos %p —psin %p
1 1, i 2
coszp 5q2sin 5p
+ +
—psin %p—p2mcos %p Q2 COS %p
1.
coszp —2—1%) fé sinp(2t — ) - q(t)dt
+ +

—psin %p— p*m cos %p %fél cosp(% —2t) - q(t)dt
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1 O <62/3\T\)
o3P P
+ +
el 2 1 e2/3I7|
psin zp — p“mcos 5p O< 7] )
%ql sin %p — cos %p
+ +
q1 COS %p—pmql sin %p —psin%p
%(h sin §p %CD sin 3 p
+ +

q1cos 3p — pmqisingp  qacos3p

: 1.
%ql sin 1p —2—1p f% sinp(2t — 2) - q(t)dt

+ +
. 1
q1cos & — pmqy sin 3p %fé cos (3 —2t) - q(t)dt
1 | 2/3|7|
p 1IN 5P o)
T +
. 2/3|7|
q1 COS %p—pmql sin %p 0] (e 7 )
1[5 o (1 9
% Jo sinp(5 —2t) g (t)dt —cos 5p
+ +
13 1 m 1/3 . 1 . 9
3 )5 cosp (2t —3) q(t)dt — B [/ sinp (3 —2t) q(t)dt —psinZp
1 (3w (1 12
35 f03 slnp(g — Qt) q (t) dt ;q2 sin 5p
+ +

1 1
s Jicosp(2t —3)q(t)dt — 2 [P sinp(3 —2t) q(t)dt gacos3p

el/3I7] . 2
O( P ) coszp <elfl)
+0 .

O (61/3‘T|) psin %p !

In the final expression, after expanding all the determinants and performing the corre-
sponding calculations, the following expression for A (p2) is obtained:

1
A (p2) = cos® 3P (—2p2m +4q; — 2m(J1Q2) +

el
+ sin® 3P (4p — 2pmas + 2pmqr) +
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1 1
+singp —3p + 2pmaz — pmqi — PR +

1 1
+ cos =p (pzm -39 +q2+ 2mq1qQ) + sin §p><

3
i = i e2/317]
%félq(t)smp(%‘%W—%fng(t)smp(%—%)dHO( B )+
) +
62/3|T‘ 1 2/3‘ ‘
_< Ik )*iqlfgﬁ COSP(Qt—f)dt—FO( - )

. %félq(t)cosp(%—%)dt—0<2/3") pmfl smp(%—Qt)dt—i—
+cos-p +

3 T
—l—‘hf q(t cosp( t—*)dt—i—O( 2‘/d‘| )+O<e§|ﬂ)
1
1 S (0)sinp (20— 1) dt+ qum [, q (t)sinp (5 - 20) di—
+ sin gpcos §p 1 .
_%(p J a(t)cosp (3 —2t)dt+0O (61|/;||T|)

1 1
3 )0 a(t)cosp (g —2t) dt + 55q2 [ g (t)sinp (3 —2t) di—
+cos-p +
_em (5 g () sinp (5 — 2t) dt + O (€3l
5 Jo a(t)sinp (3 —2t)dt + 0 (e3

el
+0 <|,0|) (21)

Subsequently, we will consider that the parameter p varies within the strip [Imp | < a.
Under this condition, as |p| — 400, the following asymptotic equalities hold:

o) o) =o(=) -0 ()

0 (82/3‘” —0(%), (22)
p P2
O (e‘T ) O (1)

On the other hand,as |p| — +o00 within the strip [Imp | < a the following relations hold:
f01/3 q(t)cosp (3 —2t)dt =o0(1),
Jiysa(t)ycosp (2t —4/3)dt = o (1),

Jiq(ysinp (2t = 1)dt = o(1),

f11/3 q(t)sin (3 —2t) dt =o0(1),

/
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Taking (22) and (23) into account in (21), we obtain the following:

1 1
A(p?) = psing <61 + 5zsin2§ + O <p>> +p*m cosg — 202m0083§+ o <p> - (29)
Here,

B1 = =3+ 2mq —mqa, B2 = 4+ 2mq1 — 2mqo

is denoted. From the resulting expression (23), based on Rouche’s theorem, it is clear that
the function A (p2) has two series of zeros, p1, and ps, which are asymptotically close
to the zeros of the functions cos% and cos%p, respectively. Thus, the following asymptotic
formulas hold for, p1, and pa2,, :

3T 1 3mn 3w 1
p1n=3mn+—+0 (=), ppp="—"7+-—+0(—-).
2 n 2 4 n

The estimate of the remainder term of the asymptotics in these formulas is obtained by
the standard method (see [14]).

2. The asymptotic of eigenfunctions

We now proceed to determine the asymptotic formulas for the eigenfunctions associated
with the problem (1)-(2).

Theorem 2. Suppose that the function ¢ (x) satisfies the conditions of Theorem 1.
Then, for the eigenvalues \; , = (pl,n)Q,i =1,2;n € N, the corresponding eigenfunctions
Yin (x) satisfy the following asymptotic formulas:

005(371'71—}—37”)95—}—0(%), xE[O,%],
y2,n(x) = (25)
0, z € [5.1],

O(%)’ ‘/EG[O’%])
y?,n(x) = 3 3 1 1 (26)

cos (Gt +F)1-2)+0(3), wel31],
Proof. First, let us determine the eigenfunction corresponding to the eigenvalue \j .

To this end, let us substitute p = p1 5, into equation (20) and choose:

1
Cl,n = Y2 <3, Pl,n)

2 1 2 1
Cipn=—(cosz pin+—@qsin: p1p | +0| =) =
3 Pln 3 n

eos(rramr0 (L)) vo (L) =1+0(2).
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1 1 1 1 1
Con = (o01n) = = (e ot o sing ) +0 (1) =
1 1 1
= —cos <W+7rn+0 <>> + O () =0 <> .
2 n n n

Consequently, we obtain:

1+0E) v (@ pn), e (0,4]
Yin(2) = =
O () y2 (%, p1n) z e [L1]

() z € [5.1]

Now, let us determine the eigenfunction corresponding to the eigenvalue A2 ,,. To this
end, we substitute p = p2, into equation (20) and define

n 1 n 1
Cin=(—1)"y2 (3,p2,n> , Cop = (—1)"y (3,p2m) .

Then, we obtain:

1 2 1 .2 1
Cin=(—1)"ys <37/)2,n> = (-1)" <cos 3 P2 T oS3 P2 +0 () =

1,n

~pen(merro(2))ro (L) -0 (L),

n 1 n 1
Com = (—1)"1n <3»p2,n> =(-1) < 3 p2.n + 7(]25111, P2 n)

= (—1)"cos <wn+g+0(;)> +0<712> D" +0

Consequently, we obtain:

+

°5) -
)
0(%). re o),

yz:”(w):{cos(‘rﬁ;rl—k?f)(l—x)—FO( L), :106[%,1]-

The theorem is proven.
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Nodal solutions of nondifferentiable perturbations of some
fourth-order half-linear boundary value problem
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Abstract. In this paper, we consider nondifferentiable perturbations of a certain half-linear
boundary value problem for ordinary differential equations of the fourth order. Using the re-
sults of global bifurcation for the corresponding nonlinear half-eigenvalue problems, we show the
existence of nodal solutions of the considered problem.
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1. Introduction

Consider the following nonlinear boundary value problem

ty=(p(@)y")" = (a(=)y') + r(@)y = x7(x) h(y) + a(@)y® + B(z)y~, = € (0,1),

(1.1)

y(0) =4/(0) =y(l) =y'(1) = 0, (1.2)

where p (x) is a positive twice continuously differentiable function on [0,[], ¢(x) is a non-

negative continuously differentiable function on [0, ], 7(x) is a real-valued continuous func-

tion on [0,1], 7(z) is a positive continuous function on [0,!], a(x) and B(z) are real-valued

continuous functions on [0,!] such that a(z) # — B(x). The functions h has the form

h = f + g, where the real-valued functions f and g are continuous on R and satisfy the
following conditions: there exists a positive constant M such that

£ (s)]

5]

<M, seR, s#0; (1.3)
there exists positive constants gy and g, such that
g(s)

lim ﬁzgo and lim =% = g. (1.4)
[s| >0+ S [s|=>+o0 S

http://www.cjamee.org 42 © 2013 CJAMEE All rights reserved.
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Nonlinear boundary value problems for ordinary differential equations of fourth order
arise in the mathematical modeling of various processes in mechanics, physics, and other
areas of natural science. Note that problem (1.1), (1.2) describes small bending vibrations
of an inhomogeneous beam, in the cross sections of which a longitudinal force acts and
both ends of which are rigidly fixed (see, e.g., [15]).

Note that in the papers of many authors the existence of nodal solutions to nonlinear
boundary value problems for ordinary differential equations of the second and fourth orders
was investigated (see [2, 3, 5-12, 14, 16| and references therein). Using various methods,
they established the conditions under which exist solutions with a fixed oscillation count of
the nonlinear problems under consideration. Should be noted that in [4, 6, 14] established
the existence of nodal solutions of nonlinear perturbations of half-linear boundary value
problems.

In this paper, we consider the question of the existence of nodal solutions to problem
(1.1), (1.2), depending on the parameter x. Under some additional conditions on the data
of this problem, using the bifurcation technique, we establish intervals of this parameter
in which there are solutions to problem (1.1), (1.2), contained in classes of functions with
a fixed number of simple nodal zeros.

2. Preliminary

Let (b.c.) be the set of functions y € C[0,1] satisfying the boundary conditions (2).

3 .
By E we denote the Banach space C®[0,1] U (b.c.) with the norm ||y||s = 3 |[¥|co,
j=0
where [[y]]oc = ma [y(z)|.
z€[0,]]

From on v we will denote either + or —; — v we will denote the opposite sign to v.

For each k € N and each v let S/ be the set of functions of the space E constructed in
[1, § 3] using the Priifer-type transformation. Note that these classes consist of functions
having the oscillatory properties of eigenfunctions (and their derivatives) of the linear
spectral problem which obtained from the half-linear problem

Uy) = M (z)y +a(z)y™ + B(x)y—,z € (0,1),
{en 21

by setting a = 8 = 0.

We have the following oscillation theorem for problem (2.1).

Theorem 2.1 [6, Theorem 2.1] (see also [14, Theorem 3.3]. There exist two unbounded
sequences {)\,':}zozl and {\, }72, of simple half-eigenvalues of problem (2.1) such that

AT <A < o< A < vand A\ <A < <AL <

the half-eigenfucntions y,j and y, corresponding to the half-eigenvalues )\z and X\ lie
in S,j and S, , respectively. Furthermore, aside from solutions on the collection of the
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half-lines {(\},ty;") : t > 0} and {(\;,ty,) : t > 0} and trivial ones, problem (2.1) has
no other solutions.
By (1.4) for the function g we have the following representations:

9(s) = gos + 5&(s) and g(s) = goos + 5((s), s € R, s # 0, (2.2)
where
lim &(s) =0 and lim ((s)=0. (2.3)
|s|—0+ |s|—+o0

Remark 2.1. We can extend £ to s = 0 by £(0) = 0, and consequently, £ € C'(R).
Let

o(s) = s&(s) and ¢(s) = s((s), s € R. (2.4)
Then it follows from (2.3) that
im 2% 0 and mm 28 g (2.5)
ls|=0+ 8 ls|—4o0 S

Remark 2.2. By Remark 2.1 we have ¢ € C(R) and ¢(0) = 0. In other hand by
(2.2) and (2.4) we get
¢(s) = 905 — goos + ¢(s), s €R,

which implies that ¢ € C(R) and ¢(0) = 0.

To establish the existence of nodal solutions to problem (1.1), (1.2) we need the fol-
lowing result.

Lemma 2.1. The following relations hold:

lle(w)lloo = o(l[ulls) as [[ulls = 0 (u € E); (2.6)
lp(uw)llee = of[|ull3) as [[ulls = 0 (u € E); (2.7)
[|f(w)]|oo < M||ul|oo for any u € E. (2.8)

Proof. We define the continuous functions
@ :[0,400) = [0,4+00) and ¢ : [0, +0c0) = [0, +00)
as follows: )
P(0) = max [¢(s)] and 9(1) = max [o(s)| (2.9

Obviously, the functions ¢ and ¢~> are nondecreasing on the half-interval [0, 4 co). Hence
for any t € (0,4 00) there exists s*(t) € (—¢,t), s*(t) # 0, such that

F(t) = max [o(s)] = lo(s"(1)

and consequently,

G0 _ Il )10 _ lels"(0)
O A R (210
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Since |s*(t)| < t, by (2.5), it follows from (2.10) that

im 28 g, (2.11)
t—0+ t

By the first relation of (2.9) for any u € E we get

()| _ e(ul o Plullo) _ ¢([ulls)

lulls — flulls = flulls = [lulls
whence implies that
[lull3 [lull3

By (2.11) from (2.12) we obtain (2.6).
For any t € (0,4 o0) there exists s*(t) € (—t,t), s*(t) # 0, such that

o(t) = max [6(s)| = [o (s*(1))].

0<|s|<t

Then by the second relation of (2.9) we get

Ot) _1o(s )] _ o(s* @)l [s" (1) _ lo(s* ()] (2.13)
t

t [se@) & T [s*(t)]
If t = 4 oo, then either
(a) [s*(t)| — 0, or
(b) |s*(t)] = + o0, or
(c) there exist positive constants kg and koo such that ko < |s*(t)| < Koo-
By Remark 2.2 we have ¢ € C(R), and consequently, there exists a positive constant
K such that
|p(s)] < K for any s € R, ko < |s] < Keo- (2.14)

In the case (a) by Remark 2.1 it follows from (2.13) that

o) _ lo(s*(®))]

= —0ast— ;
. 7 as + 00;

in the case (b) by the second relation of (2.5) from (2.13) we obtain

o(t) _ lo(s°(1))|

< —0ast— 4 o0;
t |s*(2)]

in the case (c) by (2.14) we get

o(t) _ lo(s*)l[s*(1)] _ K=
= s (0| " S;O%%Oast%—koo.
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Thus we show that

-

() —0ast— +oo. (2.15)

o ‘

Since the function ¢ is nondecreasing on (0,4 00) for any u € E, u # 0, we have the
following relation

6(0)| _ o(lul) _ dlllulle) _ Dllslulls)
ulls — [lulls [|ulls IKZIE
From the last relation we obtain

el _ é(Islulls)

lulls = lulls

9

whence, by relation (2.13), implies (2.7).
Finally, due to (1.3) we get inequality (2.8). The proof of this lemma is complete.

3. Behavior of global continua of nontrivial solutions bifurcating from
zero and infinity of an auxiliary nonlinear half-eigenvalue problem

To investigate the existence of nodal solutions to problem (1.1), (1.2), we consider the
following nonlinear half-eigenvalue problem

{ U(y) = Axgor(@)y + a(z)y™ + B(@)y~ + x7(x) f(y) + x7(@)e(y), = € (0,1), (3.1)
y € (b.c.). '

Remark 3.1. Let x € R, x # 0, be fixed. Then the first relation of (2.5) shows that
(3.1) is a bifurcation from zero problem. Due to relations (2.6) and (2.8) of Lemma 2.1,
we can apply the results of Sections 2 and 3 of [7] to problem (3.1). Then, by Lemma 2.2
and Theorem 3.1 of [7], for each £ € N and each v, there exists a component C} of the
set of nontrivial solutions of problem (3.1) which bifurcates from Ij x {0}, is contained in
R x S} and is unbounded in R x E' (in this case either C} meet (), 00) for some A € R or
the projection of C} onto R x {0} is unbounded), where
No+Ng M No+Ng M

- M\ + — (3.2)

IV = [X” — _ _ ,
b b XTo 9o XTo 9o

S\I;F and 5\,; are k-th half-eigenvalues of the half-linear problem

£(y) = AxgoT(z)y + a(x)y™ + B(x)y~, = € (0,1),
{ y € (be). (3:3)

T = = 1 N = N p— .
T0 = 9070, T0 xrél[log}f(x), o xrrel[%f?]!a(x)l, s ;g[aoﬁ}lﬁ(w)l

By (3.3) it follows from (2.1) that

A = Xxgo for each k € N and each v, (3.4)
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where )\Z and A\, are k-th half-eigenvalues of the half-linear problem (2.1). Then, by (3.4),
from (3.2) we get

AN N,+Ns M XX N,+N; M
I]l;:|:ka+f37k+o‘+ﬁ+ . (3.5)
X0 X90T0 g0 X90 Xgo0To 90

Remark 3.2. By the second relations of (2.2) and (2.4), we rewrite problem (3.1) in

the following form

Uy) = (A + 2= = 1) xaor @)y + ale)y* + By~ + x7(@) f(y)+
+xr(@)o(y), = € (0,1), (3.6)
y € (b.c.).

The second relation of (2.5) shows that problem (3.6) is a bifurcation at infinity problem.
By the relations (2.6)-(2.8) of Lemma 2.1, we can apply the results of [6, Section 3] and [8,
Section 3] to problem (3.6). Then, by [8, Theorem 3.1 and Theorem 3.2], for each k € N
and each v, there exists a component D, of the set of nontrivial solutions of problem (3.6)
which emanates from Jj, x {oo}, is contained in R x S} and either meets (), 0) for some
A € R or its projection onto R x {0} is unbounded, where

N — ———F - — N+ ———2+—], (3.7)
5\; and 5\,; are k-th half-eigenvalues of the half-linear problem
— goo __ + -
{aw—(x+m) 1) xgo7(@)y + a(z)y* + Ba)y~, € (0,1), 33

y € (b.c.).

By (3.8) it follows from (2.1) that for each k € N and each v the relation

3 g
Z=M+W—Qm
go

holds. Then it follows from last relation that

Consequently, from (3.7) we obtain

Ak Na+ N _goo+M+1 pYe +Na+NB g — M
X90 X9070 90 " X90 X90T0 90

+1]. (3.9

T =

We have the following result.
Lemma 3.2. If C} meets (A, 00) for some XA € R, then X € Jy, and if D} meets (X,0)
for some A € R, then X\ € I}.
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The proof of this lemma follows from [7, Lemma 2.2] and [8, Remark 3.2] (see also [13,
Theorem 3.3]) due to the above arguments.

Lemma 3.2. For each k € N and each v, the projection of C} and Dj onto R x {0}
are bounded.

Proof. Let k € N and v are arbitrary fixed and let (;\, y) € R x S} be the solution of
problem (2.15), where || is large enough.

We introduce the following notations:

O(a) = { pon Tyl e =g a0l (310)
Then A = 5\% , where ;\Z is the k-th half-eigenvalue of the half-linear problem
{ Uy) = Mxgor(@)y + a(@)y* + by +xr(@) (@) + @)y, @€ 0,0, 5
y € (b.c.).
In view of condition (1.3) by the first notation of (3.10) we obtain
[(x)| < M, z€0,1]. (3.12)
It follows from relations (2.2) and (2.4) that
€(5) = goo — g0 +¢(5), s €R.
Since ¢ € C(R) by (2.3) there exists a positive constant L such that
[C(s)l < Lls|, s € R.
which, by the second relation of (3.10), implies that
E(x)| < L, x € 0,1]. (3.13)
Then, in view of (3.12) and (3.13), it follows from [3, relation (2.16)] that
Not+ Ny  M+L
X9070 90

AL — Y| < (3.14)

Therefore, we have the following estimate
Nqo + Npg n M+ L
X9070 90

Al = AR < AR = AR+ AL < g+ ;
which contradicts the fact that || is large enough.

Thus, we have shown that the projection of C} onto R x {0} is bounded. In a similar
way it can be shown that the projection of D} onto R x {0} is also bounded. The proof
of this lemma is complete.

Corollary 3.1. For each k € N and each v the components C}; and D} of the set of
nontrivial solutions of problem (3.1) coincide.

Thus, by Corollary 3.1, we have the following result.

Theorem 3.1. For each k € N and each v the component C{ of the set of nontrivial
solutions to problem (3.1) is contained in R x S} and meets the intervals I, x {0} and

Jk X {OO}



Nodal solutions of nondifferentiable perturbations 49

4. Existence of nodal solutions to problem (1.1), (1.2)

The following theorem is the main result of this paper.
Theorem 4.1. Let the following conditions hold:

(i) go > M and goo > M;

(i1) for some k € N and some v, A — N‘I%ONI’ > 0, and either

AV N, N AV N, N
k ot N <x< B _ ot Vs , (3.15)
go—M  19(g0 — M) Joo + M To(goo + M)
or
Y Na + Ng Y No + Ng 5.16)

< < — .
Joo — M To(goo — M) X go+M  T(g0+ M)

Then there exists a solution vy of problem (1.1), (1.2) such that vy € S}, i.e. the function
vy has exactly k — 1 simple nodal zeros in the interval (0,1).

Proof. It is obvious that any nontrivial solution (), y) € R x E with A = 1 of problem
(3.1) is a nontrivial solution of problem (1.1), (1.2). Then, according to Theorem 3.1, if
for some k € N the right end of the interval Iy is to the left of 1 and the left end of the
interval Ji is to the right of 1 on the real axis, or the right end of the interval Jj is to
the left of 1 and the left end of the interval Ij is to the right of 1 on the real axis, then
problem (1.1), (1.2) will have a solution that is contained in the class S}.

Let conditions (i) and (ii) of this theorem be satisfied. If (3.15) holds, then we have
the following relations

)\Z Na+Nﬁ
go—M = To(g90 — M)

/\l]; Na—l—Nﬁ
go+M  T19(90+ M)’

< x and x <

which implies that

Y N, N, M Y N, N, M
Aoy Nt N M a0 Db Dot Vs oo A (3.17)
X490 X49070 490 X490 X49070 90

From (3.17) we obtain

Y N, N, M AY N, N, M
7k+u+7<1<i_ at fB_g°°+ 4
X490 X39070 90 X390 Xg9070 90

L,

which show that the right end of the interval Ij is to the left of 1, and the left end of the
interval Jy is to the right of 1 on the real axis.

If (3.16) is satisfied, then it can be shown in a similar way that the right end of the
interval Ji is to the left of 1, and the left end of the interval I is to the right of 1 on the
real axis. The proof of this theorem is complete.
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