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Abstract. In this paper, the difference traces of function DY (f — ®;_;)(X) are studied. Using
the theorems of generalized functions DV (f — ®;_;)(X) in the spaces
n

k vk

(b 6. 0%,

k=1
which are called continuation spaces, studied in previous works by A.S. Platonov, particularly in
paper [5]. Without changing the order of derivation, several theorems and lemmas are proved, their
results being applicable to functions reduced by the corresponding homothety ®,_;, and new results
are obtained for traces of the function DV(f — ®;_,). In this paper, properties of traces of the
function DY(f — ®,_,) in I are studied. Theorem 1 in this paper is a new result for the function

D¥(f — ®-1).
Keywords. Sobolev type function spaces, weak derivatives, polynom of several variables,
integral representation.

INTRODUCTION

Theorem 1. Let

n
k
fe[ A 6.0 (1)
k=1
and 1)-4) Theorem 1 [3] hold.

Let the given " integral valued non --negative vectors"

V=~ V),
{a =(ay,..,a50,..) =(ag,..,as) (1<s<n-1) @)

be such that the following subordination conditions are fulfilled:

K k(i
aj +v; =mi + N/ (j # k)

ag + v <mk + Nf

} (k=12,..,n) (3)
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We are give an integral-valued non-negative vector

N = (Ny,..,N5,0..0) = (Ny, ..., Ny) (4)

with a non-empty support
Ey = suppN c {1,2, ..., 5} (5

and such a vector-function
o) = (@1(t1),--., Ps(ts)) (6)

that its coordinate -functions

Q= (pj(tj) > 0 for t; € El\{O}} )

for and

‘

S

3 N \?

@ (&) f t; &
S\ \ei()) g
] (8)

‘ % at;
@;i(&) J < e )> t_ < const < o
L

forall j € Ey = suppN, where 8 > 6, (k = 1,n).

< const < ©

|~

Let the following conditions hold

Hy (1) —jl_[<aj(v) jvi—aj- pk)l_[aj(v)q X

iery ) (¢(») day(v)

< const < o 9
Mieen @5 () @)
forallk = 1,2,...,n.
Then there exists such a polynomial
D1 =P 4(x, f) (10)

of degree S, — 1 = (S, = mf + Nf) for each of the variables X, (k = 1,n) thatin the intersection
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I = GN{Xs41 = X2, = const, X, = X2 = const } (11)

we have the inclusion

DY(f — ®1_1)Irg € A (I, 9) (12)

and the following integral inequalities are valid

n
|Dv(f - q)l—l)ll"_q”A(aéN) < CZ Hk,s(l)”f”A(nk,Nk) (13)
@ k=1

pk’ak (G'(pk)

where 1 < 6 < oo ¢ is a constant independent of the function f = f (x).

Note that the proof of this theorem is conducted step by step by evaluating appropriate integral
operators generated by new integral representations of functions at the points x € E,, and we prove
new integral inequalities distinguished as separate lemmas. These auxiliary integral inequalities are
necessary for proving main integral inequalities (13) of this theorem.

Step 1. General reasoning’s. The domain
G c C(a; 1), (14)
consequently there exist subdomains
24, 0y,...,02y CG, (15)

satisfying the horn condition and overlapping the domain G c E,,, i.e.

M

Gc Uﬂi (16)

i=1

As the same time

M
G c U 0. 17)

i=1

Where

Qi ={X€Q; p(X;G\Q;) > €} (18)

is a set of points X € Q; distant from G\(; at a distance p > € > 0. We introduce a set of auxiliary
functions by means of the equality (2) from [2];

Bi(t) = B;(DV(f — ®1_1); Q + Ryi) =
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1
|m*+v+a| da,(v)
Z( 1) i Ofwk(v) | dzx

|ENk|

X J.{ANR(N,(,Q +R5l)Dm f(x+y)} (ﬁ;%)d}/—

En

n
=) Mu(f)  forall i=TM (19)

k=1

where
Ey, = suppN¥, (20)
o = [ | (@) | [(imi=mem) (21)
jEENk j=1

forallk cl, ={1,2,...,n}.

Reasoning as in the proof of theorem 5.1 from [4], we obtain a chain of integral inequalities

|DY(f — @, 1)|r5||A(aN) Z”B (f)”A(ON)(E 0 =

M n
<) D Weal o, (22)

i=1 k=1
Here
Nk,é'i(f) = N]:‘gi(f) + N,:*SL(f) (23)
and this equality is understood as
g(®) 1 dan )
ap\v
Ny si(f) =c J + f @ (v) "( )
0 g9(®
a@) a() X9y +ass1(v)
de _g .
X f 1_[ Tf dy f dy5+1
o JENk py O x
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Xp+an(v) AN (

Z k vSS * *
W; Ql + Ré-l) Dm f(XSySys+1, ...,ys)

dy™ 24
0 HjeENk (P]"( (Zj) g @9
Note that
)_()S = (XlJ ---»XS)) 5})5 = (ylr "-'yS)'d}_])S = dyl' ""dyS
a@) = (a;(v), ..., ay(»)) 0= (0,...,0)
1
5@ = o] | | o(@) (a@)* (25)

JEE K

where wy (v) are determined by the equalities () from [3], and the numbers y; > 0 are rather small
numbers.

The function
S

g®) = 1_[ (a‘l(tj)) (26)

j=1

therewith, a~*(t;) is an inverse function with respect to ¢; = a;(v), i.e.

v

aj—l (aj (U)) 27)
aj (aj_l(tj)) t

Step 2. The estimation of integral operators

Wil o0 e,y fOF e € b and i = 1,2,0.,M

Retaining the denotations from [4], after some simple transformation, we have

1/6

N (BN || dt,
”N""SiHAg‘ng)(Ew) sc Z — | =

eCE, E|¢Ee HjEEN(‘Pj (tj)) g

JEEN
N| Lq(ES)

<c Z Z A si o (). (28)

eCE, e*Ce

Here
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N = (Ny, ...,Ns), Ey =suppN (29)
Egy ={t€Es tj=0j€{12, .., sN\Ey} (30)
0<t; <o jEE
te _ . ] N
therewith

+ _ otE
Pl = Fienl (32)

Ejpy = Ey

[Enl — "|EN]

The integral expression A, si-(f) gala as the right-hand side of inequalities (28) are
determined by the equations

1
a(1) = 3
dt; ) kal(f) d;
tse =\ [ [1Z (33)
o Jeer a(1) jEEN ((P] (t )) L (E )]EEN\e* J
forkel,={1,2,...,n}, i = 1,2,...,M and for every subset e* from e c Ej .
Note that
AP =c || o ()
JEEN\e”
1
a(1) 0
f l—[dt J‘ AN( ) kal(f) l—[dtj B
o Jjee* Hjee* (QDJ- (tj)) Lq(Es) jee* g
={e [ ] o (a) oo (34)

JEEN\€e*

This last inequality means that the estimation of integral operators are reduced to the
estimation of the operators

“w d (f) d %
t i t:
Jste(f) = f | | f e | |—t_’ (35)
o Jeer —)al jEe QDJ (t )) Lq(ES)jEe* J
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)

k=12..,n
forall i = 1,2,.., M, herewith it suffies to reduce the estimation in the case e* = ® and e* = Ej.
e*cecCcEy

Step 3. The estimation of integral operators

k=12.,n .
]k,ai,e*(f)=(i - 12 M) (case e* = d)

Lemma 1. The following estimations are valid in the conditions of theorem 1

i < cH,,
]k,5 ,q;»(f) CHk,S||f||A2f-01\I’<k)(Qi+R6i.(pk) (36)
therewith,
[ o (&) His) < ety (37)
JEEN
where H; (1) are determined by the equations (9).
Proof. Note that (see 35))
Jisio(f) < ”Nk,&i(t)”Lq(Es) (38)
on the other hand
1 day( )@ p
. _ ag\v Zj
|Nk,6l(t)| < wak(v) ak(v) 1_[ Zl/pk—]/j X
0 0 JEENK?)
a() X3p1+as41(v) Xp+an(v)
X f dys f dysiq - f AYsiq e | o |dyn (39)
0 X§41 Xn
where
k VA k v I~ * *
] A (W;Qi + Rsi) D™ f(X° + 5% Y541, s V5) 40

l_[jEENk (p] (t])
while w; (v) are determined by the equalities (25).

From (40), repeating the reasoning given in the proof of theorem 1 from [1], we obtain the
estimates

59



Caspian Journal of Applied Mathematics, Ecology and Economics
V.14, No 1, 2026, March, ISSN: 1560-4055

Moot D, ey = Hics O gt 0, ) (D
where
1 n S
1
His = [T [ e@™ ] Jao [ oo s (42)
a,(v)
0o Jj=1 j=1 jEE

From the inequality (8) and the properties imposed on the functions ¢; = <pj(t]-)(j EEy =
sup pN ) we have the estimations

[ o (@) |His) < ctis (43)

JEEN
that together with (41), complete the proof of lemma 1.

Step 4. The estimation of integral expression

1
Ol () wes O at |
Jesio(f) = f Moo, (5) 1_[ T <
0 Ly(Es) TSN
7
_ 71) a (£) v l—[ﬁ .
5 Hjee*(pj (tj) Lo(Bs) jeEN tj
5
+c “j” & () | 4 (44)
5 Hjee*‘Pj (tj) Lo(Es) eEy ¢
Integral expression N;,Si(f)’ N,:,*ai(f) is determined by the equations (24).
Lemma 2. The following integral inequalities are valid in the conditions of Theorem 1
1
71) # (i) Mp || ]_[ﬁ 9< Hy SO 45
C 5 || Meer @) (t) Lq(Es) T<EN y | T 4 Ay (0tR500%) )

where H (1) are determined by the equations (9), where c is a constant independent of the function

f=r®.
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Proof. Recall that

_—

g(®) a(v)

[N, 50| < ¢ f B () dai"(s;) ] 1_[ %x

0 0 JEENKT

0
Xsy1tast1(v) Xp+an(v)

a(v)
X f dys f dyiiq ... f dyiiq | . |dyy (46)
0

X§41 Xn
where |...| is determined by the equality (40), while @, (v) are determined by the equations (25).

Now do the right hand side of the inequality (46) we apply the Holder inequality with the
exponents

C_ Dbk 1.1
b =pode =p =2 (S =1), (47)
Pk

whence after some simple transformations and calculations we have the inequalities

G) da () a@) J a() Pk
* ~ ag\v Zj Pk
|N"'5i(t)| Scf o) ax(v) f 1_[ Ly, EAUANERD (48)
0 [} ]EENkZ]Pk )}
we obtain
e 17 o) =
a1
k(Z kK /3 > N N
AN (W;Ql-i_RSl)Dm f(XS+yS;ys+1,...,ys) . . Pi
= J dYsi1 - AYn (49)
HjEENk P (tj)

En\S

n

Bw) = H(aj(v))m? BT l_[ TOICIO) (50)

j=1 JEE Kk
In the case, g = py, from (48) we have

g(®)
~ .day(v)

||1v,;6i(f)||ka(ES) <c bf O
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Then, making a change of variables
we get

g(t)

||N;,5i(f)||ka(E <cf w(v)l_[a]() k(iv))

W k Pk Pk
1
. .t ] 2.
5 H]EENk (PJ ( J) ka(En) JEE Kk ijk Vj

Consequently in the case = p;, = 6, , we have

ait) ,

l.c_v._a._i s 1
%o, = [ T 1) Tl

o
II
oy
~
1]
oy

JEE K
- 1
a(v) k Pk
y f AV (NkJ1-+Ry)D jolli I] dz;
1
. (¢ . ;
5 H]EENk ?j ( J) Ly () JEE i Z]pk Y

Let now

P =q < 0.

(D

(52)

(53)

(54)

(55)

Then, to integral expressions in the braces, in the right hand side of the inequality (53), we

apply the Holder inequality with the exponents

2 =ks g =G (1+1—1>
! Pk 1 Ok — Pk '

whence we have
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ﬁ k( Z k Pk Pk
f AV (57, Q4 + Ryt ) D™ () dz,
T <
. . (t; _ =
5 HJEENk (p] ( J) Lpy, (En) JEE ik Z.pk J
Vi
<c 1_[ (aj(v)) %
JEE Nk
1
. ) 7
|l (ikfﬂi + Rsi) D™ F () ' dz; '
x j N — (58)
o HJEENk q)j (tj) ka(E )JEENk Zp_k_yj
for
q =P = O (59)
where

n

k_y gL 1
0@ = | [(g@)” "] [(w@)* | | of (a0). (60)

j=1 j=1 jEENk
We now assume

q > D (61)

In this case (61), we apply the Holder inequality to the right hand side of (48) with the
exponents

;11=qq_p’;k,)12=q,,13=pk‘=pkpf1 (/1—11+%+%=1) (62)
and therewith we know that
1 1
p(r+a)=1 (63)
1 1 1
o VT (1-yjpe) (/1_1+Z>' (64)

consequently, we have the following inequalities
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ait) ,

_1
e ol < fﬂ o)

<[ ot (60) (aw) 742,

JEE K

{j‘ Nk Nk"Q +R5l)Dmf() B 1—[ dz; |’
0

jEE (t ) ) JEE
a(v)

)]

a@)

Nk mk Ok
y f A (Nk;-Q +R5L)D f() d}_}s 1_[ dZ]

6 ]EE k(p] (t)

(65)

In the integral expression standing on braces in the right hand side of (65), at first we change

the integration order and then make a change of variables
where after some transformation we have the estimations

ait) ,

_1
||NI:,5i(f)|| boEs) = f l_[ a](v) F—vj-a; Pk

n

% 1_[ (aj (v))a 1_[ (P]"( (aj (U)) (aj (U))_Vj d;:‘(g;) %

j=1 jEENk

[y

m k Pk Pk
X
1
5 HJ'EENk ?j (tf) Ly, (En) 1E ijpk

From the last inequality (67) assuming

q > px =6
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it follows that

a(v) k Pk Pk
AV (Nk,n + Rsi) D™ £ () dz,
x j W 1_[ =4 (69)
5 JEE ki Ly (En) JEEyk Zj
Let now
Ok > Py (70)

In this case, to the integral expression standing in the braces, in the right hand side of (69), we
apply the Holder inequality with the exponents

a=tksq g, = <1+1—1) 71)
! Pk ' 2 Ok —pr 1 A

whence after some transformations we have the following inequalities

g@®) da,( )
* ag\v
;s |
[Mes O, 4 =€ Qs o5
1
a(w) O O
AN (Nk,n + Rsi) D™ £ () dz,
X J l_[ — (72)
6 ]EE k (pj (t ) ka(En) jEENk Zj
where
n mE ey — gL 1
* J J
s = [ [(@)” " [(g@) [ | of (am). 73
j=1 j=1 jEENk
It follows from inequality (54),(58), (69),(72) that the last inequality (72) holds for
q=pr and pg < G (74)

by means of which we have
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g(®)

[¥en O, 4 =c f Qis() “"((1;) 1m0 (75)

for 1 <py < 6, < o0,q = p, Where Qi s(v) are determined by the equalities (73)

n

g() = 1_[ a; (). (76)

j=1

Herewith

a; (a] (v))
( (e )) (77)

From (75) it follows that

1
a() k 6 3
t; , Z; -
5 JEE k(p]( ) ka(En)]EENk J
< cllf Il ke nk :
A;k g’k >(Qi+R6i,<pk)
It is easy to see that
1
a®) g(®) A

=

0

6
1 dt; da(v)
| J;[V((p] m) f Qs | - (78)

It is easy to see that

D=

a(v) o

at; da;.(v)
6[ J:JV <(p] (t)> f Qks(W) ——= o) < cH 5(1). (79)

The validity of inequalities (45) of Lemma 2 follows from the inequalities (78) and (79).

The proof of Theorem 1 is proved.
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CONCLUSION

The embedding theory of spaces of differentiable functions of several variables developed as a
new trend in mathematics in the 1930’s as a results of the S.L. Sobolev’s works. This theory studies
important connections and relationships of smoothness properties of functions in different metrics.
Apart from its independent interest from the point of view of the functions theory, its has numerous
effective applications in the theory of partial differential equations. In this paper author estimate the
semi-norm of the functions DV (f — ®;_;)(X) in the Sobolev’s type spaces.
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